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PREFACE TO THIRD EDITION 


The present edition of this book has given the authors an oppor¬ 
tunity not only to make a number of minor corrections and improve¬ 
ments, but to include further n^terial on Principal Axes of Inertia 
and on Instantaneous Centre oi Rotation. 

In view of the interest taken in the subject of Vector Analysis in 
recent years, a chapter has also been added to introduce this subject 
to the student, who, it is hoped, wiU be persuaded thereby to pursue 
his studies further in that direction. 

The large number of examples—^always a popular feature of the 
book—^has been supplement^ by some adchtional problems of a 
type favoured by examiners in recent years. Apart from the 
worked examples in the text, the book now provides about 550 
problems for solution. 

The continuous steady demand which the work has enjoyed for 
so many years encourages the modest hope that the authors' aims 
have in some measure been achieved and that the book will continue 
to serve the cause of Mathematical teachingin Universities, Techni¬ 
cal Colleges and Grammar Schools. 

The authors are indebted to Mr. F. M. Goldner, M.A., and to Mr. 
A. E. Chapman, M.Sc., for their suggestions relating to the chapter 
on Vector Analysis. 


January, 1950 


P. W. N. 
W. S. h. 


PUBLISHER'S NOTE 

This third impression of the Third Edition incor¬ 
porates a number of amendments and corrections. 
The publishers acknowledge with thanks the 
further help of Mr. F. M. Goldner, and some 
valuable suggestions from Mr. A. R. Khalifa, 
M.Sc., Calc., of the University of Dacca. 

Spring, 1957 



PREFACE TO FIRST EDITION 

As the outcome of our experience in teaching Mechanics to 
Secondary, Technical and University students, we hope that this 
text-book will serve to bridge the gap which we feel exists between 
the elementary text-books on the subject and the complete treatises 
which usually assume an advanced knowledge of the Calculus. 

The subject matter includes Statics, Dynamics of a Particle, 
Rigid Dynamics, and Hydrostatics; moreover, as the title implies, 
the subject has been developed, so far as is consistent with the 
logical development of each branch, according to the difficulty of 
the Calculus involved. The first two chapters introduce the nota¬ 
tion of the Calculus and deal with linear motion, but problems 
involving any differential equations other than those which can be 
solved by separation of the variables, are dealt with in a much later 
chapter. The applications of integration then lead to the dis¬ 
cussion of Centres of Gravity and of Attractions. Chapters on 
Virtual Work, Moments of Inertia, and the Equilibrium of Strings 
then follow. There are also two chapters on the Motion of Rigid 
Bodies and two on Hydrostatics. The book concludes with a 
study of problems in Linear and two-Dimensional Motion, Central 
Orbits, etc., and with an introduction to the study of Bending 
Moments in Beams, and of Elasticity. 

The book, it is hoped, will be of use to senior boys in Public and 
Secondary Schools, and to students working for University Degrees 
in the Faculties of Science and Engineering, the subject matter 
being sufficient, we trust, to cover the syllabuses in Applied Mathe¬ 
matics as set out for Pass Degrees at any University. Having 
some considerable acquaintance with the difficulties of students 
when first approaching this subject, we have incorporated many 
examples in the text; in fact, it will be found that a large proportion 
of the subject matter is devoted to the solution of typical examples. 

We have to thank Mr. F. J. Swan, B.A., for the assiduous care 
he has given to the reading of the proof sheets, and Mr. D. Humphrey, 
B.A., B.Sc., and Mr. B. E. Lawrence, B.A., B.Sc., for their kind 
assistance. We must also express our thanks to the Syndics of the 
Cambridge University Press and to the Senate of the London 
University for their kind permission to print their examination 
questions. 


VI 
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CHAPTER I 


LINEAR MOTION I 


L The Velocity of a Point is &e Bate of Change of its 
Position.— ^The acceleration of a point is the rate of change of 
its velocity. 

The velocity and acceleration of a point involve direction 
as well as magnitude and are thus vector quantities, that is 
they can be completely represented by straight lines. In 
Chapters I and II, problems in which the directions are 
constant are considered. 

2. General Expressions lor Velocity and Acceleration.— 

A particle moves along a straight line ; O is a fixed point on 
the line and the particle travels from O to P, a distance s, 
in time t. After a further small interval of time ht, the particle 
is at Q where PQ equals Ss. Then the average velocity from 
8s 

P to Q is gj. When Q is at an infinitesimal small distance 


from P, the velocity, v, at P is given by i.e. » = 

Suppose the velocity at Q is t; + 8v, then the average 

8v 

acceleration from P to Q is therefore the acceleration 


at P is 
Sv 


As 


8 ^ 


T 

L< ^ i.e, 
oi 

Sv Ss dv 

^ ^ , on taking the limit when St di 


dv d fds\ . dh 

' It di\It) dt»' 


^ = v.^- Thus the general expressions for the accelera- 

ds dt ds 

tion of a particle moving along a strdght line are 


dv d*s dv 

Tt • dfi Ts 


8. Eqnatioiis Determining Motion. —Under specified 
initial conditions and when one relation between any two of 
the four quantities. Time (/), Distance (s). Velocity {v) and 
Acceleration (a), is given, the motion can be completely 
determined. 

Suppose the initial conditions to be s — o and v — u when 
^ = 0, the six cases that arise are as follows:— 

I. Given s » f(t), to express v and a in terms of t. 
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/f2c 

II. Given v = /(/), to express a and s in terms of L 


=/«. 


jds = fAt)dti 


i.e. s = F(^) + C where = /(O ^Lnd C is a constant. 

When / = 0, s = o, 

o = F(o) + C, so that C == — F(o). 
Substituting, s = F(l) — F(o). 

III. Given a = f{t) to express v and s in terms of /. 

As 


jdv= J/{t)dt, 


r = F(/)+C.where^,F(/) =/(/). 


When t = o, V = u, 

u = F(o) + C so that C = w — F(o). 

Substituting, v = F(^) — F(o) + u. 

Integrating with respect to i, we have 

s =jF(t)dt — ^.F(o) + «/ + Cl, 
where Cj is a constant which can be found from the condition 
that when / = o, s = o. 

IV. Given v = /(s), to express a and t in terms of s. 

ds f. . 

It 




When 


t = F(s) + C, where J F(s) = ~ 


hen < = o, s = o, 

^ = F(s)-F(o). 

V. Given a = /(s), to express v and t in terms of s 

dv . 

=/(s) 


J vdv = J /(s)ds. 
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When 


= F(s) + C. where ^ F{s) =/fs). 
s = o, w = «, so that C --F(o). 


»* = «* + 2F(s) — 2F(o) 

I = v'm* + 2F(s) - 2F(o) 

I V«* + 2F(s) — 2F(o) 

t = G(s) + Cl, where-^ G(s) = J -- 

V M* + 2F(s) — 2 F(o) 

When t = o, s = o, so that t = G(s) — G(o). 

VI. Given a = f{v), to express s and t in temas of v. 

4:-/w 


^ = Im’ 


When s = o, V = «, so that s == F(v) — F(«). 

Suppose this relationship be expressed in the form 

v = G(s) 


s = F(v) + C, where ^F(t;) = 


= 1 “ 


t = H(s) — H(o), where ^ H(s) = ^ , 

/ = H[F(v) — F(«)] — H(o). 

Note i When one relation is given between any two of the quantities 
t, s, i, a, the relation between any other two can be obtained For example 
suppose the relation between v and s be given, then referring to case IV, the 
relation between a and v is obtained by eliminating s from the two equations 
V = f{s) and a = /'(s) /(s), and the relation between a and i, by ehminating 
s from a = f'{s) f(s) and t = F {$) — F (o) 

Examples on the above work will be found after art. 8. 


4. Relative Velocity and Acceleration. 

O is a fixed point on a line and P and Q are points movable 
on that line. Suppose that after a time t, OP = x and PQ = y. 
Then the velocity and acceleration of Q relative to P are 

— and ^ and thus the velocity and acceleration of Q are 
dt dt^ 

respectively. If Q were nearer to O 

dy d^y 

than P, y, ^ and ^ would be negative. If OQ = z, the 
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velocity and acceleration of Q relative to P would be 

(s-S) (S-S) Tie relative 

velocity and acceleration of P with respect to Q have these 
magnitudes but the signs are reversed. 

5. Graphical Methods. —When the law connecting two of 
the quantities t, s, v and a is not known and the relationship 
is determined only by a number of corresponding results 
tabulated as the result of experiment, the problems dealt with 
in Article 3 can be solved graphically. 

1 . 




Fig 2 . 


Fig. I is the graph coimecting s and /. The velocity at any time 
determined by a point P on the curve is the numerical value of 

ds f. 

tan 6 zs ^ = tan d. 


The values of v for several values of t having been thus determined, 
the graph connecting v and t can be drawn (Fig. 2 ). Then the 
acceleration at any lime determined by a point Q on the curve 
is given by tan <f>. 

II. 



If v = /(/), Jds = and the dis¬ 
tance travelled between the instants 
when t = and / = ^2 is theiefore 

I f{t)di. The value of this is given 

by the area AQPB which can either be 
obtained by Simpson's Rule, by counting 
squares or by the use of the planimeter. 


3. 
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III. If a = /(<) and when t — ti, » == v^, then I dv 

ivi 




i: 


i.e.. 


v — Vi + 




fm. 

k 



IV. If V = /(s), then a = « = f[s)f'{s) 


fm- 

For any given value of t, the 

value of I f{t)dt is given by the 

area AQPB. By taking P in 
different positions on the curve 
a set of corresponding values of v 
and t can be found. A graph can 
then be drawn and the distance 
found as in case II. 

dv 



For the value of s determined 
by the point P on the curve, PQ 
gives the value of /(s) and tan 0 , 
the value of /'(s), therefore the 
value of a is determined by 

PQ tan 0 or ^ • 

If when ^ s == Sj, 

^*5 

then t — = 


■», 

V ' 



m 

Sx 

The value of t for any given value 
of s can be obtained by drawing the 


graph connecting s and 




Fig. 6. 


for if P be the point on the curve 
(Fig. 6) corresponding to the value 
of s given, then the corresponding 
time is determined by the area 
AQPB plus 


V. If a = /(s) and when s = s^, v = then 


ivi J 


f{s)ds. 
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i.e., !>* — == 2J/(s)ds. 

The graph connecting a and s being drawn, the value of I /(s)ds 

Js^ 

for any value of s can be determined by finding the area bounded 
by the s axis, the curve and the two ordinates, v^, and therefore 
V is thus determined for any value of s and hence t can be found as 
in case IV. 


VI. If a = f{v) and when s == s^, v == v^, 

(*S 


then 


i.e., 


ds = 

Si 


I 

I *' 
vdv 

w. 


V 

vdv 

^1 


f i/i 

The graph connecting v and ^ 


being drawn, the value 




dv 
\f(v) 

J Vi 


for any value of v can be obtained and thus any number of 


sets of corresponding values of v and s can be tabulated, and hence 
t can be found as in case IV. 


6. Motion with Constant Acceleration. —Let 5 be the 

distance of the moving point and v its velocity after time t 
from a fixed point in the line of motion. Also let the velocity 
at the fixed point be u and the constant acceleration, /. 


Then 


dt^ 


=/. 


ds 


Integrating with respect to + C (a constant). 

ds 

When t = o, -j = u, so that « = C 
dt 


V — u + ft. 

Integrating with respect to s = ut + Ci(a constant). 

When < = 0, s = 0, so that C, = o 
s = + \ft\ 


Also 
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Integrating with respect to s, — =/s + Cg (a constant). 

When s = o, v = u,so that — = C, 

= M* + 2/s. 

7 . Simple Harmonic Motion.—When a point moves in a 
straight hne such that its acceleration is proportional to its 
distance from a fixed point in the straight line and is always 
directed towards the fixed point, its motion is said to be 
Simple Harmonic. 


- X ->: 


Ai ix 


O is the fixed point on the line A,OA and P is the position 
of the point (moving in the -i-ve direction, i.e. from O to A) 
after time t from O. Let OP = x and the velocity at P, v. 

Then 

dx 

Integrating with respect to x, we have 

— = — fi .—H C (a constant). 

2 2 


When v = o let a; 


a, so that o = — fi -h C, 

2 


= [i{a^ — X®), 
w = -y/fi. \/a’‘ — xh 
as P is moving in the + ve direction. 

'"S’fvir-*= 


C -f Vo 


y/lA.t 


+ Cj (a constant). 


When 


^ =; 0, = o so that Cj = o 

X ^ a sm\/fi.t 


Let OA = a, OAi = — a and OPj = — x. 

The velocity of the moving point when at O isdbvT^-^ 
and at P, ± \//x. \/a^ — x ^; thus after the point reaches A 
it returns towards O and at P its velocity is the same as 
before but in the opposite direction. At P^ its velocity is 
± ~ -^1 it is again zero. Thus the 

motion of the moving point is an oscillation between the 
points A and Aj. 
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X = asin^^.t 
= a sin t + 2n‘) 

= «sinv^[t+;^] 

the point has the same position, velocity and same direction 

2 TT 

after time t H —-= as it had after time t ; therefore the time 
VF 

of a complete oscillation, i.e., the Periodic Time is The 

VM 

distance OA or OA^ is called the Ampliinde and the number 
of complete oscillations per second is called the FreQuency 

which is therefore 

2rr 

Note 2 . It can be easily verified that x ^ asin / + I') is the solution 
d*x 

ot ^ a and g being arbitrary constants, x must lie between 

4* a and — a so that a is the amplitude but unless g o, the time is not 
measured from the instant the moving point is at O. It should be noted that 
if the moving point be projected from O with different velocities, the ampli¬ 
tudes will be different but the periodic time will be the same. 

8. (bmpounding of Simple Harmonic Motions of the Same 
Period, the Accelerations being Proportional to the Displace- 
ments from the Same Fixed Point and the Motion being along 
the Same Straight Line. 

As the period is dependent only on the constant /t, 

v^ = — fix is the equation of motion of all the separate 
ax 

simple harmonic motions. 

Suppose the displacements of two of the simple harmonic 
motions to be a 1 sin and a, sin (\/^^ + ^"2) res¬ 
pectively, where gi and g2 are constants determined 

by initial conditions. Then the resultant displacement is 
given by 

x = ai sin {^/fit + gi) + «, sin (V/if + 

= sin\/ji4/.(«iCOsgi + a,cosg,)+ cos\/Jit{ai singi+ a,sing,) 
Let Ui cos gi + a, cos gt = a cos g 

and sin + «, sin = « sin ^ 

so that a = (aj* + «,* + cos g^ —^g)* 

and g==tan-»^>°-g^ + ^«singg 

aicosgi + agcosgg 

Then a; = a sin +<r)- 
Thus the combined motion is simple harmonic and the 
amplitude is (a^* + flg* + aaxflgcosgi — gg)*. 
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0 X 


Fig. 8. 

OX is a fixed line and the lines OAj (OAi = and A^OX 

= ^i) and 0A2(0A2 = a 2 and AgOX = g2) represent (by 
determining the constants dJiAphase) the simple har¬ 

monic motions respectively. The diagonal 0 A of the completed 

parallelogram has length a and AOX = g and thus OA 
represents the resultant simple harmonic motion. 

By the substitutions 

cosgi + ^jcosga + . . . +a„cosg« =acosg 

and ai sin + ^2 sin gg + . . . + sin g^ = a sin g 

n simple harmonic motions can be compounded into one 
simple harmonic motion. 

Ex. L A particle moves along a straight line so that after i 
sec. its distance 5 from a fixed point, O, on the line is given by 
s = (/ — i)^{t — 2). Find (i) the velocity and acceleration on 
each occasion when it passes through O ; (2) its distances from O 
when its velocity is zero; (3) its distance from O when its acceleration 
is zero ; (4) its acceleration when its velocity is 8 ft. per sec. per 
sec Describe the motion. 

s = ^8 — 4^* + 5 ^ — 2 


(1) The particle passes through O when < = i or 2. 

After I sec. its vel. is zero and its accel. = — 2ft./sec.* 

„ 2 sec. „ „ „ ift./sec. „ „ == 4 ft./sec.* 

(2) Its vel. is zero when 3^* — 8/ + 5 = o, i.e. when / = i or if. 
Its distance from 0 at the end of i sec. is zero 

»» »$ it it a II II II If sec. 

11 -Aft* 

(3) Its accel. is zero when ^ = if 

Its distance from 0 at the end of if sec. is — A ft* 


(4) Its vel. is 8 ft./sec. when 3/* — 8/ + 5 = 8, i.e., when / » 3 
or —f. 
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Its accel. after 3 sec. = 10 ft./sec.* 

„ „ i sec. before zero time = — 10 ft./sec.* 

_ 

-00 A 

Fig. 9. 

From / = — 00 to / = I, the particle moves from — oo to 0 with 
decreasing speed and is instantaneously at rest at O. From < = i 
to / = IJ it moves from 0 to B with increasing speed and from t = iJ 
to ^ it moves from B to A with decreasing speed. From / = if 
to / = cjo it moves with increasing speed from A to + oo. 

Ex. n. A particle is projected with velocity u ft. per sec. from 
a fixed point O on a straight line, and moves along the line so that 
its acceleration {a) is given hy k Vi where / is the time from the 
instant it leaves O and ^ is a constant. Express the distance from 
O in terms of the acceleration. If the numerical value of A be 2 
find u in order that when the particle has moved i ft. its acceleration 
shall be i ft./sec.'*. Under these latter conditions find the velocity 
after 4 sec. 

Let s = dist. of the particle from O after time t. 

Then ^ ^ 


4^ ^ 


^ J 

Ak 

S = — 

15 

so that 


= — •<. + » 


-j” 


for = « when t 


o when t 


Substituting 


* 15ft* + A* ■ 

k = 2, s = 1, a = 

I = —4-—1_ ^ 
15 X 16 ' 4 


i.e. u = 

Velocity after 4 sec. = | X 8 + ft. per sec. 

= 14I ft. per sec. 

Ex. in. A particle initially at rest moves from a fixed point 
in a straight line so that at the end of time t sec. its acceleration 


is 3 sin / + ft./sec.* What is its distance from the fixed point 

at the end of 4 sec. ? 

Let s ft. be the distance from the fixed point after t sec. 

Then g = + 


= — 3 COS t — 


(< + i) 


= o when t = o. 
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II 


s =a — 3 sin < — log# (/ + i)+4i as s=*o 

when / = o. 

When / = 4, s == — 3 sin (4 X 57® 18') — log# 5 + 16 
== 3 sin 49° 12 ' — 1609 + 16 
= i6*66 


Ex. IV. A body moving in a straight line has described the 
following distances at the given times. 


Time in seconds 

0 


10 

15 

20 

25 

30 

Distance in feet 

0 

1375 

60 

176.25 

400 

768.75 

1320 


Deduce approximately the velocity-time and acceleration¬ 
time curves for the same period. 
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Notb 3. The approx, values of ^ in the table are the slopes of the lines 

joining the points on the curve / « o, f « 5 ; ^ » 3, f -* xo, etc., and this 
ds 

gives an average value of in the respective time periods, so that approx* 

values of ^ are obtained for values of f, 2.5, 7.5. . . . 27.5. More accurate 

results could have been obtained by drawing the distance-time graph and 
constructing the tangents to the curve at the points / sso. ^ = 5 , . .<1=30 

and evaluating the slopes which will be the values of ~ corresponding to 


I «r o, f » 5 . . . / sr 30. 

The acceleration-time curve is derived from the velocity-time curve in the 
same way as the latter is derived from the distance-time curve. 

d^s 

Note 4. In this particular case it is seen that ^ = 0.3 and thus the 


exact law between s and t is known. Integrating with respect to t, successively, 
three times then 5 = 0.05/* -f- Cjf* + where Cj. c,, c, are constants 

which can be evaluated by substituting any three sets of corresponding values 


of s and t. Substituting 


t 

1° 

i 

120 

s j 

1 0 

leo 

I400 


then Cj = o, loci-f-^^i =* 


ds 


« o and hence s o,o5<*—o.i/*-j-2f, ^*=0.15^* — o.2/-|-2 and 


2OC1 -f- f i 
di* 


■* 0.3/ — 0.2. 


Ex. V. A straight rod 20' long has its ends A and B in straight 
grooves in the same plane and at right angles to one other. Initially 
the angle between the rod and the groove along which B can move 
is 60® and the end B is made to move from rest towards 0 with an 
acceleration equal to 4 OB where O is the point of intersection of 
the grooves. Find the acceleration of the end A when B reaches 
O, and find the position of A where its velocity is a maximum. 



At the end of time /, let OB = x, 

OA = y and ^ = r. 

CLt 

Theny = (400 — .(i) 

and = —42: .(2) 

From (2), v* = — 42;* + C. 

When 2; = 10, V == 0, so that C = 400. 

.*. t;* = 4(100 — x^). 

Since x decreases as t increases, v is 

negative. 


dt == 


— 2(100 — %•)* 


... ( 3 ) 


From (i), 


(fy _ —X ^ dx 

dt (400 — x^)^ dt 
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- Ml°0-»2* fcon.(3) 

(400 

1« f^y _ 4 »*(ioo—a;*) 

\(U) “(400 — **) 

/ dy\ 8 [(400 — X*) (loox — 2x>) + **(100 — **)] dx 

^[dtjjfl (400 —a:*)* dt 

d*y — 4 [( 40 O — a;^)(ioo — zit*) + x* (100 — a;*)] 
dt* ~ (400 — x*)i 

When B reaches O, the acceleration of A is —ft/sec* 

i.e. 20 ft/sec* towards O. 

The velocity of A is a maximum when ^ == o, 

i.e. when — 8oo;c* + 40000 = 0 

i.e. „ {400 —y*)* — 800(400 —y®) + 40000 = 0 

i.e. „ y —120000 = o. 

Thus A has maximum velocity at a distance of 10.12* ft. 
from O. 


Ex« VI. —^A particle is projected with velocity V directly away 
from a fixed point at a distance b from the point of projection. If 
the acceleration be /x X (distance from the fixed point) and always 
directed towards the fixed point, find the amplitude of the S.H.M. 

Let X = distance of the particle from the fixed point at the end 
of time t, and v s velocity of the particle after time L 

Then 

dx ^ 
v* = — ft + C. 

When % = 6, v == V, so that V* = — /it 6* + C. 

v*=Y^ +fi(b^ — x^). 

The value of x when v is zero determines the amplitude. 

V* 

When t; = o, H- 

Ez. Vn. On a given day the depth at high water over a harbour 
bar is 32 feet and at low water 6J hours later it is 20 feet. 

If high water is due at 7.10 p.m., what is the latest time that day 
at whi^ a ship drawing 28 feet can cross the bar, assuming the rise 
and fall of the tide to be simple harmonic ? 

Let t ss time in hr. for the level to change from 28' to 26'. 

Ijet fix s acceleration of water level in ft. per hr., x being the 
distance in ft. from mean level (26% 
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o- 


32 Then 
-28' 

26' ••• 


20' 


V/Lt 


15 

2 


2 = 6 sin “ < 

25 


sm 


t = .3333 




4 F 

25 

|^< = i9»28' = i9 * X 
292 X 25 


TT 

180 


radians 


15 X 180 X 4 

= 40 min. 33 sec. (to nearest sec.) 

The tide falls to mean level at 10 hr. 17 min. 30 sec. p.m. 
latest time for ship to cross bar is 9 hr. 36 min. 57 sec. p.m. 


Ex. VnL A motor-car passes a mile stone and its subsequent 

speed (v miles per hour) is given by v where smiles 

is the distance travelled from the mile stone. How long will it 
take to travel 10 miles from the mile stone and what will its accelera¬ 
tion be then ? 

i hours after leaving the mile stone, we have 
ds 40s + 24 
s + i ' 

< = r ds 

j 40^ + 24 

40 j L 40S + 24J 

40< = s + I log.(3s + 3 ) + c (const.). 

When < = o, s = o so that C = — f log 3 

.*• 40 < = s + I log.(|s + i). 


Time taken to travel 10 miles = ^[^10 + | log. 17.67J hr. 

= irio + ^Ai:£47?']hr. 

40 L 5 X .4343J 

= 16 min. 43 sec. 

.. * _ 8(5 s 4- 3) _16 

s + I 


ds 


__ 128(55 4- 3) 

(5 + I)* (5 + i)» 


128 X 

accel. after travelling 10 miles = —ml./hr.* 

■= 5.097 ml./hr.* 
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Ez. DC. The retardation due to frictional resistance to the 
motion of a train moving on the level with velocity v ft. per sec., is 
given approximately by a + hv^ ft. per sec. per sec. Deduce from 
this a formula for the whole distance gone by a train after steam 
has been shut olf, the initial speed being V. Evaluate the result, 
taking a = 0.085, h == 0.00027 and V = 44. 

Let s ft. be the distance the train travels from the instant its 
velocity is V ft./sec. to that when it is v ft./sec. 

Then ~ 

s = — ^log, (a 4-+ C. 


When s — o, V —V.so that C = ^ log. [a + 6V*) 

I , a + 

® “ 26 a + bv^ 

The whole distance travelled by the train is log« 


When 


0.085 
•.00027, 

IV = 44 


(a — o.( 
=0.. 

tv = 4^ 


-V* = 6.150 
a 


distance travelled =- 


•^543 


.00054 X .4343 
= 3643 ft. 


-ft. 


Problems I 


I. A particle moves along a straight line with acceleration 
3/4-2 ft./sec.2 where / is the time in sec after leaving a fixed point. 
At the end of i sec. its distance from the fixed point is 10 ft. and after 
2 sec., 24 ft. What is the velocity and the distance of the particle 
from the fixed point at the end of 3 sec. ? 


2. A 


man walks so that after / hours his speed is 


20 

5 + ^ 


miles per hour. How far has he walked by the time his speed is 
reduced to 3 miles per hour and how long does he take to walk 
10 miles ? 


3. A particle moves in a straight line from a fixed point O 
and its distance (s ft.) from O after / sec. is such that s = sin 3/. 
Find its initial velocity and acceleration and its distance from O 
when its velocity is for the first time zero and for the second time 
zero. 

4. A particle starts with given velocity V and moves under a 
retardation equal to k times the space described. Show that the 
distance traversed before it comes to rest is VjVk, 
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5. A particle starts from rest at a distance 0 from a fixed point 
O and moves towards O with an acceleration k +-^8^ where s 


its distance from O. Show that it will reach 0 in time —. Also 


find the time it takes to reach a point at a distance from O. 

V 2 

6. A man starts on a long walk at 4 ml. per hr. and his speed at 
any instant is inversely proportional to a; + 10, where x is the 
number of miles he has walked. Find (i) the time he takes to walk 
20 ml., (2) the distance he goes in 4 hr. and his speed then. 

7. A steamboat is moving at velocity V when steam is shut off. 
Given that the retardation when the velocity is v ft. per sec. is 
•00068 v*, find the distance the steamboat will have travelled by 
the time its velocity is JV. 

8. An arc lamp is 18 feet from the ground. A man 5' f^ill 
walks 4 miles per hour along a line whose nearest distance from the 
base of the lamp post is 6 feet. Express the velocity of the end of 
his shadow / seconds from the time he is nearest the lamp. 

9. By proper choice of units the curve on a time base representing 
the acceleration of an electric train is a quadrant of a circle, whose 
centre is the origin. The initial acceleration is 2.5 ft. per sec. per 
sec., and the acceleration falls to zero in 20 seconds. Calculate the 
velocity acquired and the distance described in that time. 

10. The speed of a motor car travelling on an undulating road 
is read by an indicator at the end of each minute and the speeds 
are :— 


Time (mins.) 

0 

I 

2 

3 

4 

5 

6 

7 

8 

9 

10 

II 

12 

13 

14 

15 

Speed (mis. per hr). 

0 

7-5 

II 

15 

1 

20 

22 

17-5 

21 

10 

12.5 

5 

18 

20 

2oj 

i8j 

14 


Determine the total distance travelled and the average speed. 

II. A train moves from rest and the accelerations at different 
times are given as follows :— 


Time (sec.) . 

0 

2 

3 

4 

5 

6 

Accel: (ft./sec.*) 


m 

8.2 
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Find graphically the velocity at the end of 6 seconds. 


12. A particle moves along a straight line so that ^5"^^ slvrays 

6 ft./sec.*. At the end of i sec. the distance from the origin is 2 ft., 
the velocity is 2 ft./sec. and the acceleration 2 ft./sec.*. Find the 
distance, velocity and acceleration at the end of 2 sec. Also prove 
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tliat tjw velocity (f> it./sec.) and the acceleration {a ft./sec.*) satisfy 
the relation i 2 v + 20 for all values of t. 

13. A body moving in a straight line describes the following 
distances in the given times :— 


Time in sec. 

B 

10 

17 

23 

28 

35 

Distance in ft. 

B 

41.8 

985 

162 




Construct the velocity-time and acceleration-time curves for 
the same period. Find tiie velocity and the acceleration at the end 
of 20 sec. 


14. A train travels from A to B, a distance of 8 miles with 
gradually increasing velocity. From the following table deduce 
the time taken to the nearest ^ min. 


Distance from A in 
miles . 

0 

I 

2 

3 

4 

5 

6 

7 

8 

Velocity in miles per 
hour .j 

20 

35 i 

40 

42.5 

44, 

45 

45-7 

46.25 

46.67 


15. A body moves from rest from a point O so that its accelera- 


tion is 7 7 ~ T ~ TVa where / is the time taken in seconds, from O. Find 
I* “T 

the distance moved in 9 seconds and its velocity then. 

16. A ladder 30' long slides down from a vertical wall, remaining 
in a vertical plane. VVhat is the velocity of the upper end when 
the lower end is at a distance of 5 feet from the base of the wall 
and has a velocity of 2 feet per second ? 

17. A particle moves in a straight line from a fixed point O with 
velocity V under a force which produces an acceleration /xx where x 
is its distance from O. Find the time taken in moving a distance x 
and the distance moved in time t. Also find the time taken for the 
velocity to be increased to 2V. 

18. A particle oscillates on the axis of in such a way that its 

abscissa after t seconds is sin qt. Find the times when it is 

at maximum distance from the origin. 

Prove that the time taken in going out from the origin to a 
maximiun distance is less than the time taken in coming back in 

the ratio of tan*“* -f- to it — tan~* ^ • If these times are res- 

P P 

pectively A sec. and ^ sec., prove that the successive maximum 
distances form a geometrical progression whose common ratio is 
nearly 0.82. 

19. A conical shaped vessel, semi-vertical angle 30®, has its 
axis vertical and vertex downwards. Water is poured into it at 
the rate of i pint per second. Given that i pint = 34.66 c. in., 
find the velocity of the surface of the water when the depth is x 
inches. 
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20 . Given that the acceleration of a point is a — bv^ and that 
when < s= o, s « 0 and v « o, prove that:— 

(i.) Acceleration expressed as a function of s is a 

') 


21. A particle is moving with simple harmonic motion, and while 
making an excursion from one position of rest to another, its dis¬ 
tances from the middle point of its path at three consecutive seconds 
are observed to be x^, Xg, ; prove that the time of a complete 
oscillation is 


2 n 



22. A particle moves in a straight line under an attractive force 
towards a fixed point O in the line, so that the acceleration produced 
is to® (distance from O), where to is constant. If at time t — o the 
particle is at a distance h from O and is moving towards O with 
speed V, find the time it takes to reach O. 

If, when the particle is next at the farthest distance from O, it 
receives an impulse which starts it back towards O with velocity v, 
show that the whole time that has elapsed when it reaches O a 
second time is 

a + ^ + tan“^ (sec a) 

where tana = —, 

V 


(u.) Velocity 
(iii) Distance 


t „ ylogcosh fy/ab. 


23. A particle P of mass m moves in a straight line L so that its 
displacement x from a fixed point O of the line is x = a sin {pt + e), 
where a, p, e are constants. Prove that the force on the particle is 
an attraction towards O of magnitude mp^x. 

When the particle P is passing through O it is overtaken by a 
second particle of mass 2w moving with speed 2 ap in the line L and 
in the same direction as P. The particles coalesce on impact and 
move thereafter under the same force of attraction towards O as 
previously acted on P. Prove that the amplitude of the motion of 
the composite particle is and find the period. 
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UNEAR MOTION H 

9 . Newton’s Law of Motion. —I. Every body continues in 
its state of rest, or of uniform motion in a straight line, except 
in so far as it be compelled by impressed force to change that 
state. 

II. The rate of change of momentum is proportional to 
the impressed force, and takes place in the direction in which 
the force acts. 

III. To every action there is an equal and opposite 
re-action. 

10 . Measurement of Forces. —Law II affords a means by 
which force can be measured, for if F is the force acting on 
mass m which is moving with velocity v, then 

F = A ^ {mv) where A is a constant 
(tt 

1 . 0 . 

If m is constant, ^ *= o and thus F = kma, where a is 
at 

the acceleration of the mass. Suppose the unit of force be so 
chosen that unit force acting on unit mass produces unit 
acceleration, then ^ == i and thus F = ma. 

The unit of force, for the F.P.S. system is called a Poundal» 
and that for the C.G.S. system is called a Dyne. The ac¬ 
celeration (g) of a freely falling body at the Earth's surface for 
the latitude of London is approximately 32.2 feet per second 
per second or 981 centimetres per second per second and thus 
I lb. weight = 32.2 poundals and i gram weight == 981 dynes. 

Law I is the particular case of Law II when F = o. 

An impulsive force is a very great force acting for a very 
small time and cannot in gener^ be measured by the above 
method for the time it is acting, and therefore the acceleration 
of the mass on which it is acting cannot be determined to a 
sufficient degree of accuracy. The effect of such a force is 
measured by the Impulse of the force during the time of its 
action. Suppose that a force F acts on a mass during a time 

T, then the impulse of the force is defined by f F 
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dv 

For a constant mass m, F = m , therefore the impulse 

at 




= 1 m^dt = m \ dv wV — mU where U is the initiad 
dt I 


velocity of the mass and V its velocity after time T. Thus the 
impulse of the force equals the momentum generated in the 
direction of the force in time T. 


11. Conservation of Linear Momentum. —Law III states 
that if two masses act on each other in any way, either by 
impact, or by connection with strings or rods, or by mutual 
attraction or repulsion, the force exerted by one mass on 
the other has the same magnitude as, but is opposite in 
direction to, that which the other body exerts on the one. 

Suppose that a system of bodies be mutually acting one 
on the other, but free from extraneous forces. Let the forces 
acting in the positive direction be Fj, Fg . . then the forces 

acting in the negative direction will be Fj, Fg . . . In time 
T the gain in momentum in the positive direction is 


r ^^dt + r 

Jo Jo 


1 ^ 


and the gain in the negative direction is also 

/•T 




+ 


Hence it follows that, if no extraneous forces act on a 
system of bodies, the total momentum of the system in any 
assigned direction remains constant. 

Let X be the distance of a particle of mass m and x the 
distance of the centre of inertia of the system from any fixed 
point on the line along which the particles of the system move, 
then S{m ). x = Z(mx) 



Now E 




is the total Unear momentum and is there- 


dx 


fore constant and therefore also — is constant. Thus if no 

dt 


extraneous forces act on a system of particles moving along 
a straight line the centre of inertia is either at rest or moves 
with uniform velocity. 
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12. Work, En»gy axid Power. —A Force is said to do work 
when it moves its point of application in the direction of the 
force. Suppose F to be a force acting in a constant direction 
on a body which moves in this direction from A to B. Suppose 
the distances of A and B from a fixed point on the line AB to 
be a and b respectively, then the work done by the force is 

rb ^ 

\ Fdx. If the force F be constant the work done will be 

F(6 — a). The F.P,S. unit of work is the Foot-Poundal 
which is the work done by a poundal in moving its point of 
application through one foot. The practical unit is the 
Foot-Pound (= 32.2 foot-poundals) and the C.G.S. unit of 
work is called an Erg which is the work done by a dyne in 
moving its point of application through i centimetre. 

The Energy of a body is its capacity for doing work. 

The Kinetic Energy of a body is the energy it possesses by 
virtue of its motion, and is measured by the amount of work 
that the body can perform against the impressed forces 
before it is brought to rest. 


O 


A B 


Suppose a particle of mass m has a velocity U when at A 
and moves from A to B against a force f{x), where x is the 
distance of the particle at any time from a fixed point O 
on the line AB. Let the velocity of the particle when at B 
be V. The work done by the body against the force is 

\f{x)dx, where OA = a and OB = b. Now at any instant 

I f{x)dx = — w I vdv = \m\ 5 ^ — ^mV*. 

If the particle be brought to rest at B, V = o and thus the 
kinetic energy of the particle at A, i.e. when its velocity is U, 
is JwU*. 

Suppose the force to act in the direction OA,then mv^ = f{x). 

dX 


The work done by the force in moving its point of application 

from A to B is I f{x)dx = vdv — JwV* — JwU* which 

is the K.E. of the particle at B minus the K.E. at A. 
Thus the work done by the force equals the kinetic energy 
produced. 
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The Potential Enei^ of a body is the work it can do by 
virtue of its position in passing from this position to some 
standard position, or zero position. A compressed spring, 
a stretched elastic string and a body some distance from the 
earth's surface each possess potential energy. 

~A B ^ 

Suppose a particle moves from rest at A towards a fixed 
point O under the action of a conservative force. Such a 
force is independent of the velocity and is entirely dependent 
on the position of the particle. (Friction is not a conservative 
force for its direction is dependent on the velocity as far as 
direction is concerned). Suppose, when at distance x from A 
the force is F(x). Let AO = a, AB = x and the potential 
energy of the particle at O, C. Then the potential energy of 
the particle at A is 

^¥{x)dx + C 

which equals |F(x)<ix + |F(x)dx + C. 

Now |F(x)^ix + C is the potential energy of the particle 

at B and |F(x)<i* is the kinetic energy at B. Thus the 

sum of the kinetic energy and potential energy of the particle 
at any point during the motion equals the potential energy 
at A where the kinetic energy is zero. In other words, when 
a particle is under the action of a conservative force, the sum 
of the potential and kinetic energies is a constant quantity. 

18. Impact, Newton’s Experimental Law.— By experiment, 
Newton discovered that, if two elastic bodies impinge directly, 
the velocity with which they separate after impact bears a 
constant ratio to the velocity with which they approached 
one another before impact. This constant ratio depends on 
the substances of which the bodies are composed and is 
independent of the masses of the bodies. It is generally 
denoted by c and is termed the Coefficient of Restitution. 

If a body of mass m moving with velocity u overtakes a body of 
mass m' moving with velocity u\ then by the conservation of 
linear momentum, if v and v' denote the respective velocities 
measured in the same direction after impact, 

mv + m'v' = mu + m'u' . (i) 

and by Newton's experimental law regarding impact, 

V' — V = e(u — w') . (2) 
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From these two equations, v and v' can be determined. 

Unless the bodies are completely elastic ^ < i so that u — «' > 

V' — V 

i.e., u + v> u' + v\ 

From (i), m{u — v)= m'{v' — u') 

m\u^ — v*) > — «'*) 

i.e. Jww* + \ > \mv^ + 

and thus kinetic energy is lost by impact. 

14 . Hookers Law.—This law states that the tension of an 
elastic string or spring is proportional to the extension of 
the string beyond its natural length. 

In the case of a light string hanging vertically or a heavy 
string resting on a smooth horizontal table, the tension will 
be the same throughout. 

Let I be the natural length of a string and let T be its tension 

when it is stretched to be of length x ; then T = — /), 

where A is a constant called the Modulus of Elasticity of the 
String. The value of A depends on the material of which the 
string is composed and is seen to be that force which would 
stretch the string to twice its natural length. 

In the case of a compressed spring, provided the thrust lies 
within a certain limit, a similar law holds, so that the force 
causing compression is proportional to the amount of com¬ 
pression below the natural length of the spring. 

The extension of a heavy elastic string (weight w and 
natural length 1 ) hanging from one end and supporting a 
weight (W) at the other is determined as follows. 

Let OB represent the string when un¬ 
stretched and O 'B '(length L) when stretched. 

Suppose the element PQ of length Zx 
becomes P'Q' of length hx' when stretched. 

Then A-^-= W + -y- (/ — a;) 

oX y 

~ ~A 7 a 

... , = 

= ;+-'(w + |). 


I 

JC 


0 * 


x' 




M 


0 ' 


p' 

Q' 


•s' 

Fig. II. 
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The extension is therefore 


(w + f). 


If the string be light the extension is y W and if it be heavy 

and hanging under its own weight alone, the extension is 

^ . Thus the extension due to the weight of a heavy 

A 2 

string is the same as if the string were light and a weight 
equal to half the weight of the string were supported at its 
lower extremity. 

I The work done in 

i stretching an elastic 

U- X -string from its natural 

length I to a length 


/ + 




Fig. 12. 

t 

T dy where T is the tension when the extension isy. 


Now T = ~ 

A X 

7*2 


the work done is 


is y i.e. 


Xx^ 

2 / 


or 


X X. The energy of a stretched string is therefore given 


by half the product of the tension and the extension. 

15. Newton’s Law of Attraction. —This law states that 
between every two particles of masses m and w' at a distance 
d apart, the mutual attraction is 

, mm' 


units of force, where A is a constant. 

If the masses be measured in pounds and the length in feet 
the value of k is 1.075 x 10 approximately and the 
attraction is expressed in poundals. If the masses and length 
be expressed in C.G.S. units, the above formula gives the 
attraction in dynes when k = 6.66 x lo^"® approximately. 

It is proved in a subsequent chapter that in the case of 
spheres, the above formula holds if m and m' are the masses 
respectively and d is the distance apart of their centres. 

Modem investigations indicate that Newton's Law of Attraction 
is not absolutely true but the error involved by its application is 
extremely small. 

16. Units. —The fundamental units are Time (T), Length 
(L) and Mass (M). Other units employed in Mechanics are 
derived from these and it is useful to know their dimensions. 
An angle, being measured by the ratio of arc subtended to 
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radius, has no dimensions. A list of dimensions is given as 
follows:— 


Unit, 

Dimensions. 

Area. 

... L* 

Volume . 

... L» 

Linear Velocity . 

... L.T .-1 

Angular Velocity . v,. 

... T-i 

Linear Acceleration. 

... L.T-* 

Angular Acceleration . 

T—* 

Force . 

!!! M.L.T.-* 

Momentum. 

... M.L.T .-1 

Impulse . 

... M.L.T.-i 

Turning Moment . 

... M.L*.T.-* 

Density (mass per \mit Volume) ... 

... M.L.-» 

Pressure (Force per unit Area) 

... M.L- 1 .T-* 

Energy or Work . 

... M.L*.T-* 

Power (Work per unit Time) 

... M.L*T-». 


If the fundamental units be changed, any new derived unit can 
be readily expressed in terms of the corresponding original derived 
unit by the method indicated by the following example :— 

Taking the units of mass, time and length to be i ounce, i minute 
and I mile respectively, express the new unit of force in terms of 
poundals. 

The dimensions of force are M.L.T—^. 

I new unit of force = rV X S^So X (bo)—^ poimdal 

==— poundal. 

120^ 

In any equation expressing the relation between distance, 
velocity, force, etc., the dimensions of each term must be the same. 
For example, in the case of a particle moving with uniform accelera¬ 
tion, we have the relation 

s = m/ -f ^ 0^2 

The dimension of s is of course L. 

„ „ „ ut is L.T—^T i.e. L. 

„ „ „ afi is L.T—• T^ i.e. L. 

By consideration of dimensions many formulae, except for 
a numerical constant factor, can be obtained. For example, 
the kinetic energy [e) of a particle can depend only on its 
mass (w) and its velocity (v). 

Suppose that e = kfn^vfy where A is a numerical constant. 
The dimensions of e are M.L*T'"* and those of are 

Equating these dimensions, x ^ 1 and y ^ 2 
so that e == kmv^. 

Again, the time (/) of oscillation of a simple pendulum could 

only depend on the mass (w) of the bob, the length (/) of 

the string ^nd the acceleration due to gravity (g). 
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Let t = where ^ is a numerical constant. 

Then equating dimensions, 

T = M^.L^L'T-" 


so that x = o,y-\-z = o and — 2z = i 


Thus 


z = — J and y = i. 




17. Simple Pendulum.— 

Let m = mass of the bob (particle). 

Let I = length of string (light). 

A is the lowest position of the bob 
and B is the position at time t from A. 

Let arc AB = s and A^B = d. 

Apply the equation of motion along 
the tangent at B, 

d^s . 

— wgsin 6 . 

For small oscillations, 0 is always 
small and 


The equation 
is 


Now 


Lt 


0 O 


sin 0 

~V ~ 


of motion therefore for small oscillations 



s = l 0 

^ _ g 

dt^ ~~ I 


a 

As j is constant, this is an equation of Simple Harmonic 

Motion and the periodic time is —^ i.e. 2 n — . 

£ \ S 

V I 

If a particle move with S.H.M. determined by the equation 
d^x 

— = — fix, the length (/) of the simple equivalent pendulum 


is given hy fi = ^ i.e. I 

L fi 


_ I 


Ez. L—light elastic string whose natural length is 4 ft. is such 
that a force of 12 lb. wt. will stretch it to twice its natural length. 
One end of the string is fixed and a mass of 4 lb. is attached to the 
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other. Initially the string is vertical and the mass is held so that 
the string is just unstretched. The mass is then let go: prove that 
its subsequent oscillation is simple harmonic and jBnd the amplitude, 
periodic time, maximum velocity and length of the simple equivalent 
AAA pendulum, taking g to be 32 ft. per sec. per 
^ ^ ^ sec. 

Let AB represent the natural length. 

Let AO represent the length if the mass were 
hanging in equilibrium. 

B B Then by Hooke's law, 

BO 

Ai = 12 ^- -r 
4 

\ I*"® I = I ft. and thus AO = 5J ft. 

X Suppose that t sec. after passing 

W position O, the mass is at C. Let OC = 

X ft. and let T pdl. be the tension of the 
Fig string. 

d^x 

Then 4^*~’T 4 *** *** *** *** 

and T = i2g. . (2) 


45 —3?(* + ii) = 4S 


the motion is simple harmonic, the periodic time being 
2rt VSTir 

sec.= _sec. 


Let V ft. per sec. be the velocity of the mass at distance x below O 

3 g 

len ^ — 

dx 4 

v* == —+ A, where A is a constant. 
4 


When x 


V = o, 




»• = —+ 

4 3 

When V = o, * = ± - and thus O is the centre of oscillation and 
3 

the amplitude is therefore ft. 
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Ag^in as — —is always negative, the maximum velocity is 
4 

8 

2 VO ft. per sec. 

Let / ft. be the length of the simple equivalent pendulum ; then 
^ = yand thus the length is iJ ft. 

Ex. n. A imiform flexible chain 8 ft. long rests in a straight line 
on a smooth horizontal table except for a portion i ft. long which 
hangs over an edge at right angles to the chain. If the chain moves 
from rest, calculate the time taken to leave the table. Also calculate 
the time if the coefficient of friction be .125 (g = 32 ft. per sec. 
per sec.). 

Let X ft. be the length over the edge and v ft. per sec. the velocity 
of the chain at the end of i sec. 

Then Sv^= 32X 


— 4 x^ + k, where ^ is a constant. 

When V = 0, X = 1 so that A = — 4 

v^ = 4{x^ — i). 

_ 

-jr ^ 2 y/x^ — I, the velocity being in the + ve direction 

= t + where is a constant. 
When ^ =r o, ^ = I so that \ log, 1 = 0 

t = \ log« {x + V** — i)- 
/• time taken for the chain to leave the table 
= ilog,(8 +-v/^)sec. 

When friction is taken into account, the equation of motion is 
=32^ — -125 X 32(8 —;r) 


i.e. 


When 


dv 

jvdv =j{4-5x — 4)dx 

V* = 4 5^* — 8a; + kf, where A, is a constant 
V = 0, a; = I so that A, = 8 — 4 5 = 3 5 
*’* = ^(9** — i6a; + 7) 

fv 9 ** —16*+ 7 
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Now\/9** — i6* + 7 =• 3 —+ gi + 


64 

8x 


3 




VI, 

log^ ^^- - - = < + ^8, 


^^3 is a constant. 


where 


V2 


When / = o, = I so that log^ 1 = 0 

/• i = log, (9^ — 8 + sV 9^^ —i6a; + 7) 

.•. time taken for chain to leave the table = Jog, (64 + 3^/455) 

sec. 


Ez* nL If the Earth were still, calculate the least velocity with 
which a shot should be projected vertically upwards in order that it 
should never return. Assume the earth's radius to be 4000 miles. 
Let M, m lb. be the mass of the earth and the particle respectively. 
Let r ft. be the radius of the earth. 

Let V ft. per sec. be the velocity of the particle when at a distance 
X ft. from tile point of projection. 


Then 


i.e., 


dv A wM 

“ {% + f)*' 


where ft is a constant. 



dx 

(x + r)» 


V* ftM , ^ , ... 

— = —^-h C (a constant). 

2 X + r ^ * 


From the condition that the velocity of projection is the least 
possible, when x = co, v ^ o so that C = o. 

Let V ft. per second be the velocity when x == o, 


then 


v«= . 

r 


Considering a mass of i lb. at the earth's surface, we have 
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V* =-2gr _ 

least velocity of projectile =s \/ 64 X 4000 X 52^0 ft./sec. 

_ SxawxVM' ,ri./sec 

5280 ' 

= 7*0 ml./sec. 

Ex* IV* An engine working with constant horse-power H can 
pull a train of M tons on the level against a resistance of R lb. wt* 
per ton, at V miles per hour. Find the initial acceleration when 
it starts to pull the same train from rest. Find an expression also 
for the time taken to reach (i.) a vel. of miles per hour ; (ii.) its 
maximum speed. 

Work done per sec. against resistance when the train is moving 
with uniform velocity ft./sec. *= ft. lb. 

*— 55 ® H *** ••* •** **• (i) 

Let F lb. wt. be the tractive force when the velocity is v ft./sec. 
then Fv = 550 H . (2) 

Let the velocity be v ft./sec. after t sec. from rest, then 

32 (F — RM) = 2240M • ^ I 

r22V 1 dv 

from (i) and (2) — ij= 70M 

dv __ R 22V — 15V 
^ “ 70 ’ 15V * 


When V 


:o,~ = 00, i.e., the initial acceleration is infinite* 
at 

i = 72. 

V R * 22 V — 15 V 


_70 r 22 V T. 

“ R L 22 V — 151 ; J ’ 

-fi {- 


When 


so that C 


— I5v) —vj 


70 22 V, 

R ■ I,' ‘“S' 


70 r 22 V, 2 : 

- J log* 22 V- 


The time taken to reach a velocity of ml. per hr. is obtained by 
and is therefore ^ 


putting V' 


V log. 
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The maximum velocity is V ml. per hr. and when Vi = V the time 
taken from rest is infinite. 

Note i. —Suppose an engine to be exerting at any instant a force of F lb. 
wt. and that the train moves through a distance 8 s ft. in 8/ sec. Then the 
work done by the engine in 8/ sec. is F85 lb. wt. and thus the rate of doing work 

is i.e. Fv ft. lb. per sec., where v ft, per sec. is the vel. of the train at the 

instant under consideration. Hence the horse power of the engine is deter- 
Ft; 

mined by Suppose R lb. wt. to be the resistance, then the rate of doing 

work of the engine is Ru ft. lb. per sec. together with the rate of increase of 

( fn dv\ 

Rt; -f- y V j ft. lb. per sec. where m lb. is 

the mass of the train. These two results agree for considering the equation 
dv 

of motion, (F — R)g *= m^, we have 

^ ^ , w if© 

F» = Rt» + j r 

Ex. V. The total wind and friction resistance on a motor car 

is of the form {a + bv^). A car which weighs 3200 lb. requires 

10 H.P. (effective) at 30 miles per hour and 6 h.p. at 22J miles per 
hour. Find in what distance the speed will fall from 30 to 15 miles 
per hour when coasting on a level road with the clutch out. 

When the car is travelling at imiform speed v ft. per sec. the horse 
power is • , {a + bv^) being measured in lb. wt, 

44a + 44^b = 550 X 10 

i.e., a + 442b = 125 . (i) 

and a + 33*6 = 100 . (2) 

When the clutch is out, the equation of motion is 

3200 =—32(a+ 

where x is the distance travelled in ft. from the instant the 
velocity is 44 ft. per sec. to the instant when it is v ft. per sec. 

. f vdv __ I 

\a + bv^""~ioo\ ^ 


.--i- [. 

100 j 


log, (a + iw*) = ■ 


+ C (a constant). 


When » = 0, w = 44 so that C = ^ log, (a + 44* 6) 

^ ^ log ^ + 44 *^ 

ioo~2b ^ a + M • 

. dictance travelled when the velocity is 22 ft. per sec. is 
2 b ° + 22*4 
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From (i) and (2), b = - - , 

a + 44*6 = 125 

and a + 22*6 == 100 — 55 x 116 = 100 — 

7 7 

distance travelled = 77 x 22 X log^ — ft, 

23 

Ex* VI. Taking as rectangular co-ordinates the kinetic energy 
of a particle moving in a straight line and the reciprocal of the 
resultant force acting on it, and drawing a curve to represent the 
motion, show that the distance travelled is represented by the area 
under this curve. 

Sketch the curve for the case of a vehicle driven by an engine 
which is working at constant horse-power, the only resistance being 
a force proportional to the square of the velocity. Show that the 
velocity has a certain limiting value ; and calculate the distance 
travelled while the velocity increases from a half to three-quarters 
of this limiting value, taking the mass of the vehicle as 2000 pounds, 
the horse power as 100, and the limiting velocity as 150 feet per 
second. 

Using the ordinary notation, we have 



= ds 


jydx=s. 


Let P be the tractive force on the vehicle, then 

X \ wv* and y = where k is a constant; 


but P. V = C (a constant) 



Thus, giving v different values, sets of corresponding values of x 
and y are obtained by means of which the curve connecting x and 
y can be drawn. (This is left as an exercise for the student.) 

The maximum velocity is obtained when the resultant force on 
the vehicle is zero, i.e. when P = At;*, i.e. when kv\ i; = C 


the maximum velocity is 
Using the given numerical values, 

X =•• loooi;*, C = 55000 X 32 and 



C 

k 


= 150 X 150 X 150 
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11 X 32 j V , 


Distance travelled 


J ^ 

G . \ r* 2000w*<iv 

ydx) - 

J 33 (55000-^^^) 


45 X 15 

3 X II 


55000— 


II X 27 X 7 5* 
45 X 15 X 8 
II X 75 * 
45 X 15 


125 X 15* 


log, 

® 31796! 


P!t. Vn. AB is a straight horizontal smooth wire. A bead D 
slides along the wire and is at A when a string DCB is horizontal. 
At C, another bead of equal mass as D is fixed to the string and Ae 
end B is fixed to the wire. DC = CB = a. Determine the velocity 
and acceleration of D when it is at distance a from A. 

- X -»**- (Zct,^h^ _ 

A " i) " T 

\ a y cLy 


Fig. 15 . 

At the end of time i, let AD == x and let the distance of C below 
AB 

Work done by gravity on the S5^tem =* mgy 
Now y = Jv'4i»*—** 

• 2a — X dx ^ 

it it 

Subst. in (i), then 

(dxy g(4^z —x«)* ^ ,2) 

\dt) ~a» + 4 tf*—z* 

Differentiating with respect to t, then 

ix i^x 
^'Si'dt* 

ma 0 . 4 - [j (40^-( 4 ^--(4^^-(4^- 

^ (^•-f4a;r — ;r*)* it 
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iPx _g(2a — X) {^ax —**)^ (3a* + 4 ^—**) 


d(* 2 


(«* + 4ax — a :*)* 


.. (3) 


From (2), the velocity when x = ais j* 

From (3), the acceleration when x = ais 

ID 

Notb 2.—By applying to the whole system the principle that work done 
equals kinetic energy produced, the consideration of me tensions of the 
portions of the string is avoided. 

Ex. Vul Two spheres, each of diameter d, have masses M and m 
respectively. Initially they are at rest with their centres a distance 

ktnlA 

a apart and are free to move imder mutual attraction tt:-to* 

(distance)* 

Find the distance apart of the centre of the spheres after n impacts, 
the co-efficient of restitution being e. 

. . . . _ _ . 

A Ai "Bx Hi 

Fig. 16. 

Let A, B be the initial positions of the centres, Aj, Bj, the 
positions after time t, and Aj, B, the positions when the spheres 
touch. 

Let G be the centre of inertia of the spheres, then as the lineaf 
momentmn of the system is always zero, G is a fixed point. 

Let Afi = X, then A^Bj = — and B^G = ^ • 

^ ^ * fn ^ tn 

Also AG == — ,BG= —, A,G = —,B«G=ct-^- 

M + m M + w’ * M + m * M+w 

Let V be the velocity of the mass M at A^, 

km^M 

then — Mv j' = 

dx (M -f w)*x* 


2 (M -f w)* X 


+ C, a constant. 


When X = — , v = o so that C =-. 

M-l-m' a (M+m) 

1 r m I iH 

^ ^ M-f-m LM-f % aj 

Let Uj be the vel. of mass M just before the first impact. 
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Similarly, if U, be the vel. of mass tn just before file first impact. 

Let Vj, Vj be the velocities immediately after the first impact, 
then 


+ U J = V, + V, 




asMVi = »»V, 


/. v,= 


»«c(U 


l+iLJ v.-M..(U.±.Ui 

_L ^ ■ M + W 


M + w 


i.e.V, = m. /^A-iyandV.-M. -R-H* 

M -j- w \^d M “f“ ^ L-^ ^ J 

Eqn. (i) applies to the motion of the mass M after impact but the 

constant is different and is determined by the relation, x = « 

^ M + f» 

when V = V^, and thus is ~ F- — —• 

^ 2 IIL + m\ d ajM+w 


[3-5]- 


The equation of motion after impact is therefore 

v* km^ I . km^ r . /i 


2 (M+w)* + ^ 

1 _ M + w Ta —^2(a —i) 


When v = o, - = 

X 


J 


the mass M after one impact, comes to rest at distance 

—r- 

M+tn [jL — e^(a — a)j 

As the linear momentum is zero, the mass m is at rest at the same 
instant, and as G is fixed the distance apart at this instant is 

ad 

a — e\a — d) * 

Assume that the distance apart of the masses when at rest after 
n impacts is 

_ ad ^ 

a — e^(a — d) * 

then when at rest after n + i impacts, the distance apart will be 

ad^ 


a — e^^[a — 


m 


at 
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Now the distance apart after «impacts, namely - 

has been proved to be true when n = i and is therefore true when 
« = 2, 3, . . . 

Ex. IX. An elastic string AB of length / is fixed at A and would 
be stretched to double its length if a weight W were fastened to B 

W 

and gently lowered. A weight —is fastened to B and let fall from A. 
Find the distance it will fall and prove that the period of the sub¬ 
sequent oscillation is j^ 4 V '5 + 7 T + 2 sin“' 


B. 

% 


Fig 17 


W 

Let Bj be the position of mass — when in equilib- 
I 

rium, then BB^ = — • Let B, be the lowest position. 


^ then denoting ABj by y, 


W W, 
10^ ~~ 2l ^ 


■0* 


AB,= 


5y*—= o 

II -f- 


10 


I 


^ ■ 10 


Let X be the distance below of the mass after time 
t from the instant when it is at Bj, 

yL ^ = 

10 ^ ’ dt^ 10 
dH 


then 


/ (io + 7 


i.e. 




dfi I 

/. the motion between B and B, is simple harmonic, the centre 

V21. 


of oscillation being Bj and the amplitude 
The time taken from B^ to and back = tt J- 

V 

Let be the time taken from B^ to B, then 


10 10 ^ 

, iir . I 

r= /— sm—*- 7 — 

V V2I 


The time taken from B to B^ is also 


L. <sin—* 


log 


V 2 I 
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Between A and B, the mass moves freely under gravity and thus 
the total time from A to B and from B to A is 



The whole period of oscillation is therefore 

Problems n 

1. One end of an elastic spring is fixed at A, to the other end is 
fastened a particle heavy enough to stretch the spring to double its 
normal length a. Shew that if the particle is djropp^ from A, it 
will descend a distance (2 + V3)a before coming to rest. 

2. A horizontal plate with a particle resting on it is made to 
oscillate verticaUy with simple hannonic motion through a distance 
of 2 feet. What is the sm^est number of vibrations per minute 
that will throw the particle off the plate ? 

3. A mass of i lb. is himg on a light spiral spring and produces 
a static deflection of ij inches. A mass of i lb. is suddenly added 
to the original mass, (i.) Find the maximum elongation produced ; 
(ii.) show that the time of an oscillation of the whole mass is approxi¬ 
mately i sec. 

4. A heavy particle is attached by an elastic string to a fixed 
point on a smooth horizontal table. The modulus of elasticity of 
the string is equal to the weight of the particle and the particle is 
held on the table with the string stretched to twice its natural 
length (a). The particle is let go ; shew that it will return to the 

starting point after a time 2(77 + 2) 

5. A particle when hanging in equilibrium at the end of a light 
elastic string stretches it a distance a. Prove that the period of 
vibration of the particle in a vertical line through its equilibrium 
position is the same as that of a simple pendulum of length a. 

6. A mass of 10 lb. hanging at the end P of a light spiral spring 
produces an extension of 4 inches. A mass of 5 lb. is suddenly added 
at P ; find how far P will fall before coming to rest; and shew that 
it will return to its initial position in a little less than fths of a 
second. 

7. A spring of negligible inertia carries a pan weighing i ounce» 
and is suoi that a Jib. weight will lower the pan by i inch. It is 
compressed 2 inches and placed on a table with its axis vertical: 
a 2 ounce weight is put on it and the spring released. Find how 
high the weight rises before it leaves the spring and its velocity 
at that instant. 
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8. A ring of mass m slides on a smooth vertical rod ; attached 
to the ring is a light string passing over a smooth peg distant a from 
the rod, and at the other end of ihe string is a mass M (>w). The 
ring is held on a level with the peg and released : show that it first 

comes to rest after falling a distance • 

M* — m* 

9. At the ends of three successive seconds, the distances of a 
point moving with S.H.M. from its mean position, measured in the 
same direction, are i, 5 and 5ft. Show that the period of the 

complete oscillation is— — sec. 

^ 90s— 

10. A body, weight W, moves in a straight line under a force, 
alwa}^ directed to a fixed point O in the straight line, equal to kx, 
where x is the distance of the body from O at any moment. Prove 
that the work done on the body as it alters its distance from 

to x^ is lk{Xi^ — Xf^) and that, if its greatest velocity is V, the 

body moves to and fro through a distance 2V • 

V 

11. A train weighing 420 tons runs from rest up an incline of i in 
210 imder a pull which varies with the distance as given in the 
following table. If the frictional resistance to the motion of the 
train is 16 lbs. per ton, find the velocity of the train after the first 
800 yds. 

Distance, yards o 100 200 300 400 500 600 700 800 

Force, tons wt. 10 10.3 ii 10 9 7.5 6.3 5.5 5 

12. A horizontal board is made to perform simple harmonic 
oscillations horizontally, moving to and fro through a distance 30 
inches and making 15 complete oscillations per minute. Find the 
least value of the coefiicient of friction in order that a heavy body 
placed on the board may not slip. 

13. A light endless elastic string of unstretched length 26 passes 

over two small smooth pegs on the same level distant b apart. A 
particle is attached to a point on the string and when the particle 
is in equilibrium the string forms the three sides of an equilateral 
triangle. Prove that the period of vibration of the particle in a 

vertical line is the same as that of a pendulum of length ^ b. 

7 

14. A balloon ascends with constant acceleration, and reaches 
a height of 900 feet in one minute. Show that a pendulum clock 
carried in it will gain at the rate of about 28 seconds per hour. 

15. Prove that the free oscillations of the mercury of a baro¬ 
meter in a U tube of uniform section will synchronize with a 
pendulum of half the length of the mercury column. 

16. A uniform chain 20 feet long passes over a small smooth 
peg and initially the length of one portion is ii feet. If allowed 
to move from rest, calculate the time that elapses before the chain 
leaves the peg. 
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17. A light spring is kept compressed by the action of a given 
force; the force is suddenly reversed; prove that the ^eatest 
subsequent extension of the spring is three times its initial con¬ 
traction. 

18. One end of an elastic string, whose modulus of elasticity is A 
and whose unstretched length is a, is fixed to a point on a smooth 
horizontal table and the other end is tied to a particle of mass m 
which is lying on the table. The particle is pulled to a distance 
where the extension of the string is b, and then let go ; show that 

the time of a complete oscillation is 2 

19. A particle is attached to a point in a rough plane inclined 
at an angle a to the horizon ; originally the string was unstretched 
and lay along a line of greatest slope ; show that the particle will 
oscillate only if the co-efficient of friction is < ^ tan a. 

20. A train can be accelerated by a force of 55 lb. per ton weight, 
and when steam is shut off can be braked by a force of 440 lb. per 
ton weight. Find the least time between stopping stations 3850 
feet apart, the greatest velocity of the train and the horse power 
per ton weight of train necessary for the engine. [Assume g = 32 ft. 
per sec. per sec.] 

21. A string AB consists of two portions AC, CB, of unequal 
lengths and elasticities. The composite string is stretched and held 
in a vertical position with the ends A and B secured. A particle 
is attached to C, and the steady displacement of C is found to be d. 
Shew that a further small vertical displacement of C will cause the 
particle to execute a Simple Harmonic Motion, and that the length 
of the simple equivalent pendulum is d. Both portions of the string 
are assumed to be in tension throughout, and the weight of the string 
may be neglected, 

22. The resistance to a bicycle, on a level road, expressed in 
lb. wt. is 01V* -j- •013W, where V is the velocity relative to the air, 
in miles per hour, and W is the weight of the machine and rider, 
in pounds. A cyclist who can only work at ^ of a horse-power, 
and whose slowest rate of riding is 3 miles an hour, tries to ride up a 
hill against a wind blowing at 7 miles per hour. Show that the hill 
will be too steep for him if its gradient exceeds i in 22 5 
approximately and if W = 200. 

23. A particle of mass tn is placed in a smooth tube of mass M, 
which is closed at both ends and lies on a smooth horizontal table. 
The particle is projected from one end of the tube with velocity u 
and proceeds to rebound from each end alternately, the coefficient 
of resilience being e. Prove that the velocity of the tube is 

mu (i , , . , ^ mu(i -- 

-after (2n — i) unpacts and — —nni — after 2 n 

w -f M ' / w + M 

impacts. 

24. The friction resistance to the motion of a train, mass M 
is constant (R), and the air-resistance (A) is proportional to the 
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speed (v). If the pull of the engine is constant (P), find an expres¬ 
sion for the time taken from rest to reach a speed V, on the level. 
If R = 10 lb. wt. per ton, M = loo tons, A = lO lb. wt. per ton 
at 15 ml. per hr., and P = 3000 lb. wt., find the time to reach 30 
ml. per hr. 

25. The resistances to the motion of a train are of two kinds^ 
(a) friction (constant), (b) air resistance which varies as the speed. 
Express by equation, the relation between {a) pull of engine and 
maximum speed, (b) horse-power exerted and maximum speed. If 
the train be 150 tons, including the engine, and the resistances are 
(a) 4 lb. wt. per ton (6) 300 lb. wt. at 15 ml. per hr., calculate the 
maximum speed for a 200 h.p. engine. In what time will the train 
come to rest if steam is shut off when it is travelling 30 ml. per hr. ? 

26. A train starting from rest is uniformly accelerated imtil its 
velocity is 30 feet per second and then imiformly accelerated at 
half the previous rate until its velocity is 60 feet per second and 
after that the velocity remains uniform. The train takes 118 
seconds to travel the first mile. Find the initial acceleration. 

If the train weighs 200 tons and the resistances to motion are 
equivalent to a back pull of 16 lb. wt. per ton find the average 
horse-power and also the maximum horse-power at which the 
engine was working during the time it took to travel the first mile 

27. If the Moon and Earth were at rest, show that the least 
velocity with which a particle could be projected from the Moon, 
in order to reach the Earth, is about miles per second, assuming 
their radii to be 1100 and 4000 miles respectively, the distance 
between their centres 240,000 miles, and the mass of the Moon to be 
^ that of the Earth. 

28. A particle of mass (m) lying on a smooth horizontal table 
is attached to two elastic strings whose natural lengths are (/) and 
(/i), and moduli (A) and (Aj) respectively. The other ends of the 
strings are fixed to two points on the table at a distance apart greater 
than / + ^1* Show that if the particle vibrates in the line of the 
strings, its period will be 



29. A particle is suspended from a fixed point by an elastic 

string of unstretched length (a). In the position of equilibrium 
the extension of the string is (ej). The particle is drawn down a 
further distance (^2) and freed. Determine the moti on complete ly 
in the c ases when (i) < e^, (2) + 4a), 

(3) «*> V«i(«x + 4«)- 

30. A Tube railway train, weighing 200 tons, has four 125 
horse-power motofs ; the train starts from rest down an incline of 
I in 100, the motors exerting at starting a pull of 25,000 pounds 
weight. Find the acceleration at starting and the full speed on the 
level, assuming the frictional resistances to be 30 lb. wt. per ton. 
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31. If the resistance to the motion of a body is proportional to 
the speed and is -oi of its weight at 10 ft. per sec., fibd in what time 
its speed will be reduced from 100 ft. per sec. to 50 ft. per sec. If 
the &>dy is set sliding down an incline of i vertical in 25 slope, what 
is the mghest speed it can attain ? 

32. The tractive efiort of an electric train is uniform and equal 
to the weight of 4 tons. The road resktance is 40 lbs. wt. per ton 
of the train, and the brake resistance is an additional 200 lb. wt. 
per ton. The train is taken from one station to the next, distant 
half-a-mile, in ij minutes, full power being kept on until the speed 
reaches 30 miles an hour, when the train “ coasts ’* at a imiform speed 
tmtil power is shut off and the brakes are put on. Show that the 
mass of the train is approximately 85 tons. 

33. The resistance of the water to a ship's motion is proportional 
to the cube of the velocity; prove that, from the time the engines 
are stopped, the velocity v and distance nm x are connected by an 

equation of the form j- = — cv*. 


Deduce by integration, that if the velocity was u when the engines 
were stopped, —- - — cx. 


Under such circumstances the speed of a ship of 5000 tons drops 
from 12 to 3 knots while she runs for i sea-mile. Find the horse¬ 
power necessary to propel her at 12 knots. A knot is a speed of 
I sea-mile i.e., 6080 feet, per hour. 


34. A thin circular wire of radius a and mass m attracts a 

particle according to the law ^ particle be placed on 

the axis at a small distanfce from the centre, find the time of a 
complete oscillation. 


35, One end of a light spring, of natural length a and modiilus 
mg, is fixed to a point in a smooth horizontal table, at a distance 2a 
from its edge. To the other end is attached a particle of mass m, 
and to this particle is attached a light inextensible string which 
passes over the edge of the table and carries a mass 2 m at its other 
end. If the system is released from rest, with the spring at its 
natural length, the string at right angles to the edge of the table 
and the particle of mass 2m hanging freely, show that the particle 
on the table wiU reach the edge after a time Ji{a/3g)* with a speed 

36. A body of mass M lb. moves initially with a velocity of u ft. 
per sec. If a constant power equal to H horse-power be applied in 
the direction of its velocity, show that the time that elapses before the 

j _i) 

acceleration is reduced to -th of its original value is-sec. 

r ° iiooHg 



CHAPTER III 


MOTION OF A PARTICLE IN ONE PLANE 1 


18. Motion Referred to Fixed Axes at Right Angles.— 

Let X and y be the co-ordinates of the particle at time t ; 
let Vy be the velocities and a,, Uy the accelerations parallel 
to the axes OX and OY respectively at this time. Suppose 
one relation connecting any two of the quantities t, x, Vx and 
Ux be given as well as initial conditions, then the motion 
resolved along OX can, by Article 3, be completely deter¬ 
mined. Similarly, given a relation between t, y, Vy and Uy 
and the necessary initial conditions, the motion resolved along 
OY can also be completely determined. 

Suppose that x = f{t) and y = F(/), then by eliminating / 
from these two equations, the equation to the path is obtained. 


Alsof _/-«) and* 


F'(/) so that the resultant velocity 

has magnitude[^{/'(^)}* + {F'(^)}^J^ and its direction is given 
F' (t) 

by tan“”^ 7;/// • Similarly, the magnitude of the resultant 


acceleration is 


+ {F''(^)}^J^anditsdirectionisgiven 


by tan-' ^ • 


Ex. I. A particle moves with accelerations 2 t ft. per see. per sec. 

Y 

60 

parallel to OX and 6 ft. per 
sec. per sec. parallel to OY. 
Initially, the particle is at 
0 and moving with velocity 
8 ft. per sec. in the direction 
OX. Find the equation to 
the path and the positions 
of the pcirticle when it 
moves in a direction 

^ 

40- 

X 

20- / 

equally inclined to the axes. 
Also find the resultant 

Oj 20 40 60 

velocity when in these 
positions. 

J.et X, y be the co¬ 

Fig. 18. 

ordinates after t sec. 


4* 
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Then 


ePx 

di* 


a/andg' 


6 . 




/. + 8 i and y = 

Eliminating i from the last two equations, we find the equation 
of the path to be 

243^* = jV* + 1443'* + 5i84jy. 

Let a be the angle its direction makes with OX after i sec. then 


tana —^,^8 , 

/. when equally inclined to the axes, t* — 6/ + 8 == o 
i.e. i = 2 and 4. 

When i 2, X ^ i8f, y = 12,-^= 12 and^= 12. 

Thus when i^ co-ordinates are i8f ft. and 12 ft, the particle is 
moving at 12 V 2 ft. per sec. in a direction equally inclined to the axes. 

Similarly whe^its co-ordinates are 53 J ft. and 48 ft., the particle is 
moving at 24\/2 ft. per sec. in a direction equally inclined to the 
axes. 


Ex. n. A particle describes a path with an acceleration which 
is always directed towards a fixed point O and varies directly as the 
distance from it. Initially the particle is on a line through O, at 
distance d from it, and moving with velocity V in a direction 
inclined at angle a with the line. Determine the path. 

Take O as the origin and the line as the axis of x. Let 'P{x,y) 
be the position of the particle after time t ; then resolving along the 
axes, we have 

d^x j 

— and ^ = —liy 

the most general solutions to which are :— 

* = a sin (V + gi) and jy = 6 sin where a, b, gj 

and gt are constants, so that ^ = ay'^ cos + g^ 


and 

When i 


o then X d,y 


^=6-v/mcos(\//*< + 5*)- 

= o, ^ = V cos a and ^ = V sin a. 


d = asing-i, 
o = ftsin^,. 


(1) 

( 2 ) 
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V cos a = cos gi, . 

and V sin o = 6 y'/x cos gj. . 

From (2), it — 0 and from (4), 6 =» ^ . 

V/* 

From (i) and (3), a* = d* + — and sin 

Substituting sin-\/ft< = ^ in the equation 

X = aj^sin /it cos gi +cos'\/fit. sin gjJ, 

V* b ) ~ b» ' 


(3) 

(4) 


we have. 


^2^2 — 2 hxy'\^ + a^* = 


i.e. 
i.e. 

t. « , V*cos*a j 1 Vsina 

where a* = it* -|- and o = —7=^— • 

fi V/x 

This is the equation of an ellipse having its centre at O. 

TT V 

In the particular case when a = — . a* = and b = -7= so 

2 VfM 

that the equation of the path of the particle is 
n M 


I.e. 


- + ^ = I 

d* ^ V* 


/* 

The path is therefore an ellipse having its centre at O, its axes 

V 

along OX and OY and the lengths of its semi-axes, d and-^= 
respectively. 

19. Bdative Velocity and Acceleration. —At any instant 
the distance of one moving point from another, or the bearing 
of one with respect to the other, may be changing, or both 
may be changing. In any of these circumstances one point 
is said to have relative velocity with respect to the other. 
The rate of change of the relative velocity of one with respect 
to the other is the relative acceleration of the former point 
with respect to the latter. Given the velocities of the two 
points, the relative velocity can be determined both geomet¬ 
rically and analytically as follows. 
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jg Geometrical Method.—A and 
B are the moving points and 
their velocities are represented 
in magnitude and direction by 
AC and BD respectively. BE 
is drawn equal and parallel to 
AC and the parallelogram BEDF 
is completed. 

By the parallelogram of velo¬ 
cities, the velocity represented 
by BD is equivalent to the simul¬ 
taneous velocities represented 
by BE and BF. The component 
BE neutralises the velocity of A 
and thus the relative velocity of B with respect to A is 
determined completely by BF, whose magnitude and direction 
can be calculated by solving the triangle BDF. 

Anal^cal Method.—Let the 
velocities of A and B have 
magnitudes v, and v, and 
directions determined by 0i 
and 62- 

The component in direction 
OX, of the velocity of B 
relative to A is — r, cos $2 — 
”0 "X r, cos 01 and that in direction 

Fig. 20 . ~ 

.*. the relative velocity of B with respect to A has 
magnitude 

[(— V, cos 02 — Vi cos 0i)* -|- (r, sin — Vj sin 

i.e. (r,* + tij* + 2V1V2 cos (0i + 0.^)^ 

and direction, making with OX an angle 

, , w, sin 02 — Wi sin 0, 

tan~* —=- ^ -i-V . 

— Wj cos 02 — »! cos 01 

The question as to which of the two angles determined by 
the latter is the correct one, can be answered by consideration 
of the sign of (r, sin 0, — Wi sin 0i) for if + ve, the angle 
lies between 0 and 180® and if — ve, between 180® and 360®. 

Both of the above methods apply equally well in deter¬ 
mination of relative accelerations. 

Ez. in. A ship A steams at 20 ml. per hr. in direction 15® £. 
of N. and a second ship B, at 12 ml. per hr. 30® W. of N. What is 
the relative velocity of B with respect to A ? At 9.30 a.m. the ships 




Fig 19. 
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are 5 ml. apart and the bearing of B from A is 25® N. of E. If the 
ships steam uniformly on their course, find their shortest distance 
apart and the time when they are nearest one another. 

Method L 

BC represents com¬ 
pletely the velocity of B 
and BD^ represents the 
velocity of A in magnitude 
and direction. Then, com¬ 
pleting the parallelogram 
BDjCE, BE represents the 
velocity of B relative to 
A, in magnitude and 
direction. 

BE^ = 20* + 12* — 
480 cos 45®, 

BE = 14.3 
Also tan ^C 

12 sin 45® 

20 — I2C0S45* 

/. BEC = 36® 23' 

Thus the velocity of B relative to A is 14.3 ml. per hr. in direction 
38®37'S. ofW. 

AD is drawn at right angles to BE, meeting BE produced at D ; 
thus AB representing 5 ml., AD represents the shortest distance 
apart. 

AD = 5 sin 13® 37'. 

= 1.1770. 

*5 cos 13® 37' 

Time when nearest one another is-==^- - ^ -hr.after9.30a.m., 

14.3 ^ ^ 

i.e. 20.4 min. after 9.30 a.m. 
Thus, at 9.50 a.m., the ships are i ml. 312 yds. apart, whidi is the 
nearest distance. 

Method 2. 

The velocity of B relative to A resolved along AX is 
(— 12 sin 30® — 20 sin 15®) ml. per hr. 
and resolved along AY,(12 cos 30® — 20 cos 15®) ml. per hr. 

.*. the magnitude of the relative velocity of B with respect 
to A is [(11.176)* + (8.926)*]* ml. per hr. 
i.e. 14.3 ml. per hr. 

The angle made with AX is 

tan-« = 38^ 37 ' or (i 8 o» + 38 “ 37% 



D 

Fig. 21. 




MOTION OF A PARTICLE IN ONE PLANE I 47 


As — 12 sin 30® — 20 sin 15® is — ve, 180® + 38® 37' is the re¬ 
quired angle, and thus the direction of the velocity of B relative to A 
is 38^ 37 ' S. of W. 

The shortest distance apart and the time when the ships are in 
these positions could be found without determining the relative 
velocity, as follows. 

Let s ml. be the distance apart after t hr. from 9.30 a.m. 

Then s* = [5 cos 25® — /(12 sin 30® + 20 sin 15®)]* + [5 sin 25® 
+ /(12 cos 30® — 20 cos 15®]* 

= [ 4 - 53 I 5 - 11*176^]^ + [2*1130 - 8-926/]2 

s is a minimum for the value of / given by ^ (s*) = o 
i.e. by [11*1762 + 8*9262]/ = 4*5315 x 11*176 + 2*113 x 8*926 


i.e. 204.49/ == 6950 

i.e. / = *3398 

Subt. this value of f in the above expression for s2, it is found that 

s = 1.177. 

Thus at 9.50 a.m., the ships are iml. 312 yds. apart, which is the 
shortest distance. 

Suppose 0 to be a fixed point and A, P, . . . Pn to be moving 
points whose velocities in a given direction are v, v, . . i;». 
Then v = {v — Vj) + (vi — v^) + . . . . + (vn^i — Vn) + 
Thus the velocity of A in the given direction is the sum of the 
velocities, in the same direction, of A relative to P^, of P^ relative 
to P,, and so on, and of the last relative to O. 


. dv d, 


h) + i K- 


I ^ / \ I 


the same principle applies for accelerations in a given direction. 


20 . An^ar Velocity and Acceleration.— Suppose P is a 
point moving in a plane and that O is a fixed point in the 
plane and OX a fixed line also in the plane ; then the rate of 
change of the angle XOP is the angular velocity of P about 
O and the rate of change of the angular velocity is the angular 
acceleration. If, after time t, the angle XOP be 0 , the 

angular velocity and acceleration of P about O will be ^ 

di 

d^d 

and respectively. Also if cu be the angular velocity, the 

1 . ..1 I dco do} 

angular acceleration will be — or cu ^ . 

at dd 

Let P be the position of the point after time t, and Q 
that after time t + SL 


Then, if v be the velocity at 


P, r = U 

5 / -► o 


u ' 
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If p6 'Q = 88 . OP = f and 
OQ = f + 8r, then by expressing 
the area of the triangle OPQ 
in two ways, we have 

r{r + Sr) sin = PQ. OA, 
where OA is the perpendicular 
on PQ. 

Dividing by St and proceeding 
to the limit when Sd-»-o, 

U J. 

we have r*^ = tip 

where p is the perpendicular to 
the tangent of the path at P. 



Fig. 22. 


The angular acceleration is therefore 



Let the path of the point cut OX at Oj, then the Areal 
Velocity is the rate of change of the area OjOP and is therefore 


U 


St o 


Area POQ 

8 ^ 


= \r* 


dt ' 


The areal acceleration is -jr 

dt 



Ex, IV. O is a fixed point on the circumference of a circle radius 
a and centre C, and a point P moves along the circumference with 
uniform velocity V. What is the angular velocity and the angular 

acceleration of P about 0 when OCP = 0 ? 



OA is the perpendicular to the 
tangent at P. 

Angular velocity of P about 0 
_ V. OA 
“ opa 


V. 2a sin* - V 


2 a 


4a* sin* - 


As this is constant, the angular 
acceleration is zero. 


21. Radial and Transversal Velocities and Accelerations.— 

Let r, 0 be the polar co-ordinates of a moving point P after 
time /, and let Q whose co-ordinates are r-f 8r, 0 + 80 he the 
position after time / -f 8 t. 

Let u and v be the radial and transversal velocities at P, 
and u + 8u and v + 8v, the velocities at Q, 
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From Q, draw QA and QB 
perpendicular to OP and OQ 
respectively meeting OP at 
A and B. 


Then « = li, 


= U 


St¬ 



and V = L^ ^ = Lt 
8/-*o U 


d 9 
^dt ' 


Fig. 24. 

(y + Sr) sin 80 
3 hi 

Now the velocity at Q resolved along OP is 

{u + S«) cos 80 — (i; + sin 80 . 

And the velocity at Q resolved perp. to OP is 
(« + Sm) sin 80 + (w + Sv) cos 80 . 
radial acceleration at P 

_ (u + 8m) cos 80 — (y+ hv) sin 80 — u 


St -»< 


8; 


du 

di 


dd 

'^dt 


dh' (de\* 
dt* \dt)' 

Also transversal acceleration at P 

_Yj (m + Su) sin 80 -f (y + 8i;) cos 80 — v 


St- 
dd dv 


U 


+ 


^ dO 
dt dt 

d»e,dr dd 
dt*'^ dt ' dt ■ 


^0 

' dt '' dt*) 

I . i 

r dt\ dt) 


Notb. 


dx d*x ^ ... 

dt 5? frequently denoted by x and x and so with this 

notation, the radial and transversal velocities are i and and the accelerations 
r —fe*andr6-f2f6. 

If r is constant, the radial velocity Is xero and the radial and transversal 
accelerations aie — r6* and r0. 
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Ex. V. Two points are describing concentric circles of radii a 
and a' with ang^ar velocities oi and co' respectively. Prove that 
the angular velocity of the line joining them when its length is r is 
{(r* + a* — a'^)a) + 



Fig. 25. 


Let A, B be the positions 
of the points. 

Let l^X =0 and O^A=^ 
Then, vel. of A at right 
angles to AB is aca cos 0, 
and vel. of B at right angles 
to AB is a'o)' cos 

vel. of B in direction 
perp. to AB, relative to A 
is a'ct)' cos if> — ao) cos 0 , 

/. angular vel. of AB 
— ^ ^ —ga> cos 0 


Now fl* = a'* + r* — 2 a'r cos ^ and a'* = a* -f r* + 2ar cos 0 , 
a 'cos —a* + a'*)/2r and acos 0 = — (r® + a* — a'*)/2r. 

/• angular vd. of AB is 

{(f* + a* — a'*) CO + (r* — a* + a'*)co'}/2f*. 


Ex. VL In the figure PAC represents in plan a window sash 

hinged at C, BC the win- 
p dow sill. A rod AD is 

hinged to the window sash 
at A, and can slide freely 
through a revolving joint 
fixed to the sill at B. If 
CM is the perpendicular 
from C on BA or BA 
produced, prove that 
when CA revolves about 
C with angular velocity 
CO, the rod DA slides 
through B with velocity 
CO. CM and at the same 
time rotates about B with 

Fig. 26. , , CO. AM 

angular vdocity * 


<A \ 


Let V be the vd. with which DA slides through B and co' (d^A 
increasing) the ang. vd. of DA. 

Let BAi^ =s 0 , then vd. of A along BA = v 
and vd. of A perp. to BA = co'. AB 

vd. of A dong CA = co'. AB sin 0 — v cos 0 
and vd. of A perp. to CA = co'AB cos 0 + v sin 0 . 
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But the vels. along and perp. to CA are 0 and co.CA respectively. 

a>'. ABsind — vcos0 = o . (i) 

and to'AB cos 0 + wsin 5 = <t».CA ••• ••• (2) 

/. V =» co.CA sin 0 and co'. AB = ci>. CA cos 0 

/. V = cii.CM and w' = " * 

Ex. Vn. A and B are points on opposite banks of a river of 
breadth a, and AB is at right angles to the direction of the river. 
A boat leaves B and is rowed with constant velocity with the bow 
always directed towards A. If the velocity of the river be equal 
to this velocity, find the path of the boat. 

Let P be the position of the boat 
at any time. 

Let AP = r, BA^ = 0 , and let v be 
the magnitude of each velocity. 

df 

Then ^ = — v + sin 0 , 



and 


Fig. 27. 

—. ^ — — 1 + sin 0 
Y d0~~' cos 

= |[ — sec + tan 0] dO, 

(^i) 


d0 . 

r ^ = V COS 0. 


logf = —log tan 
When 0 = 0 , r ^ a, so that 


—log cos 0 + log C (a constant). 
C = a 


. COS 0 


Now tan 0 = tan ^ sin ^0 + ^ 

= 2sm*(f+?) 

= 1 —COS^0+^^ 


l-cos(0+j) 

This is the equation of a parabola having AB as semi-Iatns 
rectum. 
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Ez. VnL A smooth horizontal tube OA of length a is movable 
about a vertical axis OB through the extremity 0 . A particle 
placed at the extremity A is suddenly projected towards O with 
velocity acu while at the same time the tube is made to revolve about 
OB with imiform angular velocity ui. Show that the particle will 

have travelled half-way down the tube after a time ~ log^z, and 

that it will not reach 0 in a finite time. 


Let P(OP = r) be the position after time t when the tube has 
rotated an angle 0 , 

There are no forces acting along the tube 




— 


o. 


dt 

Multiplying by 2 and integrating, we have 

+ C (a constant). 

When r a, = — acj so that C = o and thus = — rco, 
dt dt 

the — ve sign being taken as the particle is moving towards O. 


I?—+ 


^ log r = — u>t + Cj, (a constant). 

When r := a, t = o so that = log, a 



When f = - , / = — log,2 and when r -> o, t co, 

2 O) 

22* Tangential and Normal Accelerations*— 

APQ is the path of a particle, 
A is a fixed point and P and Q 
are the positions after time t, 
/ -f 8/ respectively. Arc AP 
= s and arc AQ = s + Ss. 

At P the particle moves in 
the direction of the tangent at 
P and its velocity 
v = U (s + 8 s)—s _ds 
Fig. s8. 8<*o St dt' 

Let w + Sw be the velocity at Q,. and let ^ + 8^ be the 
angles the tangents at P, Q makie with OX. 
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Tangential acceleration at P 

_ (i) + Sp) cos 8^ — V _d*s _ dv^ 

st*o & ~dt~dt*~'’Ts 

Normal acceleration at P 

— U ^ d<f> dif) ds 

8<-o 8 t ~'“di~'*ds’Jt' 

Now, if p be the radius of curvature of the curve at P, 
_ ds 
^~d^‘ 

normal acceleration at P = —n the direction towards 
^ P 

the centre of curvature. 


23 . Note on the Cycloid* —A cycloid is the locus of a point 
on the circumference of a circle which rolls in a plane along a 
straight line. 



A D B 


Fig. 29. 

AB is the straight hne on which the circle, radius a, rolls. 
O is the position of the point at its greatest distance from AB 
and P is the position when the circle has rotated an angle B, 
C and Cl are the positions of the centre of the circle in the 
two positions and OX and OY are the axes of co-ordinates. 
OiCiD is perpendicular to AB and PQN is parallel to AB. 

As the circle has rolled without slipping, the distance moved 
by the centre is ad, i.e. CCj = aB. li x, y be the co-ordinates 
of P, 

^ = PN == PQ + CCi = a[B + sin B) 
and ^ = QOi = CiOi — C,Q = a{i — cos B) 
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.. as P( 5 ix = - and O^PD =-. 

2 -2 

the tangent to the cycloid at P passes through Oi, and the 
normal through D. 

Let arc OP = s, then Ss* = Sx* + Sy* 

g 

= 2a®(i + cos 0 ). 86^ = 4a* cos* - . 80 *. 

2 

ds = 2a fcos — dd, 

J 2 

s = 4^ sin —, as 0 = o when s = o. 

2 

0 6 

Again, as = 2a sin^ — , sin — = 

2 2 

Also, since ^ ~ 

2 




/• s = 4 a sin t/f. 

ds 

If p be the radius of curvature, p cos 

d uf 
Q 

Now PDOi = -~ = 0 and /. PD = 2 a cos tp ; thus p = 2 .PD. 


Ex. IX. A circle, radius a, starts from rest and rolls along a line, 
its centre moving with constant acceleration /. P is the point on 
the circumference initially in the highest position. Find the velocity 
and acceleration of P when the circle has rotated through an 

angle 

2 


0 is the initial position of the point and P is the position after 
time i when the circle has rotated through an angle 0 , 

Cl the centre, has moved a distance a 0 in time t. 


d 0 


d^0 


a 0 = and hence a ^ =ft and =:f. 


g 

Let OP = s, then s = 4a sin — • 

2 


dt* 


/ 

a 


xr 1 X -n 6 d 0 y - -pj. 0 , . 

Vel. of P = 37 = 2a cos - • — = 2 V 2 af 0 • cos - • and its direc- 

2 at 2 


dt 


g 

tion makes angle - with OX. 
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dH 0 d^B 

cos 2 • ^^2 - 


n, , , xr> e d^B . B /d6\* 

Tangential accel. of P = ^, = za cos - . — a sm - (— 


/ 0 ra ■ ^ 

2/ cos- zfO. sin - • 

2 2 


Normal accel. of P = 




3 0 

8 afd, cos^- 


2/a cos 


4a cos - 


When 0 = - , the vel. of P = V2a/7r in direction - with the given 
2 4 

line. 

Also tang, accel. of P = \/2/-== /• ( ^ — 2 ) * 

And norm, accel. of P = . 

2 

resultant accel. of P =/. j^2^i —tt 

= /.(2 — 277 + 772 )*. 

Let a be the acute angle the resultant acceleration makes with 
the given line. 


Then tan (- 


(?-a) = 

\4 / /ir 77 


V2/7 7 
2 

I — tan a 77 * 


I + tan a 77 
I 


a = tan~* 


77— I 


Alternative Method. 



Vel. of P = vel. of P 
relative to C + vel. of C. 

vel. of P pari, to 
given line 

= a^ cos <1 + «- 
= v 2afB (i + cos B) 
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resultant vel. of P = 2 \/ 2 a/ 0 cos~ 


and direction with given line = tan—* 


sin 0 


I + cos 0 

Accel, of P = accel. of P relative to C + acceh of C. 

/. accel. of P pari, to given line 

d^e 


0 

— t 

2 




= /(cos 6 — 20 sin 0 + i). 
Also accel. of P perp, to given line 

tPe . . , /riOM 

= sin 0 + 


sin 0 H 

fdSy 

^\dt) 


cos 0 


= /(sin 0 + 20 cos 0 ). 


When 0 = “» these accelerations are (i —tt) / and/ respectively. 

resultant accel of P = f {2 — 27 t + tt^)^ 
and direction with given line = tan—* ^~ i e. a = tan—* 


I -77 77 — I 

Ex. X. A point P describes a curve with constant velocity 

and its angular velocity about 
^ a given point O varies inversely as 
the distance from 0 ; show that the 
curve is an equiangular spiral whose 
pole is O, and that the acceleration 
of the point varies inversely as OP. 

OA is the perp. to the tangent to 
the path at P. 

Let OP = r. OA = p, OPA = <f> 
Pjg and V = vel. of the point at P. 

Then ^ = — where u is a constant. 
r r ^ 

sin ^ and thus <i is constcint, therefore the curve is an 
equiangular spiral. 

As ^ == r sin </>, the equation to the curve is f = 

As ^ = 0 , the acceleration is entirely along the normal. 



The radius of curvature p is r 
•% accel. of the point = 


dr 

dp 


r, 


/XV 


— and thus varies inversely as r. 
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Problems m 

1. A particle moves with acceleration 2/, 3/ ft. per sec. per sec. 
parallel to the axes OX, OY respectively. Initially the particle is at 
the origin moving with velocity 4 ft. per sec. along the axis of x. 
Find the equation of the path and express the distance travelled in 
2 seconds as a definite integral. 

[(§)•=(§)■+ (!)■] 

2. A particle is initially at the origin and moves with velocity 
V in a direction making angle a with the axis of x. Its accelerations 
along the axes of x and y are zero and — 2 y respectively. Find the 
equation of the path and the wave-length. 

3. At lo.o a.m., from a ship A, a ship B can be seen in a direction 
15® N. of E. and the distance apart is 6 miles. The velocity of A is 
15 ml. per hr. N. and that of B, 18 ml. per hr. 35® W. of N. At 
what time will the ships be closest together and what is the distance 
then ? What should the velocity of A have been in order that the 
ships should have collided ? 

4. A smooth horizontal tube OA of length a can rotate about O. 
A particle is placed in the tube at a distance b from 0 and the tube 
is then set rotating with constant angular velocity co. Find the 
velocity and direction with which the particle leaves the tube and 
also the time taken. 

5. A circle radius a rolls on a fixed circle centre O and radius 6 
with constant angular velocity co relative to the line of centres. 
Show that the angular velocity of the centre of the former about O 

d 

is CO. A particle P on the rim of the moving circle is initially at 

distance {2a b) from O. Find its resultant velocity and acceleration 
after time /, measuring the directions by the angles made with the 
initial position of the line OP. 

6. An insect crawls at a constant rate u along the spoke of a 
cartwheel, of radius a, the cart moving with velocity V. Find the 
acceleration along and perpendicular to the spoke. 

7. An arc lamp is 18 ft. from the ground. A man 6 ft. high 
starts from a point immediately under the lamp and walks at 5 ft. 
per second in a circle of radius 20 ft. Express the velocity and 
acceleration of the end of his shadow after t sec. 

8. A point moves from the origin in such a way that its velocities 
in two Med perpendicular directions after t seconds are a cos t 
and a sin t. Prove that its acceleration has a constant magnitude, 
and find the Cartesian equation of its path. 

9. A circle of 2 in. radius rolls without slipping on a circle of 
radius 6 in. A is a point on the rolling circle. If the rolling 
circle makes a revolution in 4 seconds, find (i.) the angular speed of 
the radius of the fixed circle to the point of contact, (ii.) the speed of 
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the centre of the rolling circle, (iii.) the magnitude and direction of 
the velocity of A i, 2, 3, 4 seconds after A is the point of contact. 
Plot out the path of A. 

10. The position of a moving point after t seconds is given by the 
equations x asm t, y ^ x + b cos t. Show that its acceleration 
may be represented by the straight line joining it to the origin, 
and that the sum of the squares of its acceleration and speed is 
constant. 

11. A point A moves uniformly along the diameter of a circle 
whose centre is fixed and describes one diameter whilst the circle 
makes one revolution. Determine the path of A and the magnitude 
and direction of its velocity after i, 2, 3, 4 sec. from the time A 
is on the circle, the angular velocity being 15 revolutions per 
minute and the diameter 15 cm. 

12. I'wo rods AB and BC are hinged together at B, the end A 
being fixed, while the end C travels along a straight wire OP. 
The rods AB and BC make angles 6 and (J) respectively with AO, 
the perpendicular from A on OP, and CB produced meets AO in D. 
Prove that, if the rod AB turns round A with an angular velocity o), 

the angular velocity of the rod BC is (in magnitude) 

13. A crank AB length a revolves with uniform ang. vel. co 
about a fixed pt. A. The rod BC is of length b and C moves along 
a straight slot AC. Express the velocity and acceleration of C in 
terms of the angle BAC, 0 , 

14. Two points are revolving in opposite directions in concentric 
circles of radii a, b, with velocities u, v. Prove that if the velocity 
of either particle relative to the other is along the straight line 
joining the particles the cosine of the angle which the particles 
subtend at the centre is {ua — vb)j{ub — va). 

15. Two ships are at opposite ends of a diameter of a circle 10 
miles in radius. One sails at 2 miles per hour along the diameter, 
and the other at 4 miles per hour along the circumference. Find 
an equation determining the time at which they are first at a 
minimum distance apart, and solve this equation by the use of 
tables to within five minutes of time. 

16. A particle Q moves along 
a straight line in such a way that 
its angular velocity about a fixed 
point A distant 5 cm. from the 

line is constantly equal to ^ 

radians per second. Find the 
velocity and acceleration of the 
particle 6 seconds from the instant 
it is in the position nearest to A. 

17. A cam in the shape of a 
circle radius S'^rotates with uniform 



Fig. 32. 
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velocity to about E which is 2' vertically above O. A vertical rod 
in the same vertical line as E is then caused to move up and down. 
Express the velocity and acceleration of the rod in terms of 0 . 

18. The line joining two points A, B is of constant length a and 
the velocities of A, B are in directions which make angles a 
and p respectively with AB. Prove that the angular vdocity 

of AB is ^ — Q — * where u is the velocity of A. 

a cos j 3 

19. A point moves in a circular path of radius a so that its 
angular velocity about a fixed point in the circumference of the circle 
is constant and equal to to ; show that the resultant acceleration of 
the point at every point of the path is of constant magnitude 

4a CD*. 

20. A particle describes backwards and forwards an arc of a 
circle subtending an angle of 2 radians at the centre, so that its 
acceleration resolved along the tangent, is equal to /x times its 
distance measured along the arc from the middle point; show that 
the least resultant acceleration is ^ Vs/xa, where a is the radius of the 
circle. 


21. BC and OA are two rods hinged at O and OA = OB =s OC. 
A is hinged at a fixed point and B moves along a fixed line XA 
starting from the point furthest from A. (i.) Find the path of C. 
(ii.) If B moves with imiform speed b cm. per sec., find the distance 
C moves in t sec. (iii.) Find expressions for the speed and ac¬ 
celeration of C after t sec. and also the angular velocity and accelera¬ 
tion of AO. When is the angular velocity of AO a maximum ? 


22. A rod CP turns with constant angular velocity cd about C, and 

by means of a slot at P guides a rod AL 

which is free to turn about A, the 

motions being entirely in one plane. 

Q is the point where the direction of the 

rod AL again meets the circle described 

by P, and M is the middle point of PQ. 

Find the angular velocity cd ' of CQ, and 

prove that if Q is the angular velocity 

... JQ* PM* 

of AL,-; = "X p a 7S • 

CD.CD' AP. AQ 

23. A point describes a cycloid with 
uniform speed. Show that the normal 
acceleration at any point varies inversely 
as the square root of the distance from 
the base of the cycloid. 

24. A train is travelling at 60 miles 
an hour along a straight line of railway. 
Find its angular velocity about a point 

Fig- 33* distant i mile from the railway two 
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minutes after the instant when the train is nearest to the point in 
question. Give the answer in degrees per minute. 

Taking the more general case where v is the velocity of the train, 
a the distance of the point from the line, x the distance the train has 
travelled from the place where it was nearest the point, prove that 
the angular velocity of the train about the point in radians per unit 
time is vajijsfl + x^) and deduce the formula 

d . . X a 

j-tan—= -2—— 
dx a 

25. Two rods OiAi, O^Aj are hinged at the fixed points O, 
respectively and a small ring fastened at Aj slides on the second rod. 
The rods are rotating with angular velocities a> 1, co, respectively. A 
line AiP is drawn at right angles to O2AJ1 to meet OjOj at P; 
prove that cdi.OjP = coj.OjP. 

26. A and B are two planets in conjunction and their paths are 
circles. A's period is 684 days and its distance from the centre is 
1*52 times that of B, whose period is 365 days. Find the angular 
speed of A as viewed from B after any time " t ** days from the 
position of conjunction. 

27. A particle moves in a plane under a constant acceleration 
/xa paralld to Ox, and an acceleration — 2py parallel to Oy, 
where Ox, Oy are rectangular axes. If the particle starts from rest 

at the point (0,a) show that, when y is first equal to -, x is 
equal • 

28. If X = a (cos 0 -\- d sin 6), y = a (sin 9 — 0 cos 0 ), and 
0 increases at a imiform rate o), prove that the velocity of the point 
is adw ; and find the inclination of the velocity to the axis of x. 

29. A point moves in a plane so that its rectangular co-ordinates 
at time " t " are (c cos*nf, c sin*n^). Prove that the tangent to its 
path at the same time passes through the point (Jc cos nt, Jcsin nt). 

30. A particle moves with an acceleration which is always per¬ 
pendicular towards, and equal to /x divided by the cube of the dis¬ 
tance from, a given straight line Ox. It is projected with velocity 

parallel to Ox from a point whose perpendicular distance from 

Ox is a. Show that its path is a portion of a circle. 

31. A tube of length I is compelled to rotate in a horizonta^l plane 
with uniform angular velocity m about an end O, which is fixed. 
A particle inside the tube, the surface of which is smooth, is released 
from rest at a distance \l from O. Find the time which elapses 
before the particle leaves the tube, and find the angle between its 
direction of motion and the tube at the instant of leaving. 



CHAPTER IV 


MOTION OF A PARTICLE IN ONE PLANE 11 


24. Motion o! a Particle under the Action ol Forces in 
One Plane.— 

(a) Let the resolved parts of the forces parallel to the axes 
0®, Oy, be X and Y respectively and let the co-ordinates 
of the particle (of constant mass m) at time t be x and y, 

^ „ d’‘x , ^ d^y 

then X = tn-^. and Y = • 


If X and Y be given, the velocity and path can be deter¬ 
mined ; conversely if the direction of the resultant force be 
given and also the equation of the path, the law of force can 
be determined. 


{b) Let the resolved parts of the forces parallel and 
perpendicular to the radius vector be R and P respectively, 
then r, 0 being the co-ordinates of the particle. 


R 




d»r 

di* 



= 


d^ 

dt* 


■ 

^dt 



If R and P be given, the velocity and polar equation of 
the path can be determined. 

(c) Let the resolved parts of the forces along the tangent 
and normal be T and N respectively, then the co-ordinates 
of the particle being s and ^ and v, the velocity, 

d^s ( vdv\ , w* 

and N = 

dtp 

Note —The general solutions of the two equations in each of the above 
cases involve differential equations and are dealt with in Chapter XIV. Simple 
particular cases are considered in this chapter. 


'25. Ai^ular Momentum. —The angular momentum of a 
particle of mass m about a point O is the product of its 
linear momentum and the perpendicular from O to the tangent 
of its path at the instant under consideration. 

Let P be the position of the particle at time t, OA the 
perpendicular to the tangent at P, and let <f> be the angle the 
tangent at P makes with Ox, then the angular momentum 
about O 


= mv . OA. 

6i 
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= mv {x sin <f> —y cos 
/ dy dx\ 

rate of change of 
angular momentum 



=.x,Y—yX 


= moment of the forces 
Fig- 34 * about O. 

If X = o and Y = o, the angular momentum about O 
will be constant. Again, if the resultant force passes through 
O, as the moment about O will be zero, the angular momentum 
will be constant. 

d9 

The velocity at right angles to OP is ^ ^ and therefore the 


angular momentum is If the particle is under the 

action of a force whose line of action always passes through 
dO dS 

O, 3.nd therefore \r^ ^ will be constant. Thus the 


areal velocity is constant, that is, equal areas are swept over 
by the radius vector in equal times. 

For a system of particles, we have 


i7X = 





= 27(^Y—yX) 


where SX and EY are the algebraic sum of the extraneous 
forces acting on the system parallel to the axes of co-ordinates, 
for the internal forces being everywhere equal and opposite, 
their algebraic sum vanishes as also does the algebraic 
sum of their moments about O. 


If EX = o and EY = o , and E [xY —yX) = o, then 

^ (^S) ' ^ (fit ~^S)] 

Let i7»t=M and let the co-ordinates of the centre of inertia 
be y. 



MOTION OF A PARTICLE IN ONE PLANE II 63 


then Z{mx) = MJ and Z{my) = 

so that and s{m 1 ) = 

dx dy 

Therefore ^7 and are constant, so that if no extraneous 
at at 

forces act on the system, the centre of inertia is at rest or 
moves with constant velocity in a straight line. 


E 



is the algebraic sum of the angular 


momenta of the particles about 0 and therefore if 
Z{xY — y X) == o, the total angular momentum will be 
constant. Thus if no extraneous forces act on a system of 
particles the total angular momentum about any fixed point 
is.constant. This is known as the Principle of the Cionser- 
vation ol Angular Momentum. Again if the extraneous forces 
be such that they can be always reduced to a single force 
acting through a fixed point, then the total angular momentum 
about this point is constant. 


XT . dx\ ^ dx / d^x\ d*x 

Note i. As j ••• J =* and thus EX » 

d*x d^ 

and similarly SY = . Hence the centre of inertia of a system of 

particles moves as if the whole mass were collected at that point, and as if 
all the external forces were applied there parallel to their original directions. 
It is proved in Article 62 that the rate of change of angular momentuin 
of a system of particles about the centre of inertia is the same as if the centre 
of inertia were fixed and the same forces acted on the system. If therefore, 
the resultant force always passes through the centre of inertia, the angular 
momentum of the system about the centre of inertia, whatever its motion 
is constai^. ' 

E^l A smooth wedge, length /, angle a and mass M rests on a 
smooth horizontal table. A particle of mass m is placed at the 

top and allowed to move. Find 
the distance moved by the 
wedge when the particle reaches 
the bottom. Also find the time 
taken. 

After time t, suppose the 
wedge to have moved a distance 
X and the particle a distance 
B y relative to the wedge. 

The horizontal external force 
acting on the system being zero. 


0 A 



Fig. 35. 


(M + m)^ — cos a ^ 


(X) 
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As the wedge is smooth, the only force acting on the particle 
down the plane is sin a. 

, (d^y dH \ , , . 

^ cosa j = wgsin a . {2} 

From (i), integrating, (M + w) = wy cos a. 

(Constant vanishes as * = o wheny = o.) 

. V , ml cos a 

when y I, x= ^- 3 —• 


M + w 


Also from (i), 


(M + »,)g=mcosa.5|- 


wgsm a 


. / / X w cos*a\ 

d^y (M + m)g sin a 
dl^^ M + m sin*a 

time taken for the particle to reach the bottom 
y _ r 2/(M + w sin* 

“ L (M + fn)gsin a J 

Exyll. Particles whose masses are m and M respectively are 
connoted by an inextensible string of length a. Initially the string 
is taut and the mass m is projected with velocity V at right angles 
to the string. What is the distance of each particle from the 
original positions when the string has made a complete rotation ? 
Also find the tension of the string. 

I ^ external forces act on the 

I system the linear momentum is 

constant. 

— Initially the linear momentum 

j is fnV at right angles to the string. 

I V ® ^ centre of inertia 

} I ' of the S 3 ^tem; then 0 moves with 

•M- h - m constant velocity ^^-r— at nght 




U__^ 

I ^ 


yi O Til ^ ^ “ 0 “'- 

Fig. 36. angles to the string. 

Again, as no external forces act, the angular momentum relative 
to O is constant and as the masses are at constant distances from 
O, the angular velocity of the string is constant. ^) V 

V T 

M 4- #n V ^ 

Initial angular velocity of string =-— == ~ • 

M + w 

Let fl be the angle through which the string rotates in time t, 

a(“-5’ ■■ 


Initial angular velocity of string = 
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When 9 « 2ir, I ■■ and the distance of the particles from thdr 
initial positions is ^ ^ 

Let T be the tension of the string after time t, then as the accelera* 
tion of 0 is zero, 

T Mfl 


M +« 
mMV» 


(AdV 

\dt) 




a(M + »») 


, which is constant. 


26. Work and Emetic Energy .—A particle of mass m is 
under the action of conservative forces, that is forces whose 
magnitude and direction depend on the position of the 
particle and which are independent of the time and velocity. 

Let the algebraic sum of the forces resolved parallel to the 
axes be denoted by /,(x) and f^{y) respectively and suppose 
that the particle moves along a path APQB. 

Let the co-ordinates of P be (x), (y) and of Q, (y+dy), 

then the work done by the forces In moving the particle from 
P to Q is/,(x)Sx +ftiy)Sy. 

If the co-ordinates of A and B be and XjV, respectively, 
the work done by the forces in moving the particle from A to B is 

f^{x)dx+ /*(y)<fy 
Jyi 

which is constant whatever the path moved over by the 
particle from A to B. 

Let Vi, be the velocities of the particle at A, B respec¬ 
tively. 

Then the gain of Kinetic Energy 
- iw (i;,» — Vi*) 

= \mdx+ \h{y)dy. 

J Jyi 

=» work done by the forces. 



[a. Art. X 2 .] 
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Two smooth spheres, 
masses and ntg respective¬ 
ly, impinge on one another. 
Just before impact the velo¬ 
cities are Wj, Wj directions 
making angles 0i, 0, with 
the hne joining their centres. 
The co-efficient of restitu- 
Fig- 37 - ^ tion is e. 

Let Vj, Vj be the velocities just after impact in directions 
inclined at angles <f>2 with the line joining the centres. 

As there is no force perpendicular to the line joining the 
centres the velocities in that direction are unaltered. 

Hence sin 0 i = sin . .. (i) 

and U2 sin 02 = ^2 sin ^2 • • • • • • (2) 

Again the momentum of the system along the line joining 
the centre is constant as the forces at the point of contact 
are equal and opposite. 

Hence 


WiWiCos0i + W2W2COS02 = mit;iCos^i -f WgVgCOS .(3) 
By Newton's experimental law, we have 
e{ui cos 01 — U2 cos 62) = V2 cos (f>2 — Vi cos ^1 .. (4) 

From these four equations Vi, Vg, and can be deter¬ 
mined. 

It is left as an exercise to the student to prove that 
(i) Impulse of the blow 


= ^ cos 01 — «a cos 0a). 

(2) Loss of Kinetic Energy 


I — ^ WjWa 

2 nil + m 2 

28. Motion of a Projectile 
neglected).— 



1 cos 01 — Wa cos 0a)*. 

under Gravity (Air-resistance 

A particle (mass m) is pro¬ 
jected from A with velocity 
V in direction inclined at 
angle a to the horizontal. 

Let O, the highest point 
of the path, be taken as 
origin. As no force acts 
horizontally, the horizontal 
velocity is constant and 
equal to V cos a. 
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Let be the position of the partideisec, afterleavingO, 

then X = Vcos a. t 

and y — ; 

, 2V*C0S*a 

which is the equation of a parabola whose axis is vertical and 
whose latus rectum is 

2V* cos* o 

i 

Let R be the range up an incline making angle with the 
horizontal then, resolving at right angles to the plane, 

o = V sin (a — fS).t‘ — Igcosp.t'* .. (i) 

where t' is the time of flight. 

Also, resolving horizontally, _ 

*R co s /? = V cos Of r / . (2) 

2 V* cos a sin (a — jS) 


R = 


V* 


g cos* )8 


si 


sin (20 — jS) — sin 




g cos*)S 

The range is a maximum when 2a — P — i e., when 

7T 6 

o = - + ^, so that a maximum range is obtained when 

the particle is projected in a direction bisecting the angle 
between the plane and the vertical. 

Also maximum range = 


V2 


j[i —sin^J = 


V* 


g{i + sinpy 


IS 


g cos2 PI 

By putting — j 3 for p, the maximum range down the plane 

g(i — sin p) 

Ex. in. A small ball is projected into the air; show that it 

appears to an observer standing at 
the point of projection to fall past 
a given vertical plane with constant 
velocity. 

O is the point of projection, AB 
the vertical plane and P, the position 
of the ball after time L A is the 
point where the initial direction 
meets the plane, Q is the point 
where OP meets the plane and PC 
is the vertical through P. 

Let OB = d, AOB = a, V = vel. 
of projection and AQ = x. 
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Then 


d tan g — x _ V sin a. f 

2 V cos a. / ' 

* = i tan a- sin a- 

^ — which is constant. 

dt 2Vcosa 


Thus the velocity of Q is constant. 

Ez. IV. If any number of particles are projected simultaneously 
from the same point with equal velocities in the same vertical 
plane, prove that at any instant the particles all lie on a circle; 
also that their relative directions as seen from one another remain 
unchanged. 

Let V be the velocity of projection and let x,y be the co-ordinates 
(referred to the point of projection as origin and axes horizontal 
and vertical) after time / of the particle whose direction of projection 
makes angle 6 with the horizontal. 

Then a; = V cos 6. t . (i) 

and y = V sin 0 . ^ J gt*. . (2) 

Eliminating 6 from equations (i) and (2) we have that at the 
instant, time i from the moment the particles are projected, all the 
particles lie on the circle whose equation is 
x^ + {y + 


y\ 


AVsin^^-^re 


A 


Vcos^i 


AVsm02-5'< 

yC05^2 

B 


O 


Fig. 40. 


Let A and B be the positions 
after time t of particles whose 
directions of projection make 
angles 61, 62 respectively with 
the horizontal. 

Then the vertical velocities are 
(V sin 61 — gt) and (V sin 62 — gt) 
and the horizontal velocities, 
V cos 9 i and V cos 02- 

the direction of motion of B 
relative to A is 


tan 


-ip 


(V sin 02 — gt) — (V sin 0 ^ — gt) 


V cos 09 


= tan""^ 

j 


sin a, 
cos 0, 


- V cos 01 

I —sin g i~| 

I—cos 01 j 


] 


which is independent of t, thus showing that the relative direction 
of any one particle as seen from any other remains unchanged. 


The above angle simplifies to - 
61 +Of 


Note 2 

of the relative velocity to 2V sin 


/tt 0. -f 0.\ 

-I - — —-— land the magnitude 
• Thus the velocity of any par¬ 


ticle relative to any other is uniform in magnitude and direction. 
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Ex, V. Prove that the envelope of the paths of particles pro¬ 
jected in vacuo from the same point with the same velocity in the 
same vertical plane» is a parabola with the point of projection as 
focus. 



I 

\y 


Fig. 41. 


O is the point 
of projection, V 
is the initial velo¬ 
city. 

Let X, y (axes as 
shown) be the co- 
ordinates after 
time t of the par¬ 
ticle projected in 
direction making 
angle 6 with the 
horizontal. 


Then % = V cos 0 . ^ . (i) 

and y = — V sin 0 ,t + . (2) 

Eliminating /, we find the equation of the path to be 

y = —xt ^6 + tan* 5 ). 

Let tan 6 = m, then the equation of the path is 

y +1^(1 + w*). (3) 

Differentiating partially with respect to m, we have 

0 = — * + y, W. (4) 


Eliminating m from (3) and (4), the equation of the envelope of the 
family of parabolas given by (3) is 



which is a parabola whose axis is vertical and whose latus rectum 
2V* 2V* 

is —. As y = J . - when x = o, therefore OA is J of the 

i ? 

latus rectum, i.e., 0 is the focus of this parabola which is touched by 
the paths of all the particles. 


29. Motion ol a Particle on a 



Smooth Curve under Gravity. 

Let P be the position of 
the particle (mass tn), then 
the forces acting on it are 
tng vertically downwards and 
R at right angles to the 
tangent at P. 

With the usual notation 
we have, by resolving along 
the tangent. 


Fig. 4*. 
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fni» ^ = — mg sin d .. .. (i) 

and by resolving along the normal, 

m — = R — mg cos d. .. .. (2) 

P 

If the velocities at A and B be Vj and r, respectively and 
A be a distance h vertically above B, then as gravity is a 
conservative force and R does no work during the motion 
we have 

lm{vt* — v^^) = mgh .(3) 

This equation can be derived from (i) by putting 

sin ® ^ * integrating and substituting initial conditions. 

There are thus two independent equations and in practice, 
problems are more readily solved by using the equation of 
energy and the equation obtained by resolving normally. 
Motion on a Smooth Circle, 



O is the centre of the circle (radius a), 

A is the highest point, B (A&B = a) 
is the initial position where the velo¬ 
city is V and P (AOP = 0 ) is the 
position after time t. 

With the usual notation we have 


and 


Jw — V*J = awgj^cos a — cos 
= mg cos 6 — R ; 



(1) 

( 2 ) 


R = mg cos 0 — 2wg(cosa — cos 0) - 

wV* 

= mg (3 cos 0 — 2 cos a)- -. 

At the instant when the particle leaves the plane, R = o and thus 
the equation V* = ag {2 cos 0 — 2 cos a) determines the value of 
0 at the point where the particle leaves the plane. 


If V = 0, eqn. (i) becomes == 2 ag(cos a — cos 0 ), 

Therefore the time taken in moving from B to B^ (A^lBi = a^, 


pa. 



«/ a. 


is given by 
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Motion on a Smooth Cycloid, Axis Vertical and Vertex Downwards, 
Let A be the vertex and P the position of the particle (mass m) 
after time t from A. Let arc AP == s and let the inclination of the 
tangent at P with the horizontal be j/r. Then, a being the radius 
of the generating circle, s = 4a sint/f, 

dh 

Resolving tangentially, — wg sin ^ 

dt^ 

Hence the motion is Simple Harmonic, the periodic time being 
Thus if the particle be placed at any point on the curve 


- 

4a 


4tt 


s 

and allowed to move from rest under gravity, it reaches A in time 

Suppose the particle to move from rest at the cusp, then if 0 
be its velocity and R the reaction at P, 

(1) 

(2) 


vdv 


• tn — s 
4« 


and 

Integrating eqn. 


R — tng cos Ip = m 


(i) and putting v = o when s = 4a, we have 


Substituting in eqn. (2) and putting p = 4a cos i/f, 
R = 2mg cos 


30. The Cycloidal Pendulum. 


A 



A is the cusp of a cycloid 
(axis vertical) whose equation 
is s = 4a sin i/j. A particle (mass 
m) is connected to A by a light 
string of length 4a and allowed 
to oscillate. 

Let CB be the path of the 
particle and P the position after 
time t. 

The radius of curvature of 
the path at P is given by 


p' = 4a — {4a — 4a sin i/f) = 4a sin if/ = 4a cos 

where 0' is the inclination of the tangent to the path at Pto 
the horizontal. 
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Let CP = s', then 

ds' , ,, 

_ =p' = 4acos^' 

s' = 4a sin 0'. 

Hence CPB is a cycloid, the radius of whose generating 
circle equals that of the cycloid AB. 

Resolving at rt. angles to the string, we have 

dH' . . 

m-^ = —mg sm 0 '; 


^ = — i- s' 
di^ 4a 


Hence the time of oscillation is 27 r 



—, which 
g 


is independent of the amount of swing and thus the Cycloidal 
Pendulum is Isochronous. 

From the previous article, the tension of the string is 
2fng cos 


Ex. VI. A heavy particle slides down a smooth cycloid starting 
from rest at the cusp, the axis being vertical and the vertex down¬ 
wards. Prove that the acceleration of the particle is of constant 
magnitude. 

Let the equation of the cycloid be 
s = 4a sin tf/. 

Then with the usual notation, resolving along the tangent we have 


dv 

v^ = -gsin0 = - 



Integrating and putting v = o when s = 4a, 


V* = 4ag — s* = (i6a* — s*). 

^ ® 4a 4a ^ ' 

V* I 

Now, normal accel. == — and p = 4a cos ^ = (i6a* — s*) . 
Resultant accel. = ^ 

Li6a* ^ i6a* J 


Kotb. —If ^ be the angle the direction of the resultant accel. makes with the 
nonnal, then tan ■■ ^ =tanil/. .*. 
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El. Vn. A smooth cup is set whirling with angular speed 



about Hs axis which is vertical. 
If a particle will remain in 
equilibrium on any part of the 
surface, find the equation to the 
curve of section. 

P is any position of the par¬ 
ticle ; let its co-ordinates re¬ 
ferred to axes as shown, be x, 

Let R be the reaction at P, 


then resolving vertically. R cos 0 — mg = o 
and resolving horizontally, R sin 0 = mxoj^ ... 

. a>* 

tan 0 = — X 
g 


i.e. 



dy 


CO* 

dx g 


is the equation of the curve of section. 


(1) 

(2) 


Ex. VUl. A particle can move in a smooth circular tube which 
revolves about a fixed vertical tangent with uniform angular 
velocity cu. Find the position of relative equilibrium of the particle 
and show that the time of a small oscillation about that position is 

^ 1 —\ where a is the angle of inclination to the vertical 
cj li + sin*aj ^ 

of the radius to the particle when in relative equilibrium. 

Let P be the position of the particle (mass 
m) and let R be the reaction. Let a + ^ be 
the angle the radius OP makes with the 
vertical. 

When 0 = o, we have 

Rcosa — mg = 0 ... 

and R sin a = ma (i + sin a) co*, 
where a is the radius of the tube. 
a(l + sina)a>* 

g 

which determines the position of relative equilibriiun. 

Resolving at right angles to OP, we have, 

. ^2Q _ 

mgsin (a + 0) = — -j- sin a + 0)co*cos (a + 0 )... (4) 

. ad^0 n _ n 

• • — [g sin (a + 0) — a cu* cos (a + 0)(i + sin a + 0)J 

1 



tana ^ 


(1) 

(2) 

(3) 


[ <icu*(i+ sin g) sin (a + 0 ) 
tan a 


-«co*cos{a+ tf)(i+sina+^)j,from(3) 
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aw^ r 

sin a L 


cosa(i + sin a) sin (a+ 6 ) —sina. cos (a + ^ (l+ sina+ 0 ) 


Now L/ Q ^ cos ^ = I and U ^ 


sin 6 = 0, 


therefore when 0 is small so that terms in 6 ^ may be neglected, 

d^0 aa>* r 

--=— cos a (I + sin a)(sin a + ^ cos a) 

di^ sinaL 

— sin a (cos a — 6 sin a) (i + sin a+ 0 cos a) J 


.>0 that 


+ sin^a) 


Hence for small vibrations, the motion relative to the tube is 


simple harmonic and the periodic time is 


rP sin a "1 ^ 
Li + sin® a_ 


Ex. IX. Find the law of force parallel to the axis of jy under which 
a particle describes the curve xy = a^. 

Let Y be the force and m the 
^ I mass of the particle, 

\t> then w-77o =0 and m-^=\. 


u, a constant. 


* di x^' 

' . j 

Fig. 47. * ’ dt^ x^ ' dt^ x^ 

/. Y = — r- V®, i.e., the force varies as the cube of the ordinate. 

a* 

Ex. X. A heavy particle P slides on a smooth curve of any form 
in a vertical plane. The centre of curvature at P is Q and 

R is on the same vertical as Q 
and at the level of zero velocity. 
Shew that the acceleration makes 
y with the normal an angle 

^ tan“' (i tan P^Q.) 

Let PR = r, PQ = p, P^ = ^ 

_ and the inclination of PR to the 

ST vertical, 0 . 

/ R being the initial position, we 

-A 

r ,0 =*ngrcos$. 


Also w ^ = mg sint/i. 


Fig. 48. 
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so that the angle which the resultant acceleration makes with PQ is 





Problems IV 

1. Prove that the least velocity with which a projectile can be 

thrown so as to reach a point y feet high and distant x feet horizon¬ 
tally from the thrower is given by the formula g\_y + >*)! 

and the corresponding angle of elevation (a) of the direction oi 

throw is given by the formula x tan a = —. 

S 

2. Find the Cartesian equation of the path of a particle pro¬ 
jected from the origin with component velocities {u), (v) along the 
axes, the y axis being taken vertically upwards. IJ, a particle is 
projected so as just to clear a wall of height (d) at a horizontal 
distance (a), and to have a range (c) from the point of projection, 
show that the velocity of projection (V) is given by 

V2_ a 2 (c — a )2 +1,2^2 

^ g ab(c — a) 

3. A gun is pointed in a direction 20° W. of N., elevated to 70® 
and a shot is fired with speed 1500 ft. per sec. and hits an aeroplane 
which at the instant of firing was i mile N. of the gun and travelling 
horizontally westward. Find the height and speed (assumed 
uniform) of the aeroplane (neglect resistances). 

4. A gun is fired at an elevation a from the top of a cliff of 
height A, the muzzle velocity of the projectile being that due to a 
height h\ Obtain the quadratic giving the values of tan a corres¬ 
ponding to a range R on the plain at the foot of the cliff. Prove 
that the maximum va lue of R is 2Vh' (h + A') and that for this 
value of R, tan a = Vh'l(h h'), 

5. A gun which can fire a projectile with an initial velocity u 
ft. per sec. is on a plane inclined at an angle a to the horizon. Prove 
that the portion of the plane within range of the gun is an ellipse 
and express the area in acres. 

6. A particle is projected under gravity from A so as to pass 
through B. Show that for a given velocity of projection there are 
two paths. 

Show that if B has horizontal and vertical co- ordin ates x, y 
referred to A, and the velocity of projection is y/2gh, the angle 
between the two paths at B is a right angle if B lies on the ellipse 

+ 2y* = 2 hy. 
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7. A shot is fired from 0 to pass throu gh P and Q. Show that 
the time from P to Q is V2r(tan a — tan j8)/g, where c is the length 
of the projection of PQ on a horizontal plane and a, jS are the angles 
subtended at O by the vertical lines from P and Q to the horizontal 
plane through O. 

8. From a gun p laced on a horizontal plane, which can fire a 
shell with velocity \/2gH, it is required to throw a shell over a wall 
of height h, and the elevation of the gun cannot exceed a, where 
a < 45"^. Show that this will be possible only when A < H sin* a, 
and that, if this condition be satisfied, the gun mus t be fired from 
within a strip of the plane whose breadth is 4 cos a VH(H siu*a — A)« 

9. A heavy particle makes complete revolutions in a smooth 
circular tube placed in a vertical plane. If the velocity at the 
lowest point is n times the velocity at the highest point, show that 
the pressure of the tube on the particle when moving vertically 
bears to the pressure at the lowest point the ratio 2n* + 2 : 5«* — i. 

10. A particle is dropped from a height A on to a plane inclined 
at an angle a to the horizon. How far down the plane is its next 
point of impact, the co-efficient of restitution being e ? 

11. A smooth wedge ABC of mass M and angle ABC = a is 
placed with the face AB on a smooth horizontal plane. A particle 
of mass m moving with velocity u inclined at (a — /8) to the horizon 
strikes the face BC at an angle p. If e is the co-efficient of restitution 
show that the horizontal Velocity of the particle after impact will 
exceed that of the wedge if (M -+• m)(cos a cos jS — sin a sin jS) is 
greater than m cos*a. cos (a — jS). 

12. A string with heavy particles at the ends lies over a smooth 
fixed pulley. In the position of equilibrium each particle is level 
with the centre of the pulley. One particle is displaced downwards 
so that the system moves under gravity. Find the pressure exerted 
by the second particle on the pulley as it passes over the highest 
point, and prove that it leaves the pulley when it has traversed an 
arc of about 108^®. 

13. A pendulum is suspended from the roof of a railway carriage 
travelling at speed V round a curve of radius a. It makes n oscilla¬ 
tions per second but when the carriage is stationary the number is 

/n* 

fii. Prove that V* = ag^ ^ — i. 

14. The range of a rifle bullet is 1200 yards when a is the eleva¬ 
tion of projection. Show that if the rifle is fired with the same 
elevation from a car travelling at 10 miles per hour towards the 
target the range will be increased by 220 tan*a feet. 

15. A particle is projected along the inner side of a smooth 
vertical circle of radius a, the velocity of the lowest point being u. 
Show that if «* < 5 ga the particle wiU leave the circle before arriving 
at the highest point and mH describe a parabola whose latus rectum 
is 2(«* — 2ga)*/27g*a*. 
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z6. An aeroplane is flying with constant velocity v and at 
constant height h. Shew that, if a gun is fired pohit blank at the 
aeroplane after it has passed directly over the gun and when its 
angle of elevation as seen from the gun is a, the shell will hit the 
aeroplane provided 2(V cos a — v) v tan* a = gh, where V is the 
initial velocity of the shot, the path being assumed to be parabolic. 

17. A particle slides down the surface of a smooth fixed sphere 
of radius a starting from rest at the highest point. Find where it 
will leave the sphere, and show that it will afterwards describe a 
parabola of latus rectum and that it will strike the hori¬ 
zontal plane through the lowest point of the sphere at a distance 

5 iV 5 + vertical diameter. 

27 

18. A particle starts from rest at a point P in the arc of a 
smooth cycloid whose axis is vertical and vertex A downwards. 
The particle is afterwards projected from P downwards along the 
curve with velocity equal to that with which it reaches A when 
starting from rest at P. Show that it will now reach A in half the 
time taken in the preceding case. 

19. A smooth straight tube BAC is bent at A and is fixed in a 
vertical plane so that AB, AC make angles a, jS on opposite sides 
of the vertical. A heavy uniform string PAQ in the tube is slightly 
displaced from the position of equilibrium ; show that when a 
length X has passed over A in the direction of P both the velocity 
and the acceleration vary as x, and that the tension of the string at 
A varies as (/> + x){q — x) where p, q are the lengths AP, AQ in 
the position of equilibrium. 

20. Two particles are projected from the same point with 
velocities v, v' at angles a, a' respectively with the horizontal; 
the paths lie in the same vertical plane and the second particle is 
projected at a time T after the first. Show that, certain conditions 
being satisfied, the particles will strike one another before reaching 
the horizontal plane through the point of projection if 

. 2vi;" sin ( a — a') 

~~ g(v cos a + V' cos a') * 

21. A particle suspended by a vertical string is projected hori¬ 
zontally, and after describing an arc of a circle the string slackens 
and the particle moving in a parabolic path returns to the point of 
projection. Prove that the inclination of the string to the vertical 
when it first becomes slack is given by 

2 cos* <t> + 3 cos* ^ —1 = 0. 

22. If a projectile is describing a parabola under gravity, air 
resistance being neglected, prove that the velocity at any point P 
is V 2gc, where c is the depth of P below the directrix of the parabola. 

Also prove that the least speed with which a particle can be 
projected from a point Q on the ground so that it may pass over a 
vertical wall of height A at a dis tance d from Q is, if air resistance 
be neglected, + Vh^ + d^). 
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23. A particle slides down a smooth wire in the form of a cycloid 
whose axis is vertical and vertex downwards. Prove that the 
projection of the particle on a vertical line moves with simple 
harmonic motion. Also prove that when the particle starts from 
rest at the cusp, its acceleration is constant in magnitude and 
directed towards a point moving uniformly in a horizontal line. 

24. A particle of mass m is suspended from a fixed point by a 
string of length a. Another string attached to the particle m passes 
through a ring fixed at a distance Q.a vertically below the fixed point 
and has a mass M attached to its other end. If the mass m is 
slightly displaced from the position of equilibrium, prove that the 

time of oscillation of the system is 27 r 



25. Prove that when a particle slides from rest down a smooth 
cycloid, wilh axis vertical and vertex downwards, the time of 
reaching the vertex is independent of the initial position. 

Two particles slide down the cycloid, starting simultaneously 
from rest. Show that the vertical component of the motion of the 
middle point of the chord joining them is a simple harmonic motion. 

26. A particle starts from rest at a given point of a smooth 
cycloid whose vertex is downwards and base horizontal. Prove 
that it falls through i/n of the vertical distance to the lowest point 


in the time 



27. A cycloid has its base horizontal and vertex upwards ; 
prove that the time of falling down any radius of curvature is 
constant. 


28. If a particle of weight w is suspended from the roof of a 
railway carriage which is moving with a constant speed, v, in a 
curve, prove that in the position in which the particle is at rest 
relatively to the carriage, the tension of the cord is 



29. Two equal particles are tied together by a light string of 


length — and rest in equilibrium on the surface of a smooth circular 

cylinder in a plane perpendicular to the axis of the cylinder, which 
is horizontal, the radius of the cylinder being a. The particles are 
then slightly displaced in a plane perpendicular to the axis of the 
cylinder. Prove that when the lower of the two particles leaves the 
surface, the pressure on the other is rather more than three-fourths 
of its weight. 

30. A parabolic trajectory passes through two given points, 
in directions inclined at angles (a, /8) to the horizontal. Show that 
for all such trajectories (tan a + tan ) 9 ) has the same value. 
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31. A particle of mass 10 grams is set sliding down the smooth 

curve y = ^ which is in a vertical plane, from the point x = lo. 

Find an expression for (i.) the normal pressure, (ii.) the kinetic 
energy, (iii.) the tangential acceleration of any point x and evaluate 
when X = 5. 

32. A particle P of unit mass, free to slide on a smooth wire, 
is attracted towards a point O of the Wire with a force /Lt.OP. If 
the wire be made to revolve about O in a horizontal plane with 
constant angular velocity co, show that the motion o f P on the wire 
is a simple harmonic motion of period 27 r/V/Lt—"ca* and that when 

= ^fjL the path of P in space is a circle. 

33. A smooth semi-circular tube, radius a, has its diameter hori¬ 
zontal and rotates with uniform angular velixity a> about a vertical 
radius. A particle is placed in one end of the tube and allowed to 
slide down the tube. Prove that if aco® > 2g, the particle will 

return to the initial position after descending to a depth Also 

prove that the time taken is given by 



_ ^ _ 

V sin d{2g — aci)^ sin 0 ) 


where sin a 




34. Find the law of force parallel to the axis of y imder the 
action of which a particle will describe the curve x* + ay* = bx, 

35. Find the law of force which acting parallel to the line 
X —y = 0 causes a particle to describe the curve x* y* = a\ 

36. Over a small smooth pulley is placed a uniform flexible 
chain ; the latter is allowed to move from rest when lengths I — a 
and I + a hang down on the two sides. Show that the chain will 

leave the pulley after a time 



37. A particle of mass tn, moves in a smooth circular tube of 
radius a, under the action of a force ntfi X distance, to a point inside 
the tube at a distance d from its centre. If the particle be placed 
very nearly at its greatest distance from the centre of force, show 
that it will describe the quadrant ending at its least distance in 


time ^^ log#(V2 + i). Also show that when the particle has 
described from rest an arc subtending an angle 0 at the centre of the 


tube, the reaction is +d(s cos 0 — 2)J. 

38. A particle of mass m slides down the rough inclined face of a 
wedge of mass M and inclination a, which is free to move on a smooth 
horizontal plane. Show that the time of describing any distance 
from rest is less than the time taken when the wedge is fixed in the 
( m cos g (cos a + fi sin a) l 
M + w 


uicui 

K’ 





So 
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39. TVo particles of equal mass are attached to the ends of a 
light rod. The rod can turn freely about a point 0 at distances 
I and I' respectively from the ends. Prove that if the rod rotate 
about a vertical axis through O with angular velocity co, it is in¬ 
clined to the vertical at an angle 

I +/'*)) ' 

40. Two small rii^ of equal mass can slide on a smooth parabolic 
wire with axis vertical and vertex upwards. The rings are con¬ 
nected by an elastic string equal in length to the latus rectum, the 
modulus of elasticity being equal to four times the weight of either 
ring. If the rings slide down the two sides of the parabola starting 
from rest at the vertex, show that they will come to rest at a depth 
equal to the latus rectum. 

41. A smooth wedge of angle a is at rest on a smooth horizontal 
plane. The mass of the wedge is M. A particle of mass m falls 
vertically and strikes the inclined face of the wedge, the magnitude 
of its velocity at the instant of impact being V. The coefficient of 
restitution between the particle and the wedge is e. Show that after 
the impact the wedge moves with a speed 

ntV(l + e) cos a sin a 
M + m sin^a 

and find the components of the velocity of the particles, just after 
impact, along and perpendicular to the inclined face of the wedge. 
If the particle, after rebounding, strikes the moving wedge again, 
show that the distance between the two points of impact, measured 
along the plane, is 

2 eV^ (M + m)(i + e) sin a 
g (M + w sin^ a) 

42. A bead of mass m, which can slide on a smooth horizontal 
rad, is connected by a light rod of length / to a particle of equal mass. 
If the rod is released from a horizontal position in the vertical plane 
through the rail, show that when it has turned through an angle 6 
the velocity of the bead is ^16 sin 6. Find 6 in terms of 6 , and show 
that when 6 = the tension in the rod is 5mg. 
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81. Centre of Gravity of a System of Particles in One 

Plane. —Let ttti, »»(... be the masses of the particles and 
{xiyi), Jthe co-ordinates referred to rectangular 

axes; then if (x, y) be the co-ordinates of the centre of 
gravity or centre of inertia of the system, 

(nti + tn^ + . . , . )x = niiXi -f -f . . . . 

XV X • ~ 

that IS 

Similarly y = 

82. C.G. of a Thin Wire. 

AB represents the wire: let (XiyO and 
be the co-ordinates of A and B respec¬ 
tively and let m be the mass per unit length. 

Then mass of an element = mSs 



Kg- 49 - 


X = 


mis 

at A to that at B: 


mxds 


the limits being from the Vcdue of s 


LrV 


px 

irV 


ix 


Similarly y 




The cartesian equation of the curve taken up by the wire 

being known, ^ and ^ can be expressed in terms of x and y 
ax ay 

respectively. If m is a constant, it can be taken out from 
under the sign of integration and will then cancel. If m 
be a variable it must be expressed as a function of x in the 
expression for x and as a function of y in the expression fory. 

8i 
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If the polar equation to the curve be given, and 


ji^A = o and ^ 


then as 8 s 


X = 


tnr cos 0 / 

Ja Vl 

r* + 1 

m. 

pi 

J®' 

H 

(dry 





and y = 


, 7 V['’jKI)]" 


J a 


Ex. 1 . Find the position of the centroid of 

(1) an arc of a circle, radius a subtending angle 2 a at the centre, 

(2) an arc of a cycloid (radius of generating circle, a) from vertex 
to cusp. 

(i) By symmetry the centroid of the circular arc will lie on the 
line Ox which bisects the angle between the radii. 

Let TOx = 9 and == 89 , where PQ is a small portion of 

the arc; then mass of element = fnah 9 . 


Ca fa 

2 1 m.a cos 9 .ad 9 a\c 


cos 9 . d 9 


a sin a 


2aa.fn, 


Note i. For a semi-circular arc, x ^— • 

re 

(2) Take the vertex O as origin, and the tangent at O as the 
axis of X, 

The equation of the cycloid is s = 4a sin where s is measured 
from O and tb is the angle a tangent makes with Ox. 

For any element PQ, 

8s = 4a cos ^. 80 , 

%8s = a(20 + sin 20). 4a cos 0. 80 

= 1^20 cos 0 + J (sin 30 + sin 0 ) J 80 . 

Now J 0 cos 0 i0 = 0 sin 0 — J sin 0.rf0 
= 0 sin 0 + cos 0. 


• ^ 



re 


+ 2 cos 0 — ^ cos 30 — 



2 

o 
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fl[w —(2 —i —i)] ^ 

= - -i- - = f(3^-4). 

Also yhs = fl{i — cos 2^). 4a cos ^. hifi. 

= 4«®|^cos tfi — I (cos 3^ + cos 


y =«j^sin ^—ismsfli — isin0j^ = |«. 

83. C.O. of a Plane Lamina. 

BD is a curve whose cartesian 
equation is known. It is required 
to find the co-ordinates of the 
C.G. of a lamina ACDB, where 
AB and CD are ordinates and OA 
= a, OC = c. 

Mass of element PQQiPi = 
mySx, where m is the mass per 
a: unit area of the element. 

e 

mxydx. 

a 

. .. . ■ ** • 

e 

mydx 

a 

If the density of the element PQQiPi be uniform, its C.G. is 
at a distance - from the x axis 



y = 


r 


mydx 



Fig- 5*. 

tance \r from O. 


AB is a curve whose polar 
equation is known. It is 
required to find the co¬ 
ordinates of the C.G. of a 
lamina bounded by the 
curve, OA and OB where 

xOk = a and xOB = jS. 

If the density of the 
element POQ is uniform, m 
per unit area, the mass of 
the element will be m.^r*Sd 
and its C.G. will be at a dis- 
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fwr* cos B dB 


mt^dB 


and = I 


jwr*sin BdB 
mr^dB 


Note 2. If the density of element PQQjPi be not uniform, double integra¬ 
tion notation can be avoided by first obtaining the mass and the ordinate of 
Its C G. For example, suppose the density of the lamina ACDB vanes as 
the distance from Om (i.e ky), 

fy 

then mass of element PQQiPi ■« I ky^xdy iky* 8 x 


and distance of its C G. from Ox 


Yy*8xdy 

* iky*8y 


In a similar way, if the density of the lamina OAPB is a function of the 
distance from O, the mass of the element POQ and the distance of its C.G. 
from O can be first obtained and thus x and y evaluated. 

Ex. n. Find the position of the C G. of a lamina of uniform 
density m ttie shape of a sector of a circle radius a, angle 2 a. 

Method /. 

^ By symmetry, the C.G. lies on Ox, which 

bisects AOB. 

^ np Let m be the mass per unit area, then 

0^-j- X mass of element POQ = \a^h 9 m. 



X = 


zjjwa*. I a 


cosB dB 




1_ 



1 


B 

Fig 52 


aahn 

Method II. 

Mass of element consistin 
radius x and breadth Bx = : 

Distance of its C.G. from O 


2 a . 

s= ~ sm o. 
3a 


2 axBx. m. 

) =8 ^ ^ 

a 


P 


2mx^smadx 


2a^sina 

3 

a a* 


2a 

= — sm a. 
3a 


- and thus % = 4?« 
2 


For a semi-circle. 
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Ez* IIL Find the position of the C.G. of a semi-circular lamina 
radius a whose surface density varies as 1 

(i.) the square of the distance from the diameter. 

(ii.) the square of the distance from the middle point of the 
diameter, 

(i) Let the density be kx^. 

Then mass of element PQ 

= 2\/(a^ -— x ^.). Sx. kx\ 



2 k 

i = —n 
2 k 


x^'\/[a^ — 


Let 


— x^^ix 

o 

% == a sin d, so that == a cos 0 SB, 


• x^ dx 


4 b 

= a® j* sin®0. 


cos^fl dO 


r2 


s= a 5 |(cos*fl — cos*0) sin OdO. 

It It 

Also x^ J J sin* 20 d 0 = J (i — cos 40 ) d 0 , 

It 

Sa^ — Jcos*0 + Jcos^^j 




0 — J sin 40 J 


77 

2 


32 a 



(ii) Let the density be kr\ 
Then mass of element POQ 


=1: 


Sd.r.dr.kr* = kBd.- 
< 4 

and distance of its C.G. from 0 

\8d.rdr.kr*.r 
Jo_^ 4 ? 

5 ■ 


* 80 .- 

4 


- "I 

X = -^ 


i *a®cos 6 dd 
I _= 45 

? 5 5 

2 


8a 

5 » 


2 ika*dB 


• • 
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84. C.G. ol a Pjrramid. —Let O be the vertex of the 
P 3 n-amid and C, the C.G. of the lamina forming the base. 
Then G, the C.G. of the pyramid, will lie on the line OC. 

Let X be the distance of G from the vertex measured along 
the perpendicular to the base and let the thickness of an 
element at distance x from the vertex and parallel to it be 
hx. Let A be the area of the base, h the perpendicular height 
of the pjrramid and m the mass per unit volume. 

Then mass of element = A mhx. 


Am 

Am 


r* 

x^ dx 

o 

k 

X* dx 


4 =-a- 

h* 4 


85. Centroid of a Surface of Revolution. —Referring to 
figure 50 , suppose the arc BD rotates about Ox, then a 
surface is generated. Let m be the mass per unit area of 
this surface. 

By symmetry, the centroid of this surface lies on Ox. 

Mass of element formed by rotation of PjQj = 2nySs.m 


|'’»y V' + (a)’- 


Referring to figure 51 , 

mass of element formed by rotation of PQ = zirr sin B.Zs.m, 


- f” 

4^ — •'a 


'/3 

mr* sin 0 cos 6 


V’'*+(S) • 


d0 


r/3 / /dr\^ 

j mf sin 0 


Ex. IV. Find the position of the centroid of the portion of the area 
B of a sphere, radius a, lying between parallel 

planes at distances b and c from the centre. 

Mass of element formed by rotation of 
PQ about Ox = 2 n a sin 0 . aS0 . m. 

Let = p and aJ&C = y. 



Then 


1 


sin 0 cos 0 d0 
T_ 

(3 

sin 0 dO 


Fig- 55- 
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a cos*y — cos*j3 a , , 

---1 r _ (cosy + cosB) 

2 cosy — cosp 2 ' 


lib + c). 


For a thin hemispherical shell, 6 = 0 and c = a i = -• 

2 

Ex. V. Find the position of the centroid of the portion of the 
surface formed by rotation of the curve y* = and bounded by the 
planes x o and x = a. 

The centroid lies on Ox at a distance from 0 given by 


X = 


\'r^ 

Ui 

(dy\ 

ydx) 

2 

1 • dx 

i. i 

a a 

2a X ^ 

lx + ~ • dx 


+ 1 

(t) 

f.* ] 

'a r i 

[ a a 

\ 2 a X ^ 

' dx 

* X 


jxVx + a.dx ?3c(a; + a)* —+fl)’J 


I \/x + a. 


dx 


2 


3 “la 
2 

Jo 


a 


o 


^ 2( ^2 + !) 

5 ( 2^2 — I) 

86. C.O. of a Volume of Revolatiou. —Referring to figure 
50, suppose the area ACDB to rotate about Ox, then a 
volume is generated. 

Let m be the mass per unit volume. 

By symmetry, the C.G. lies on Ox. 

Mass of element formed by rotation of PQQit^i = Tjy*. hx.m 
I m xy^ dx 

• T _ J» 

X ~ Yc - 

1 my^dx 

Ex. VI. Find the position of the C.G. of the portion of a sphere 
(radius a) of uniform density (p), lying between parallel planes at 
distances h and c from the centre. 

Referring to figure 55, 

mass of element = ny^hx . p. 

= 7r(a* — x^) 8 x.p. 
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TTp 

(ahc —x*)ix 

b 

ia*x*— ix* * 

J* 

np 

• 

*c “ 

(a* — x^dx 

b 

- 

a*x — J** 

_ J» 

3(c + 6) (2a* — c* — 



4(3a* — c* — cb — 6*) 

For a hemisphere, J = o and c == a, ^ ^ • 


Ex. Vn. Find the position of the C.G. of a hemisphere (radius a) 
whose density varies as the square of the distance from the centre 
of the complete sphere. 

Suppose the hemisphere to be divided into a number of thin 
hemispherical shells, then 

mass of element of radius x = 2'itx^ . hx . kx^ 


and distance of C.G. of element from the centre of the base 


klT 




X = 


2kTT 


^ dx 


dx 


« 

6 

5 


5 ? 

12 * 


X 

2 


Ex. Vm. Find the position of the C.G. of a sphere (radius a) 
whose density varies as the distance from a tangent plane. 



Taking the diameter through 
the point of contact of the plane 
as the axis of x, then a sphere is 
obtained by rotation about Ox 
of the semicircle bounded by 
the curve whose polar equation 
is r = 2a cos 0 . The limits will 

obviously be 0 = o and ^ ~ • 


Now, as 

X = 2a cos* 0, y = 2a cos 0 sin 0 and Sx == — 4a cos 0 sin 0 , 80 , 
mass of element obtained by rotation of PPiQiQ =* iry^Bx.kx 


«= — fT.32 a^k cos *0. sin* 0.80 


1C 

2a |cos’flsin*^<f8 

7C 


I (cos ’5 — co&*0) sin 6 d$ 
- __ 

|(cos*d — cos^^ 


sinddd 


CENTRES OF GRAVITY i ATTRACTIONS 89 


! 1^— i cos^O + A cos^o^ J ^ 


a 5 


Jsin *5 + Jcos®0 


Ex. EC. ABC is an arc of a circle, centre O and radius a. 

j) - _—A A^B == c6b s= a and AD, CE are 

Q__\q perpendicular to Oy. 

p DABCE rotates through an angle n 

^ y about Oy, the plane of the paper ^ing 

- _lp“X mean position. Find the C.G. of 

^ ^ the solid generated. 

By symmetry, the C.G. will lie on 
Ox, 

Vol. of element obtained by rotation 
Ej- C of PPiQiQ 

Fig- 57 * «= -. fl*cos* 0 . a COS 0 . 80 . 

2 


Also, distance of its C.G. from Oy 


\cos*0 dO 


(3 + 4 cos 20 + cos 40)d0 


2 lcos*0rf0 


(i — sin*0) cos 0d0 


4a 3a + 2 sin 2a + I sin 4a 
37r 8[sin a — i sin*a] 

Ex. Z. Referring to figure 57, if ABOD rotate about Ox, find the 
position of the C.G. of the solid generated. 

By symmetry, the C.G. will lie on Ox, 

^^iQiQ* when rotated, generates an element consisting of a thin 
hollow cylinder. 

Vol. of element = 27 r.a sin 0 . a cos 0 . « cos 0 , 80 . 

Dist. of C.G. of element from O s ^ a cos 0 . 

*a r Ta 

sin 0 cos*0 d0 — J cos*0 - 

. - a Jo_ ?. L J o _ 3^ I — cos^g 

^*“2f® ^ — cos*a* 

sin0cos*0<i0 —|cos®0 

Jo L Jo 

87. Theorem of Pappus (or Gnldin’s Themem).-* 

(i) AB is a curve of length L. On being rotated about 
Oy, an axis which does not intersect the curve, it generates 
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a surface whose area is 2nh.x, where 

y B J is the distance of the centroid of 
the arc AB from Oy. 

Suppose the arc to be divided up 
into elements of lengths l^, . 

whose distances from Oy are Xi, x, 
. . . respectively. 

Then, area of surface of revolution 

-- X = 27rXili + 2nxJ,i + . . . 

Fig. 58. ~ + l^X^ + • • • ) 

= 2 -nElx 

- Elx 

= 2 -nh.X as ^ ~ 

(2) A curve, enclosing an area A, rotates 
about Oy, an axis which does not intersect 
the area. Then the volume of the ring 
formed is 2 irAx where x is the distance 
of the centroid of the area from Oy. 

Suppose the area to be divided into 
elements of area aj, a, ... at distances x^, 
», . . . respectively from Oy. 

Then volume of ring = 2nXiai + + . . . 

= 2iT .E ax 


’O 

► 

Fig- 59 - 


. _ „ Uax 

= 27 tAx as % = • 

Ex. XL Find the area of the surface and the volume of an anchor 
ring whose mean radius is R, the radius of section being r. If 
the ring be cut symmetrically into two portions by a thin hollow 
cylinder of radius R, find the ratio of the areas of the curved surfaces 
and the ratio of the volumes. 




Area of curved surface of inner portion 
Area of curved surface of outer portion 

irR — 2 r 


Area of surface of ring 


= 27 r . 27 rr. R 
= 47rVR. 


Volume of ring 

= 27r.7rr*R 

= 277^2 R. 



ttR + 2r 
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Volume of inner portion _ *(^ iir} _ 3 itR — 4r 

Volume of outer portion / 4A ~ 37rR + 4/* 


Ez* Xn. Use the Theorem of Pappus to find the position of the 
centroid of (i.) a thin semi-circular arc "and (ii.) a plane semi-circle. 
Suppose a semi-circle (radius a) to rotate about its diameter. 

Let Xi s distance of centroid of arc from the diameter 
and 5 , s distance of centroid of area from the diameter. 


Then 

Also 


27r. Tra. ^2 = 
2'JT. \TTa^. X2 = 



2 a 

7T 

3 ^’ 


88 . 



Attraction of a Uniform Thin Rod. 



Let M be the mass of a particle 
at P which is at a distance p from 
a thin uniform rod AB having mass 
m per unit length. 

Let NQ = QQi = hx, NPQ = 0 , 

QPQ, = he, BFN = = a. 

Also let X, Y be the resolved 


attractions parallel and perpendicular to the rod. 


Attraction of element QQj = 


kMmSx ___ kMmp sec* 0,89 
~PQ* ^* sec* 9 . 


kMm 

'~~T" 


1 


sin 9 d 9 
—9 


kMm 

~T~ 


• (cos P — cos 






_j v kMm f .jn kMm , . . « 

and Y == —— J cos 6 d 0 = ——— (sin a + sin jS). 

Consider a thin uniform rod CD also of mass m per unit 
length, in the form of an arc of a circle centre P, radius p 
and terminated by PA and PB. 

Attraction of element RR, = k}^^ ^ kMj^ 

P P 

and this in the same as the attraction of the element QQj. 
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kMm 

~v 


sin J (® + /S)- = 


2 ^ M m . APB 

—7— Sin- 

P 2 


attraction is 


Thus the resultant attraction of the rod CD is the same in 
magnitude and direction as that of the rod AB. 

ft By symmetry, the resultant attraction of 

the rod CD is silong PE where PE is the 

bisector of CPD. 

Ej-Let EPR = p. Pl^ki = S^. 

\ yT Then Resultant attraction 

^ , ,, 

^ 6 .. 

^ j-l(« + P) 

2 kMm . t. , 2 kMfn . APB 

= -^sinHa + ^). = -j—sm-j-. 

When the rod is infinite in both directions, the resultant 
attraction is in the direction perpendicular to the 

rod. 

Ex. Xm. A thin lamina, mass m per unit area is bent into the 
shape of the curved surface of half a cylinder radius a and length /, 
so that a section everywhere is a semi-circle. Find the resultant 
attraction on a particle of unit mass at the mid point of the axis of 
the cylinder. Also find the resultant attraction of a solid half¬ 
cylinder, mass p per unit volume, on the particle of unit mass. 

Suppose the surface to be divided into elemental rods of length 
I and breadth aSO, The mass per unit length of any one of these 
rods. PQ, is maSO. 

> _ Let O be the position of the particle of unit 

mass, ACB the central section cutting the 

I element PQ at RRi. OC is at right angles to the 

} diameter AB and dOR = 0 , ROR^ = 8ft 

\ Resultant attraction of element PQ 

Q jc 2 kmah 0 . POb 

j a 2 

y « 2*mS0.- 77 f==== 5 * 

V/* + 4a* 

B The resultant attraction of the lamina acts 

Fig. 63. by symmetry, along OC and its magnitude is 




cos 0 dd 


Afknd 
+ 4a* ‘ 
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A 



B 

Fig. 64. 


Suppose the solid half-cylinder to be divided 
into thin half-cylindrical shells^ having a 
common axis. 

An element, radius x and thickness tx has 
a mass per unit area of phx. 

The resultant attraction of the solid acts, by 
S5mimetry, along OC^and its magnitude is 



Ez. JOrST. Two thin rods AB and CD each of length / and mass m 
per unit length lie parallel to one another at a distance 2a and 
so that ABDC is a rectangle. Find the resultant attraction of 
one rod on the other. If a particle be placed in the position of 
equilibrium and be given a small displacement in the direction 
parallel to the rods, find the periodic time of the vibrations. 

Consider an element PQ of 
the rod AB. 

Let AP = ir, PQ = hx, then 
the resolved attraction perp. 
to the rods, of the rod CD on 
the element PQ is 

(sin + sin Nrc) 



_ km^hx r X (I — x) "j 

“ 2a ■ Lva* + 4«* — + 4a*]' 

The resultant attraction of the rod CD on the rod AB is, by 
sjnnmetry, along the line joining the middle points of the rods and 
its magnitude is 


’fr » 

J \_Vx* + 4 a* 


— *)* + 4 a* 


" + 4a»- V(/ - a)* + 4a*]^' = 

Let 0 be the position of a particle mass M when in equilibrium, 
and R its displaced position. Let OR *= y. 


~ 2 A Mw 




Then 
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4Jiw|^{/»+4a*—4JV(/—jy)} ^—{l*+^*+^y{l+y)) *J 

== _r 4 . 4M1±^)'|-*1 

V/» + 4a*|_l /* + 4«*/ \^'^/» + 4a*J J 


'VI 

z 6 kml 


vy» neglecting higher powers of y. 


(/2 + 4^2)J 

The motion is therefore Simple Harmonic with period 


fV 


kml 


89. Attraction of a Thin Circular Disc. 

P is the position of a particle of 
mass M and P lies on the perpendicular 
through the centre O of the disc at 
distance d from it. AA^ is a diameter 
of the disc whose radius is a and whose 
mass per unit area is m. 

Consider an element in the form of 
an annulus and let OQ = x, QQ^ = 8:^, 

OPQ = e, OPA = a. 



Fig, 66 


The resultant attraction of the element on the particle 
is, by symmetry, along PO and its magnitude is 
AM. 2 TTxhxm 


PQ* 


cos B. 


Now x — i tan B, hx = d sec* B.hB and PQ == d sec B. 
Hence the resultant attraction of the disc. 

= fsind(fd = 2^77'Mm(i—cosa). 


Ex. XV. Find the attraction of a solid right circular cylinder, 
radius a, height h and density p on a particle of unit mass placed 
on the axis produced at a distance p from the nearer circular face. 
Hence find the ratio of the radius of the base to the height of a 
right circular cylinder of given volume V, so that the attraction at 
the centre of one of the circular ends may be a maximtun. 
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PO = p, OA = a, AB =f h. 

Consider an element QQi in the form 


!0 




- - _ _ _ _ 

of a slice between two planes perp, to the 


Tor-- 


Q axis ; let AQ = x, QQi = 8 x, PQ = r. 
Qj Attraction of element 




Fig. 67. Now r* = (/> + a;)* + a* 

fSr = (^ + x) dx, 

and therefore attraction of cylinder 

Va»+(/) + */- 


= 2k7Tp 


r- Va»+(/) + */-| 

L- Va* + /." —I 


= 2k'jTp + (/> + * 

Let A be the attraction of the cylinder volume V, then p = 0 and 

‘=^.-_ 

A = 2 k^p + a _ 


dk 
dd = 


>V-' 




A is a maximum or a minimum when 


i.e. when 
i.e. when 
Now 




V _ 9 ± Viy. 


ira* 


a 

A 


7 ra^ 

Ttcfih 


•nar 


A is a max. or a min. when y = 


* 9 ± 


9 T Vi/ 
8 • 


a _ _ 9 — ^17 9 — V 


When r -- -o 

fl o 

d?k 

negative. 


TT 


and this value of a makes 
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When therefore the attraction is a maximum, the ratio 

i (9 —Vi 7 ). 

Notb. The Potential at any point P is the work done by the attracting 
forces on a particle of unit mass as it moves from an infinite distance along 
any path (attraction is a conservative force) to the point P. The potential 


J« 


sign because 


of a particle, mass M, at distance x from 


AM 

is negative) » — * Thus in finding the potential at a point due to the 

attraction of a body, either the force of attraction can be found first and the 
AM 

result integrated or—can be summed for every element composing the body. 
If we take, for example, a disc (see figure 66). the potential at 


distance y is — sArcm 


00 


By the other method, the potential at distance y of the annulus is 
aAnwxSx/PQ. 

Now if PQ ■« rand y remains constant r* *= x* + y* rSr ■■ 

f \/«* + y* 

.*• the potential of the whole disc ■■ zArcm 


Jr 


t 2A7rm [Va* + y* — y] 


Again, the attraction at a point could be found by first finding the potential 
at a point distance y. differentiating the result and changing sign. Thus 
attraction of disc at distance y 


• lAjzm — [Va* + * 


-y] -a 2A7cm r I- r~==J\^ 

** L Va* + y* J 


40. 


Attraction o! a Thin Spherical ShelL 

P is the position of a 
particle of mass M and O 
is the centre of a thin spheri¬ 
cal shell radius a and mass 
m per unit area, OP = d. 
** Consider an element 
QQjRiR in the form of an 
annulus whose axis is OP. 

Let PQ =y, p6 'Q = ^ and 

Q^'Qx = 8^. 

The resultant attraction of every such element acts alone 
PO. 

^M.2ira sinaS^m d — a cos d 



Res. attn. of element = 
Now 


yt 


y* = a' d* — 2 ad cos 0 
yhy = ad sin 6 . Bd 
2d{d — a cos 6 ) z=y* 


and 
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res. attn. of element » 
res. attn. of spherical shell 


vh'ULnia 

it ^ 

Ji^a 


+ a)- (d-a)-{d-a)+ {d + a)] 

AM. 4na*m 
d* 


AMM, 


where Mj is the whole mass of the shell. 


Thus the resultant attraction is the same as if the whole 
mass of the spherical shell were concentrated at the centre. 

If P is inside the spherical shell, d < a and 


.*. resultant attraction 


■jrAMwa 


r 


jr-i 



= ^ - (a - i) — (« + <f)] = o. 


Thus a particle anywhere inside a spherical shell is in 
equilibrium under its attraction. 

41. Attraction of a Solid Sphere. —Let p be the density 
of the sphere, and suppose the sphere to be divided into thin 
concentric spherical shells. Also suppose d> a. 

Referring to Fig. 68 we see that the attraction of an ele¬ 
ment, radius * and thickness Sx is — — — • 

or 


Resultant attraction of the solid sphere = \^x*dx 

d* 

where Mj is the whole mass of the sphere. 

El. XVL The attraction of the earth on a particle of unit mass on 
the earth's surface being g poundals, find the attraction at a dis¬ 
tance h feet below the surface. &>nsider the earth as having imiform 
density and radius a feet. 

The resultant attraction on the particle, of the hollow sphere 
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having radii (a — A) ft. and a ft,, is zero and hence the resultant 
attraction of the whole earth is that of a sphere of radius (a — A) ft. 
acting on the particle on its surface. 

Therefore the resultant attraction of the earth on the particle 
at depth A ft. 

k^{a — h)\p 
(« —A)* 

= k . i7Tp{a — A), pdl. 

Now considering the particle of unit mass on the earth's surface, 
we have 

g == — 

Therefore the resultant attraction of the earth on the particle at 
depth A ft. = g . - - - pdl. 


Problems V. 

1. Find the position of the C.G. of the lamina bounded by the 
curve = 4ax, the axis of x and the line x = a, 

2. Find the position of the C.G. of the solid formed by rotating 
the curve y* = 4ax about the axis of x and bounded by the planes 
X = o and x = a. 

3. Find the C.G. of the portion of the sphere, radius a between 
parallel planes at distances b and c from the centre. 

4. Find the centroid of the arc of the catenary s = c tan 0 ter- 

TT 

minated by the points determined by ^ = 0 and ^ 

5. Find the centroid of a quadrant of an ellipse whose axes are 
2 a and 2b. If the ellipse rotate about the major axes (2a) find the 
C.G. of half the spheroid bounded by a plane containing the minor 
axis. 

6. A curve is determined by 



X 

I-I 

1-8 

2*6 

00 

4-4 

5-2 

5-35 

51 

4-3 

31 

2 0 

07 

0-6 

II 


Show graphically that the centroid of the area enclosed by the curve is 
approximately = 2*95,jy = 2-88. 

7. Find the C.G. of the larger portion of a sphere (radius lo"^) 
whose bounding sections, which are parallel, have radii 6 ^ and S*' 
respectively. 

8. A segment, height A is cut from a sphere of radius a. Prove 

that the distance of the C.G. from the base is ^7^^^- 

4 ( 3 a — b) 

9. A segment is cut from a circle of radius a and 2a is the angle 






CHAPTER VI 


FRICTION : VIRTUAL WORK .* STABLE AND UNSTABLE 
EQUILIBRIUM 


42. Problems on Bough Surfaces. 

Ex^ L Find the least force which will prevent a body from sliding 
down a rough inclined plane whose inclination a to the horizon is 
greater than A, the angle of friction. 

Suppose the body (mass m) to be in limiting equilibrium under a 
force P inclined at an angle 0 to the plane. Let R be the normal 
reaction. 



Then P cos 0 = wg sin a — jjiR 
where /x = tan A. 

and P sin 0 = — mg cos a + R 

P ~ wg(sin a — /x cos a) ^ 
cos 0 + jLt sin 0 


P is a minimum when cos 0 + /x sin 0 is a maximum 

i.e. when — sin + /x cos 0 = o 

i.e. when tan 0 = /x or 0 = A^_ 

i.e. when cos ^ + ft sin 0 = a/i + /x* = sec A. 

the least force is mg cos A(sin a — tan A cos a) mg sin(a — A). 

Ex. n. A uniform rod, length 2/, weight W rests on a rough 
horizontal surface whose co-efficient of friction is /x. It is pulled 
perpendicular to its length by a string attached to a point distant 
a from the centre. Find the point about which it would commence 
to turn and the least force required to move the rod. What would 

W 

be the value of /x if a force of — applied at one end just moves it ? 


AT 



AB represents the rod, C is the 
middle point, D is the point of 
application of the force P which 
causes the rod to be on the point 
of rotating about a point O, 
where (X^ = x. 


ixW 

The force of friction is per unit length and acts in the opposite 

direction from P at every point of the portion OB and in the same 
direction at every point of the portion AO ; 

p = . w 

Taking moments about O we have, 


103 
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*?(<• + «! 


+ *) 

•• I 

/. + 2ax — /* = o 

X == — n J:: 'V^/* + fl*. 

The plus sign must be taken for if be negative and numerically 
greater than a, the L.H.S. of equation (2) is negative whereas the 
K.H.S. is positive. 

Thus the rod is just on the point of movin g about a point on the 
side of C remote from D and at a distance V/* + a* — « from C, 

Also the rod will move if the force exceed + «* — «) J* 


TiTu T. W , , , W /iW 

When P = — and a = /, we have — = ^ 
3 3 

V2 + I 

;- 


/ 


(V2 — 



SO that 

Ez. nL A uniform circular plate lies on a rough inclined plane 
whose co-efficient of friction is /a and which is inclined at an angle o 
to the horizontal. If it be free to move about a fixed point on its 

circumference, prove that it will rest in all positions if tan a 

P is the fixed point. Let the weight of 
the plate be W and the radius a. The 
moment of the weight of the plate about 
P will be greatest when the diameter PA 
is horizontal so that if the plate be in 
j^limiting equilibrium in this position, it 
will rest in aU positions on the plane. 
The normal reaction is W cos a and the 

force of friction is per unit area. 

Fig. 71. 

Let APQ = 0 , 0^1 = S 0 . PQ = r and QR = Sr. then 
moment of friction acting on QRRjQj about P 

Tra* 

.*• moment of friction acting on PBC about P 

Tir p2acos6 

= pWcostt. 8g r 
rra* Jo 

— S/xWg cos g cos * ffSff 

•*. moment of friction acting on the whole plate about P 

n 

i6uWgcosaf-l, . , 

= " 3^ -J J(cos3tf + 3C0S 

_ 32 fiWa cos a 
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The plate will therefore be in equilibrium in all po^tkms if 

^ 32uW« cos a 

W sm a. a > - 

qtr 

i.e. if tana > 

giT 


43. Eqtiilibriiim of a Particle on a Rough Curve in One 
Plane. 

A is the position of the particle on 
the curve. Suppose P is the resultant of 
the external forces (reaction of the wire 
and force of friction of the wire excluded) 
and that its direction makes an angle d with 
the normal to the curve at A. Let T be 
the sum of the components of the external 
forces along the tangent to the curve at A. 

If tan 6 fi, the co-efficient of friction, equilibriiun will 



Fig. j* 


'ft “ft 

be maintained, but tan*0 = so that if p,_p, If- /** 

there will be equilibrium. 

In the case of a particle on a curve in a vertical plane, 
the only external force being its weight, the position of limit¬ 
ing equilibrium will be at that point on the curve where 
the tangent is inclined to the horizontal at an angle A where 
tan X = lA. 


Ex. IV. A heavy particle rests in limiting equilibrium on a 
rough cycloid, axis vertical and vertex downwards. Show that 

the altitude of the particle above the vertex is where a is 

the radius of the generating circle and ft is the co-efficient of friction. 
The ordinate of any jwint P on the cycloid is given by 

y = a(i — cos^, where - is the angle the tangent at P makes 

2 

with Ox, the tangent at the vertex O. 

If P the position of limiting equilibrium of the particle^ then 

. 0 
ft-tan-. 


Nowy ■= 2a sin*- = 2a 


tan*? 

-a and thus the height of the 

1 + tan*- 
2 


2g/(i* 


particle above the vertex when in limiting equilibrium is 
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Ex. V. A particle is on a rough wire {fi = J) in the shape of an 
ellipse X* + = i* It is under the action of external forces X 

ana Y respectively parallel to the axes. Find positions of limiting 
equilibrium. 

Let P(^iyi) be a position of 
limiting equilibrium. PA is the 
tangent and PB the normal at P. 
From the equation of the curve, 
dy __ X 

dx ~ 2y 

so that if 



Fig- 73 - 

and therefore sin ^ = 


GAP = J>, tan 6 = — 
^ ^ 2^1 


and cos (f> = 


2^1 


tan 0 ■ 


Sum of the components along PA = X cos ^ — Y sin ^ 

Sum of the components along PB = X sin ^ + Y cos 9. 

If 9 be the angle the direction of the resultant of X and Y makes 
with PB, then 

X cos <f> — Y sin ^ _ 2y^X — x^Y 
X sin ^ + Y cos <f} ”” XiX + 2yiY 
For the positions of limiting equilibrium, 

2yi X — Xi Y ^ , I. 

+ 2>'iY ^ 2 

Taking the + ve sign, yi — which 


X, — 


- ± V^(2X —Y) 




3 'i= 


± (X + 2Y) 


Taking the — ve sign, yi == 
± V2(2X + Y) 


4XY + 6Y* ’ ^ ‘ V2 (9X*—4XY + 6Y») 

*i{2Y —X), 


2(2X + Y) 

±(2Y 


V'9X* + 4XY + 6Y* ’ Vz (9X* 4- 4XY'+ 6Y*)' 

Note i.— If X cos ^ < Y sin tan 0 will be negative, hence the minus 
sign when equating tan 0 to jx. The particle would be in equilibrium in the 
first quadrant (2X — Y and 2Y — X being ve) between the points 

V2(2X — Y) 


from which 

X) 


V9X* —4XY + 6Y‘ 

and V2(2X + Y) 

VqX* + 4XY + 6Y* 


_ X 4- 2Y 

V2(^* — 4XYT6Y*) 

{ 2 Y — X) 

V2{9X* + 4XY + 6Y*) ■ 


44. Virtual Work. Consider a system of particles acted 
upon by a system of forces in equilibrium. Imagine a slight 
displacement of the material system consistent with the 
geometrical conditions determining the configuration. If 
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F be one of the forces, then sup¬ 
posing its point of application changes 
from Pi to P, during the virtual 
displacement, the virtual work of 
F is F . PjN, where PiN is the 
projection of PiP* on the line of action 
of F. 

Taking Pj as origin, let NPj* = o. 


74. = p and let X, Y be the com¬ 

ponents of F parallel to PjA;, P, y respectively. Then the sum 
of the virtual works of X and Y is 


X . PiPji cos(a -f- P) -f Y . PjP, sin(o -f- P) 

= F.PiPi[cos a . cos(o -f P) -f- sin o . sin (a -f jS)] 
= F . Pi P, cos p 
= F.PiN. 


Thus the virtual work of a force is equal to the sum of the 
virtual works of its components. 

The Principle of Virtual Work states that—If a system 
of forces acting on a system of particles be in equilibrium and 
the latter system undergoes a displacement consistent with 
the geometrical conditions determining the configuration 
and involving small quantities of the first order of magnitude, 
then the algebraic sum of the virtual works done by the forces 
is a small quantity of at least the second order of magnitude. 

The proof of this principle in the case of forces in one plane 
is given as follows :— 


Pi is the point of application of a 
force F before displacement. The most 
general displacement of a body can be 
made by rotating it about a point and 
then applying a motion of translation. 
Let the body be rotated through an 
angle Sa about O and then translated 
distances 8 a, 8 b parallel to the fixed 
axes Ox, Oy. Let Pj be the point of application of F after 
displacement and suppose 8 a, 8 a, 8 b are small quantities of the 
first order of magnitude. Let r, 6 he the polar co-ordinates of Pi 
and X, y; (x + 8 x), (y -f 8 y) the caitesian co-ordinates of Pi, Pj 
respectively. Then 



8 x == r cos (0 + 8 a) + 8 a — r cos 0 




+ 


. . ^ — sin 0 . ^So — ^ 
8 a — rcos 0 


+ 
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io8 


-8.-rsin».8a-rcos9.|‘+ 

*= %S(i* ff ft ft 

Similarly Sy = SJ + xha — JySa* + „ „ „ 

If X, Y be the components of F parallel to Ox, Oy, then the virtual 
work of F is 

X . 8;r + Y. Sy 

= X . 8a + YS6 + (Yx — Xy). 8 a — ^ (X* + Yy) +. 

small quantities of higher order. 


Now 8a, 8a, 86 are the same for the displaced points of application 
of the other forces of the system and therefore the virtu^ work of 
the system is 

Sa. i;X + S6. iTSf+Sa. i;(Ya: —Xy)—_i:(X^ +Yy) 

2 

+ . . . small quantities of higher order. 

In the position from which the body was displaced, the system of 
forces is in equilibrium and therefore UX == o, ZY = o and 
Z{Yx — Xy) = o and thus the virtual work of the system is 

8a* 

- ■^Z{Xx + Yy) + small quantities of higher order, 

which is a small quantity of at least the second order. 


Let P denote the potential energy of the system in any position 
of equilibrium, then when a virtual displacement takes place the 
virtual work of the system of forces will be denoted by 8P. Suppose 
that P is dependent on a single independent variable, say <f}, and for a 
virtual displacement ^ becomes <f> + 8 (f> where 8^ is a small quantity 


8P 

of the first order, then ^ will be a small quantity of at least the 


first order and consequently 


T. SP. 


d<f> 


will be zero. 


dP 

Conversely, if ^ = o, the configuration thus determined is one 

where the system of forces is in equilibrium. For 8P will be a small 
quantity of at least the second order and thus 8 ai 7 X + SbZY 
•i-BaZlYx — Xy) = o. Considering the displacement Sa only, 
86 and 8a vanish and thus ZX = o; similarly for a displacement 
86 only, ZY == o and for a displacement of simple rotation 8o 
about O, Z{Yx — Xy) = o. That is, the sum of the components 
of the forces parallel to each axis is zero and the sum of the 
moments about O vanishes and thus the system of forces is in 
equilibrium. 
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Note 3. Suppose P depends on independent variables s . • • , and 
that SP «/i. + ftSs 4- . . . . where /i, /,, /,rare functions of 

4^, 1 . . . . Considering a displacement where ^ changes to ^ 
but‘ 4 ;, 1 . remain unaltered, we have 8P fi. 8^, SP being a small quantity 

dP 

of at least the second order# will be a small quantity of at least the first 

8P 0 P 0P 

order and for positions of equilibrium — aa o. Similarly — «« o and » o, 

d(p CY di 

so that there are as many equations as independent variables. 


Ex. VI. Two light rods AOC, BOD are smoothly hinged at O, 
a point at a distance c from each of the ends A, B which are con¬ 
nected by a string of length 2c sin a. The rods rest in a vertical 
plane with the ends A, B on a smooth horizontal table. A smooth 
circular disc of radius a and weight w is placed on the rods above O 
with its plane vertical so that the rods are tangents to the disc. 


Prove that the tension of the string is 


cosec*a + tan a^* 



EOF is the vertical through O and 
E is the centre of the disc. Let T 
be the tension of the string and P 
the pofential energy of the system, 
then 

P = T. AB + w . EF + a constant. 

Let AOF = 6 , then AB ^ 2 c sin 0 
and EF = a cosec 6 + c cos 0 , 

.-. P = T . sin 0 + (a cosec 0 
+ c cos 0) + a constant. 


dP 

dd 


= T . 2C cos 0 



a cos 0 
sm^O 


c sin ^ j 


In the position of eauilibrium, 0 = a and ^ = o 


/, 1” = ^ coscc^a + tan • 

Note 3. If is the height of the centre of gravity of a body of weight w 
above a fixed horizontal level, the potential energy is a constant -f wx. 
When at a depth v below this level, the potential energy is a constant — wy. 

If T is the tension of a string AB in a position where the system is in 
equilibrium and the displacement causes the length to be slightly increased 
to AC, then the potential energy is a constant + T.BC, i.e. a constant 
4 T.AC T.AB, i.e. a constant 4 T.AC. In the case of a rod subjected to a 
thrust T, the potential energy in the displaced position AC (slightly less than 
AB) is a constant — T.AC. 

Ez. Vn. AB and AC are uniform rods of weight w per unit length 
and their lengths are 6 and 8 units respectively. They are freely 
liinged at A and the ends B and C rest on a smooth horizontal 




no 
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table. Their middle points E and F are connected by a string 5 

units long. Find the tension of the 
string. 

EH and FK are the perpendiculars 
to the table. Let T be the tension of 
the string and P the potential energy 
of the system, then 
P — T. EF+ i^w . EH + C, a constant. 



Fig. 77 - 


Let ABC = 0 and ACB 


<l>, then 


EF = 


3 cos 0 + 4 cos <f> and EH = 3 sin 0 
P = T . (3 cos 0 + 4 cos ^) + 42 . sin 0 + C 

^ = — 3 T sin 0 — 4 T sin (^ . ^ + 42 w cos 0 • 


Now 3 sin 0 = 4 sin ^ 

dT 
dO 

When sin 0 = cos 
equilibrium. 

T 

• • * 


d<l> 

dd' 


3 cos 0 = 4 cos <f> 

= — 3Tsin0 — 3T tan ^ . cos 0 + 42 cos 0 . 

= f, tan <f> =‘ i and the system is in 


(MO 


126 


w. 


^ 168 

T = — w, 

25 


Ex. Vin, Three equal uniform rods, weight W are freely hinged 
at D whose height is h and the other ^nds A, B, C rest on a smooth 
horizontal plane. A weight is supported at D and strings each 

of length I join A, B, C to each 
of the middle points of the other 
two rods. Find the tension of 
the strings. 

DO is the vertical through D 
and BE is one of the six strings. 
Let T be the tension of each 
string and P the potential 
energy of the system, then 



P=6T. BE + 


(w, + f). 


Fig. 78 . 


then as AO* = — , 

3 

Also from the A ABD, 


+ C (a constant), 

Let DO = X, BE = y, 
AD = L (a constant), AB 
(a variabU), 

we have L* = x* — • 

3 

2y« + y = a* + L«. 


DO 

(I) 
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Eliminating a, we have 2 y* --f- sL* — 3** 

dy 

Vs- 3 « 

Eqn. (i) becomes P = 6 Ty + fwj + x + C, 



In the position of equilibrium, x h, y = I and ^ = o; there¬ 
fore equating the right hand side of eqn. (2) to zero, we have 
^ _ /(2W, + 3W)^ 

18A 


45 . Stable and Unstable Eqailibriom. Consider a system 
of particles such that the configuration and consequently 
the potential P of the forces acting are completely determined 
by one independent variable, say x, then the equation 

^ = o determines the positions of equilibrium when all 
ax 

the forces of the system are known. 

As the function P is a maximum or minimum for values 


of X given by the equation 


dx 


= o, it follows that in positions 


of equilibrium, the potential energy of the system of forces is 
a maximum or minimum. In positions of stable equilibrium 
the potential energy of the system of forces is a minimum, 
for if a displacement be made, w^ork will be done against the 
forces whose potential energy will thereby be increased. 
Similarly, in positions of unstable equilibrium, the potential 
energy of the system of forces will be a maximum. Con¬ 
sequently a position of equilibrium is stable or unstable 

</*P 

according as is positive or negative. If P is constant, 


the system will be in neutral equilibrium. 

In particular, if during changes of configuration of the 
system, gravity is the only force which does work, the poten¬ 
tial energy in any position will be W>^ -f Const, where W 
is the total weight of the particles and y the distance of the 
centre of gravity above some fixed horizontal line. As W 
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is constant, the positions of equilibrium are determined by 
the equation dyldx=o and the equilibrium is stable or unstable 
according as d^yjdx* is positive or negative. 

Note 4. As the system is displaced, the centre of gravity will describe a 
curve. At positions where the tangent to this curve is horizontal, there will 
be equilibrium. If displacement from a minimum point take place, the C.G. 
rises and consequently gravity tends to restore the equilibrium. Displaced 
from a maximum point, the C.G. falls and gravity tends to move the system 

d^P P 

from this position of equilibrium. If = -r-o = . . . = -7-;;—i = o 


dx* dx^ 


dx*^-^ 


and is not zero, then the equilibrium is stable or unstable according as 
t?*"P . 

IS positive or negative. 

Ex. IX. A solid circular cone whose height is h and semi-vertical 
angle a is placed vertex downwards, in a smooth circular hole whose 

radius is a, cut in a horizontal 
table. Find the positions of equili¬ 
brium. Show that the symmetrical 
position of equilibrium is stable 
provided tliat i6a > 3A sin 2a and 
that the position of equilibrium 
when the axis is inclined to the 
vertical is stable if i6a < 3A sin 2a. 

G is the C.G. of the cone whose 
vertex is 0; the axis cuts the plane 
of the circular hole (diam. AB) 
at C. 



Fig. 79. 


OC 


Let GCB = e, then ^ = 


OC OA _ sin (0 + a) sin { 6 —g) ^ 
OA ’ AB sin 0 ’ sin 2a 


_ 2 a sin {0 + a) sin {0 — a) _ fl(cos 2a 
"" sin 0 , sin 2a 

Let y s ht. of G above AB, then 


■ cos 20) 


sin 2a . sin 0 


-[ 


ih. 


fl(cOS2a —C^2 
sin 2a . sin 9 


sin 0 .' 


dy 

d 0 


= cos ' 


= JAsin0-^ 

4a sin 0"! 
sin 2a J 


acos20 
sin 2a 


— acot2a 


the cone is in equilibrium when cos 0«0 and when 
i6a sin 0 = 3 A sin 2a. 


i.e. when 


Now 


When 


0 = - 


or sm" 


foi - 


3A si n 2a^ 
i6a 

4a cos 20 


sin 2a 


^ TT d^y . 


if 


i/» + 


4a 

sin 2 a 


> 0 
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the symmetrical position of equilibrium is stable if 
i6a > 3A sin 2a. ^ 


When 


i.e. if 


sin 0 = 


sin 2a d^y 


i6a 


dd^ 


is + ve if 


9A* sin 2a 
64a 


4a 


sin 2a 
9A* sin 2a 


t 9A®sin*2a’] 
^ 128a* J 


>0. 


4a 


sin 2a 

the oblique position of equilibrium is stable if i6a < 3A sin 2a. 

Ex. X. A uniform heavy rod hangs with two smooth rings fixed 
at its ends the rings sliding on two smooth wires OA, OB which are in 
the same vertical plane and below the point O. If the inclinations of 

the wires to the horizontal are a and 
j8 (jS > a) show that one position of 
equilibrium is given by 2 tan B = cot a 
— cot 6 , where 0 is the inclination of 
the rod to the horizontal. Prove that 
this position is stable. 

Let AB represent the rod whose 
length is /, and whose inclination to 
the horizontal is 0 . Let G be the C.G. 
of the rod and let OA = a and OB = b; 
then if y is the depth of G vertically 
below O, 

Fig- 80. 3? = i(a sin a + i sin / 3 ). 

9 ) 



Now 


a 

I 


sin {fi—e ) , 6 _ sin (a + 9 ) . 
sin (a -f ) 5 ) I sin (a + )S) 


/ 


2 sin (o + ^) 
dy _ I 

de 


l^sin a . sin (jS — 0) + sin . sin (o +^)J 


i[" 


sin /3 cos (o -f — sino. cos (/3 




2 sin(a + m 

. *. the rod is in equilibrium when 

cos 0 (sin jS cos a — sin a cos jS) — 2 sin a sin sin 0 =* O 
i.e. when 2 tan 0 = cot a — cot j8. 

S ^ 2 sin (a + (a + g) -sin a sin(^ - g)J 

As y is measured downwards, the equilibrium will be stable when 

y is a maximum, that is when is — ve, 

au^ 


Now a, p and 0 all being angles between o and 

sin p sin(a + 0 ) is + ve and as ^ > 0 (A being below O), 
sin a sin {p — is + ve. 

Thus ^ is negative and the equilibrium is stable. 
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Ez. XI. A thin wire has the form of a circle in a vertical plane 
with centre C. A, B are pegs attached to the wire so that CA, 
CB make angles a on opposite sides of the downward vertical 
through C. A small ring of weight M can slide on the wire, and is 
attached to two strings passed over the pegs with weights m hanging 
from their ends. Write down the potential energy of the system 
when the radius of M makes an angle 0 with the vertical. 

^ Hence discuss the stability of 

I equilibrium positions in the cases 

^ B M $ nt sin Ja. 

yy Let a be the radius of the circle 
\ yy Y and CD the vertical radius. Let 
Y ^ potential energy of the 

^ system when the mass M is at D, 

D 1 then when the radius to M makes 

p. an angle 6 with the vertical, the 

* potential energy P of the system 

is given by 

P == Pj -f- Ma(i — cos 0 ) + w(AM — AD) — m (BD — BM) 

= Pj + Ma(i — cos 0 ) + 2 ma ^sin — sin ^ 


a — 0 } 


a 0 a 

Pj + Ma(i — cos 0 ) + ^ma sin - cos-4 wa sin -• 


= yia sin 0 ■ 


. a . 0 

2 ma sin - sin - 
2 2 


== 2a sin M cos — m sin - . 

2L 2 2J 

the system is in equilibrium when 0 = o 


and when 


m . a 
sm - • 
M 2 


when 0 ■ 


Fm . a 01 

= a M cos 0 — w sin - cos - . 
d 0 ^ L 2 2J 

: o, the equilibrium is stable or unstable according 


< »* sin- 


Also, when cos - = 
2 


according as 


^ sin - the equilibrium is stable or unstable 


i2-—M- 
2 


w^sin^a ^ 
-M— ^ O 


m sin 


i.e. according as 
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Ex. A uniform rod of length / rests horizontally with its 
ends in contact with a smooth parabolic wire whose abds is vertical 

and vertex downwards. 
Prove that the equilibrium 
is stable or unstable ac¬ 
cording as the length of the 
rod is less than or greater 
than the latus rectum of the 
parabola. 

Let X* = ^ay be the equa¬ 
tion of the parabola and let 
AB be a displaced position 
of the rod. Let the co-ordinates of A and B be and y^ 
and y the height of the middle point of the rod. 



then 


Now 

and 


y = iCyi + {x* + 


dy 

dx 


I-i(*.+«■£:)• ■■ 

—yt) 


(I) 


(a:.* - - (x, - *,)»] 

2{x* — x^*) .2(x^ — x^ = — 32«*(*i — 


(2) 


] 


. ^ XiiXi + x^ + 8a« _ 

dxi x^{xi + + 8a* 

From equations (i) and (2), we have 

^ ^ 2 r ^XiXjjxi + x^ + 8a*(a;i + x^ 
dx^ 4aL x^[xi + AC,) + 8a* 

_ {Xj 4 - Xt){xiXt + 4a*) 

2a[Ar,(A;i + A;,) + 8a*J . 

The rod is therefore in equilibrimn when Xi + x^ o and 
when X1X2 + 4a* == 0, i.e. when the rod is horizontal and when it 
passes through the focus. 

d^ _ 

dx^ 


From (3). 


Xl + Xt 


2a 


dx\_xt{x^ + 


+ 4 «!_ 


x^ + 8a* 


W x^x^ + 4a* 
*i(*i + *il 


When ACj + *, = 0, *1 = 

Z 2 


,) + 8a* 
dx^ 

dxi 




I. 



ii 6 MECHANICS VIA THE CALCULUS 


so that 


P 

4 _ 


which is + veoT — ve according as /^ 4 ^. 


Sa* 

Thus in the horizontal position, the equilibrium is stable or 
unstable according as the length of the rod is less or greater than the 
latus rectum of the parabola. 

Note 5. The equation of any line through the focus is y — a iw^r. 

This line cuts the parabola at points whose abscissae are given by - — a 

mx ; i.e. X* — ^\afnx — 4a* = o. The product of the roots, XiX^ is — 4a* 
so that if x^g 4 - aa* = o, the line passes through the focus. 

Alternative Method. —Suppose the line of the rod makes an angle 6 with Ox 
and cuts it at C where OC = c. If r represents the distance of any point on 
the line from C, the co-ordinates of this point are given by ;r ** r cos 0 — c, 
y rsin 0. 

The values of r (fj and f,) of the points A and B, are the roots of the equation 
(r cos 6 — c)* = 4ar sin 0 

i.e. of r*cos *0 — 2 r (c cos 0 4- 2a sin 0) -f c* =* o 

sin 0 {c cos 0 -f 2a sin 0) 

. cos*0 


I.e. 


y - K*”! + ♦'•) sin 0 
y = c tan 0 -f 2a tan*0. 


(I) 


^_ 4(c*cos*0 -f 4 ac sin 0 cos 0 -j- 4a*sin*0) — 4c*cos*0 
Also / =(r, —r,)-- 

/* 4a tan 0, , . 

+ . 

Eliminating c from equations (i) and (2) we have 


(*) 


y 

dy 

59 * 


s atan*0 H—^ cos*0 
10a 

1 % 

: 2a tan 0 . sec*0 — cos 0 sin 0 

sin 0 
cos*0 


( 3 ) 


(4) 


[2<,-^COS‘0]. 

there is equilibrium when 0 = o and when cos*0 = 

From (4). g = sin 0 . - £ cos g] + cos 0 [^q- £ cos o]. 

d*y /• ^ 

When 0 = 0, = 2a — ^ which is -f- veor — ve according as / 5 4^- 


46. Stability o! a Body Besting on a Perfectly Boneh 
Surface. A body rests in equilibrium upon another be- y 
which is fixed and the portions of the two bodies in contact 
have radii of curvature pi and p, respectively. The centre 
of gravity of the first body is at a height h above the point 
of contact and the common normal makes angle a with the 
vertical. It is required to prove that the equilibrium is 

stable if h < . 

Pi + Pz 

O, and Oj are the centres of curvature, G is the centre of 
gravity of the upper body, and A is the point of contact when 

:h.re is equilibrium. Let 0,G = k and (^jA == j 8 
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Suppose the upper body to be rotated through, a small angle 
tjt thus causing the line 0,0x to rotate through a small angle 
0. B is the new point of contact and Aj, A, the points 



Fig. 83. 

formerly in contact. Then 0 , 0 i, AjOi, A^G and GO, 
make with the vertical, angles of (a + 0 ), (a + 0 ^ 

^ and (a + 0 + <^ + /S) respectively. 

If y be the height of G above O., then 
y = (pi + Pi) cos {a + 0 ) — k cos {a + 0 + ,f> + ^) .. (i) 

Asarc AgB = arc A,B, pi(f> = pt0 
sl = —(/>! + Pt) sin (o + 0 ) 


+ A sin (o + P + ^ + P) 

_ (Pi + Pii) sin (a + 0 + ^ + P)—piSm (o + 0)].. (2) 

When 0 = 0 and <f> = o, there is equilibrium and consequently 
k sin(a + P) — p, sin a = o . . .. (3) 

20 * ~ ^ (“ + ^ + ^ + 

— piCOS(o + 0) J .. .. (4) 

which, when 0 = ^ = 0, becomes 

cos {a + P) . {pi + Pt) — Pi *cos oj 

Thus, in order that equilibrium should be stable, 
k{pi + p,) cos (a + P) > Pt* cos a. 

Now from the A AGO,, h = pi cos a — k cos (o + fi)- 
the above condition becomes 


(p, + p,)(piCos a — A) > Pt* cos a. 


h < P1P2COS tt 

Pt + P» 
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Ex. Xm. A solid of uniform density in the form of a portion of a 
paraboloid of revolution boimded by a plane perpendicular to the 
axis is placed with its vertex resting upon a horizontal plane, and 
with the axis vertical. Determine the height of the solid in order 
that the equilibrium should be stable. 

Let the equation of a section through the axis of the paraboloid 
of revolution be = 4ay, and let H be the height. 

Then the height of the C.G. is §H. 

The radius of curvature at the vertex is 2a. 

Comparing with the notation of the previous problem we have 
Pi == 2a, p2 == oo, a =0 and h = |H, so that 
P1P2 cos g ^ 2a ^ 

Pi + Pa — + i 
Pa 

Thus the equilibrium is stable provided that 

|H<2a 

i.e. H < 3a. 


Problems VL 


1. Find the least force required to move a body of mass M up 
an incline a, the co-eflicient of friction being fi. 

2. A disc, radius r and weight W, rests on a rough horizontal 
table whose co-efficient of friction is fx. It is free to rotate about a 
smooth peg at its centre. What is the least force applied to a point 
on the circumference that is required to rotate the disc ? 

3. A uniform rod lying on an inclined plane of slope a, can rotate 
about a point in it at distances a and b from its ends. Show that, 
if /X be the co-efficient of friction, the inclination of the rod to the 
line of greatest slope cannot be greater than 



4. A heavy plate in the form of a square lies on a rough plane 
which is inclined to the horizon at an angle a, and the plate can turn 
about a pin at one of its corners. Assuming that the weight of the 
plate is equally distributed over its area, prove that it will rest in 
any position if 


- tan a < 2 + V2 log f I + V^) 

P' 

where p, is the co-efficient of limiting friction. 

5. A particle rests on a smooth ellipse ^ + *^ == i acted on by 


forces py” parallel to the axes of x and y respectively; find its 
position of equilibrium. Explain the case in which » = i. 

6. A heavy particle rests on a rough parabola, axis vertical, 
vertex downwards, latus rectum 4a. Find the greatest altitude 
(above the vertex) at which the particle could remain at rest. If 
the greatest altitude be h, what is the co-efficient of friction ? 
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7. A rough wire (co-efficient of friction, fi) is in the shape of the 
‘ * 

ellipse -,+■ 


• ^2 “ ^ being vertical and the axis of y 

horizontal. A bead rests on the wire : find the distance below the 
highest point, of the position of limiting equilibrium. 

V* 

8. A rough wire is in the form of the ellipse + *^2 ~ ^ 

small bead on the wire is in limiting equilibrium when at a distance 

~ from the major axis under the action of a force whose line of action 
2 

passes through the centre of the ellipse. Prove that V3 (a* — 6*) 
< 4 and show that when a = 3 and b = 2, the co-efficient of 

*> V ^ 

friction is -• 

24 

9. Two equal beams AB, AC, each of weight W, connected by a 
hinge at A, are placed in a vertical plane with their extremities 
B, C resting on a horizontal plane ; they are kept from falling by 
a stay connecting B with the middle point of AC. 

Show by the principle of virtual work that the tension in the stay 
W 

is Vi + 9 cot* 0, where d is the inclination of either beam to 
the horizontal. 

10. Four equal jointed rods, each of length 2 feet, are hung from 
an angular point which is connected by an elastic string with the 
opposite point. The rods hang in the form of a square. Find the 
tension of the string and prove that, if the modulus of elasticity be 
equal to the weight of a rod, the unstretched length of the string is 
2V2 , 

3 

11. A triangle ABC of any shape is formed of light rods smoothly 
jointed to each other at their ends. It is placed in a vertical plane 
with A downwards and the rods AB, AC resting on two smooth pegs 
in a horizontal line. A weight W is suspended from A; prove 
that the stress in the rod BC is 

1 2 I A 

~ — coscc* - A, 

2 p 2 

where 2/ is the distance between the pegs and p is the perpen¬ 
dicular from A on BC. 


feet. 


12. Six uniform bars, jointed together, hang from a fixed point 
A, and form a regular hexagon ABCDEF, which is kept in shape by 
light horizontal struts BF, CE. Prove that the thrusts in these 
are in the ratio 5 : i. 

13. A quadrilateral ABCD, in which AB = BC and CD = DA, 
is formed of four uniform rods, each of weight W, jointed together : 
the quadrilateral is hung up from the point B, and the joints A, C 
are kept apart by a weightless rod. Show that the thrust in this 

W 

rod is “(3 tan a + tan p) where a, p are the angles which the 
upper and lower rods respectively make with the vertical. 
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14. Five equal uniform heavy rods freely jointed at their ends 
form a regular pentagon ABCDE and BE is joined by a weightless 
bar. The system is suspended from A in a vertical plane ; prove 

that the thrust in BE is W cot ^ , where W is the weight of a rod. 

15. A hexagon of smoothly jointed rods ABCDEF is suspended 
from the point A and is kept in the form of a regular hexagon by two 
struts BF and CE. If the weight of each rod is W and that of each 

strut w, prove that the thrust in the strut BF is ~(5W + 2w). 

16. Three similar uniform rods AB, BC, CD each of length a 
are smoothly jointed together at B and C and the ends A and D 
are smoothly jointed at points on the same level at a distance 2a 
apart. A weight W hangs from a point of trisection of BC and the 
system is kept in equilibrium with BC horizontal by a force P 
acting along BC. Prove that 3\/3P = W, independently of the 
weight of the rods. 

17. A rhombus ABCD is formed of four light rods smoothly 
jointed at their ends. A is connected with C, and B with the middle 
point of CD, by tight strings. Show that if these strings be of equal 
length the tension of one of them is double that of the other, 

18. Twelve equal uniform rods form a cube having universal 
joints at each of its angles. Show that, if it be suspended by one 
of its angles and be prevented from collapsing by three rods without 
weight forming the diagonals not passing through the point of 
suspension, the thrust along the three rods will be half the weight 
of the framework. 

19. An isosceles wedge, whose vertical angle is a, rests with its 
vertex downwards between two smooth parallel horizontal rails, 
on the same level at a distance b apart; show that if the distance c 
from the centre of gravity to the vertex is less than 2b cosec a, 
the vertical position of equilibrium is stable, and that unstable 
oblique positions of equilibrium are possible. 

20. ABCDE is a plane lamina in the form of a rectangle with a 
semicircle AED attached to the side AD, E being the middle point 
of the arc AED. The lamina is balanced vertically with the vertex 
E in contact with a horizontal plane. Show that the equilibrium 

is unstable if the ratio AB : AD is greater than 

yo 

21. A rough plank of thickness 2b is laid across a fixed cylinder 
of radius a and rests in equilibrium at an angle a with the horizontal. 
By finding the increase of potential energy when the plank is rolled 
through an angle 0 , show that the equilibrium is stable iib < a ccs*a. 

22. A uniform rod rests with its ends on a smooth parabolic 
wire, whose axis is vertical and vertex downwards. Show that, if 
the length of the rod exceeds the latus rectum, a position of equili¬ 
brium is possible in which the rod passes through the focus, and prove 
that it is stable. 



FRICTION—VIRTUAL WORK—EQUILIBRIUM 121 

23. A uniform solid hemisphere is placed with its curved surface 
in contact with a rough inclined plane. Show that for equilibrium 
to be possible, the inclination of the plane to the horizontal must be 
less than sin”* * (3/8). Show also, that there are two positions of 
equilibrium if the inclination of the plane lies between tan"” * (3/8) 
and sin~ * (3/8). Show that when one position only exists it is 
stable. 

24. A uniform hemispherical shell rests upon an inclined plane. 
Show that for equilibrium the inclination of the plane to the horizon 
must not be more than 30® and that the equilibrium is stable, 

25. Two heavy rings slide on a fixed smooth parabolic wire 
whose axis is horizontal, and the rings are connected by a string 
which passes over a smooth peg at the focus. Prove that in the 
position of equilibrium the depths of the rings below the axis of the 
parabola are proportional to their weights. 

26. Two particles are connected by a fine string and can move 
freely in a smooth cycloidal tube whose vertex is upwards, the string 
passing over the vertex. Prove that in equilibrium the arcual 
distances of the particles from the vertex must be inversely as their 
masses. 

27. Three equal uniform rods AB, BC, CD, freely jointed at B 
and C have small smooth weightless rings attached to them at A 
and D. The rings slide on a smooth parabolic wire whose axis is 
vertical and vertex upwards, and whose latus rectum is half the 
length of the three rods. Prove that in the position of equilibrium 
the inclination 9 of AB or CD to the vertical is given by the equation 

cos 9 — sin 0 -h sin 20 = o. 

28. A smooth wire is in the form of the cardiode r = ^(i — cos 0 ) 
with the axis vertical, A string of length I has masses W and 2W 
attached to the ends such that the latter rests on the wire and the 
former hangs vertically, the string passing over a smooth peg at the 
cusp. Show that there is stable equilibrium when the portion of the 
string from the cusp to the mass 2W is inclined at cos"“ * | to the 
vertical. 

29. A uniform solid consists of a cone and a hemisphere of equal 
bases fastened together so that the bases coincide. Show that if 
the vertical angle of the cone is greater than 60®, the solid will 
alwa^'s move to an upright position if placed with the surface of the 
hemisphere on a horizontal plane. 

30. Two equal uniform rods AC, BC are smoothly hinged to 

each other at C and carry light rings at the ends A and B. The 
rings slide on a smooth parabolic wire which is fixed in a vertical 
plane with the vertex uppermost. Prove that there is a position of 
equilibrium in which each rod is inclined to the vertical at an angle 
cos~ * where / is the semi-latus rectum of the parabola and 

a the length of the rod. 

31. An elliptic cylinder rests in stable equilibrium on a horizontal 
plane. Prove that the equilibrium cannot be made unstable by 
placing a particle on the highest generator if the eccentricity of the 

cross section is greater than . 
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32. A uniform hemisphere rests in equilibrium with its base 
upwards on top of a sphere of double its radius. Show that the 
greatest weight which can be placed at the centre of the plane face 
without rendering the equilibrium unstable is one-eighth of the weight 
of the hemisphere. 

33. An open cylindrical can whose height is i ft. and diameter 
I ft. is poised on the top of a sphere. Show that the least diameter 
of the sphere consistent with stability is 9 6 in. 

34. An elliptic cylinder rests with its curved surface in contact 
with two smooth planes each inclined at an angle of 45° to the 
horizontal. Show that the position of equilibrium where the 
axes of the cross section are horizontal and vertical is unstable 
whereas the position where the axes are parallel to the planes is one 
of stable equilibrium. 

35. A fixed spherical shell has a small hole in it at an angular 
distance a from the highest point. A uniform rod whose length is 
four times the radius of the shell passes through the hole and rests 
with one end in contact with the inner surface of the shell, all the 


surfaces being smooth. Write down the potential energy of the rod 
when it is in the same vertical plane as the highest point of the shell, 
and makes an angle 6 with the horizontal. 



E b 


If a = 30®, show that the acute angle which 
the rod makes with the horizontal in equilibrium 
may be 20®, 40°, or 60®. 

36. The diagram shows a simple engine 
mechanism. The point A is pushed downwards 
by a constant vertical force W, and is free to 
move smoothly in the vertical line CD which passes 
through O. The crank OB which rotates about 
O is prolonged to E, where a weight w is attached. 
Neglecting the weights of the links AB, EB, show 
that the positions of equilibrium are given by 

0 == 0, 0 = TT, 0 = ± 01, 0 = 77 ± 01, 


where sin 0i 



r^aw(aw — 2Wr) 


Here AB = /, OB = r, OE = a, and 0 is the 


Fig. 84. angle AOB. 


37. A fixed elliptic wire has its major axis vertical and a 
uniform rod of length 2/ moves on it, being attached by smooth rings 
at its ends. Show that if 2 a be the sum of the eccentric angles of its 
ends, the height of its centre of gravity above the centre of the 
ellipse is 

_ 

a‘^(i —cos* a)J 


Hence show that, if the rod lie between the latus rectum and 
the minor axis of the ellipse in length, the horizontal position of 
equilibrium in which the rod is above the centre is stable, and that 
in which it is below is unstable. 




CHAPTER VII 

MOMENTS OF INERTIA t KINETIC ENERGY OF ROTATING 

BODIES 

47 . Definition of Moment of Inertia. If the mass of 
every particle of a material system be multiplied by the 
square of its distance from a straight Une, the sum of the 
products so formed is called the moment of inertia of the 
system about that line. 

If the moment of inertia of a system about a given straight 
line be M^* where M is the whole mass, the length k is called 
the radius of gyration of the system about that hne. 

48 . Moment of Inertia about Perpendicular Axes. 

Let Ox and Oy be the axes 
and consider a lamina in the 
plane xOy. Let x, y be the 
co-ordinates of any particle P 
whose mass is m. Then if I„ 
I, be the moments of inertia 
of the lamina about Ox and Oy, 
I, = Z'wy* and ly = Etnx*. 
Now I, + ly = Etny* -f- Emx* 
= E tn(x^ + y*) by combining 
the terms of the summation 
where the mas.<5es are the same. 

If r be the distance of P from O and I, be the moment of 
inertia of the lamina about a line {Oz) perpendicular to the 
plane xOy, I, = Emr* = Em(x* -f y*) 

I, = I. -f ly. 

Consider a right prism whose right section is as shown, 
and suppose I, = ntik^ where w, is the mass of the lamina 
and consequently, k the radius of gyration about Oz. 
The prism is formed by a number of laminae similarly situated 
as regards the line Oz. The radius of gyration of every lamina 
about Oz is k and thus the moment of inertia of the prism 
about Oz is MA* where M is the mass of the prism. 

In general, for a solid body, 

I, = Em(y* -f z*), ly = Etn(z* + x*) and I, = Em{x* + y*). 

Consequently, I, -f 1^ -j-1, = 2 Etnr\ 

As an example on the last result, consider a thin spherical 
shell of mass M and radius a. If O be taken as the centre of 
the sphere, by symmetry I, = ly = I, and Emr* = Ma*. 
Thus I;, = jM«*, which is the moment of inertia about a 
diameter. 
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49. Theorem of Parallel Axes. 

Given the moment of inertia of a body about an axis 
through the centre of gravity, find the moment of inertia 
about a parallel axis. 

Referring to Fig. 85 let G be the centre of gravity of the 
body and Gz' and Oz the two parallel axes. Let P be a 
particle whose co-ordinates referred to rectangular axes through 
O and G are respectively x, y, z, and x', y', z’. Also let the 
co-ordinates of G referred to the axes Ox, Oy, Oz be x, y, z. 

If Ij be the moment of inertia of the body about Oz, 
then 

Ii = Zm{x^ -H y*) 

= Zm[{x -f X’)* -^ (y + y')®] 

= (** -fy*) • +.y'®) +2xZmx' -f 'ZyZmy'- 

Now Vx* -f-y* is the distance, d^, between the axes Gz' and 
Oz, and Um{x'^ + 3 ''*) is the moment of inertia of the body 
about Gz'. Also, the distances of the centre of gravity of the 

body from the planes z'Gx' and y'Gz' are —and 

2jfH ZiUt 

respectively, but as G is the centre of gravity, Smx' and 
Smy’ are zero. 

If Em{x'' -hy'*) = where M is the mass of the body, 
the above result becomes 

Ii = Mife* -f m*. 

Thus the moment of inertia of a body about any axis is 
equal to the moment of inertia about a parallel axis through 
the centre of gravity together with the product of the mass 
and the square of the distance between the axes. 

If Ij, be the moment of inertia about another parallel 
axis at distance from Gz' 

Ij = -I- 

so that Ii — Ij = M(ij* — 

50. Moments of Inertia about Various Axes of Bodies 
Having Certain Simple Geometrical Shapes. 

I. Uniform Thin Rod. 

I ! Let / = length, m s mass per unit 

i_I_ length, M = whole mass and MA* .a 

Aj Gi 6x 'B moment of inertia about an axis 

Fig. 86 . through the centre G at right angles 

to the rod. 



Then 
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By Article 49, the moment of inertia about a parallel 
axis through one end > 


Li 2 4J 3 


II, Rectangular Lamina. 

,if AB «= 1 . BC = b.m^ mass per 

unit area, M = whole mass. Let 
the moments of inertia about axes 



1 

1 

OC—» 

6x 

X 


— -(3[ 

1 

1 

1 




Fig. 87. 


length and breadth be and 
M^j* respectively. 

Then 

ntbl* M/* 


MA,*= mb 


x^dx = 


12 


12 


Similarly 


M^i* = M 


T2 


By Article 48, the moment of inertia about an axis through 

+ b* 


G perpendicular to the lamina is M 


12 


By Article 49, the moment of inertia about AB is 


M 


r 


b* 


i _12 


+ 


4 _ 


m'-*. 

3 


Also, the moments of inertia about axes through E the 
middle point of CD and through B perpendicular to the 
lamina are respectively 

[j-/* + 


M 


12 


i.e. 




and M 


i* + 6* 


If a right rectangular prism have dimensions I X b X h, 
the moments of inertia about axes through the centre parallel 


to the edges are 


ani «'* + »■ 


12 12 12 
Also the moments of inertia about the edges are 


M- 


m( 1±A‘ and M^1±A‘. 


3 


3 


3 
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III. Triangular Lamina. 


A 



AD is perp. to BC . BC = b 
and AD — h. m= mass per unit 
area, M s whole mass. 

Let the moments of inertia 
about axes through the centroid 
G and through A parallel to BC 
be MA* and respectively. 


Then = m . A xHx = m . — = M—- 

‘ Ajo 42 


Mife* = m[^^* 


9 _ 



The moment of inertia about BC = M 




IV. Circular Disc. 



a diameter is M- 


Let a = radius, m = mass per unit 
area, M = total mass. 

Let the moment of inertia of the 
disc about an axis through its centre 
be MA*. 

Then == 2-nm \xHx = = M. - • 

Jo 4 2 

.•. the sum of the moments of inertia 
about two diameters at right angles is 

a* 

M —: .•. the moment of inertia about 
2 


The moment of inertia of a circular cyUnder about its 

axis IS M — • 

2 


V. Sphere. The moment of inertia of a spherical 
shell, radii x, x + 8 x and mass m per unit volume, about a 
diameter is ^nx*. Sx.m . jx* = % 7 rmx*Bx. Therefore the mo¬ 
ment of inertia of a solid sphere, radius a, about a diameter is 

§irmjx*dx . = ^jTTtna^ = M . fa*, where M is the mass of the 

sphere. 
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Ex. I. 



Fig. 90. 


The figure represents the crdss section of a 
girder : AB = CL = 6^, AE == CD = 2', FH 
= 4'', HK = Io^ Find the numerical value 
of where A is the whole area and k is the 
radius of gyration about an axis through the 
centroid parallel to HK. 

Let X in. be the distance of the centroid from 
HK, then AA| 2 = 12 X (J + 121) + 12 X (3 +49) 

+ 40 X (^ + 4) — 64^* 

= 2293 J — 64^2 in.(4) 


Also 64%= 12 X II + 12 X 7 + 40 X 2 = 296 


/, = 2293J — = 924J in.<^). 

Ex. n. Find the moment of inertia of a right circular cylinder, 
radius a and length / about a line at right angles to its axis and passing 
through the middle point. 

The moment of inertia about the line of a disc whose centre is at 

distance x from the middle point of the axis is ,8x,m, + x^ 

where m is the density of the cylinder. 

/. moment of inertia of the cylinder about the line 


nahn I 



dx. 


2 


-"“’'"■(f+ i) 


= M . 


3 ^^ + 
12 


Ex. in. Find the moment of inertia of a thin wire in the form 
of an arc of a circle whose radius is a and which subtends an angle 
2a at the centre O about an axis (i.) through its middle point 
perpendicular to its plane, (ii.) coinciding with the diameter 



(i.) If G is the centred, OG =» ^ ? and 

a 



Moment of inertia about an axis through 
O perp. to the plane = Ma* 

moment of inertia about an axis through 
C perp. to the plane 


Fig. 91. 
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= Ma* —M—+Ma*l 


= 2Ma*| 




( sin a\* 

V-—; 


(ii.) Moment of inertia about OC = maA sin^OdO 


= — cos 20) dO 

= ma\a — J sin 2a) 


Now 2 aa . i» == M so that m = 


moment of inertia about OC = M . — ( i — 

2\ 2a / 

Ex. IV. Find the moment of inertia of a triangle about a line 
through the centroid at right angles to the plane. 

^ ABC is the triangle which has 

surface density m. AE is a median 

2Lnd AD is perp. to BC. Let EAD 
i p>^ i'-' \ q = a and AE = rf so Uiat AG == 

\ Consider an clement PQ, parallel to 
/ \ BC. having its middle point at dis- 

_ / \ tance x from A. 

B E IJ C 

Its mass is . S^rcosa . w, and its 
Fig. 92 . i 

moment of mertia about a line through A perp. to the plane is 
max cos a. S.t ["a* at* ^ 2”] 

i • Li2 ^* ^ J’ 

/. moment of inertia of the triangle about this line 


rcosa \ 

~d— + 

V o 


= mad cos 


•(S*3 


Now if M be the whole mass, M == ^mad cos a. 

.•. moment of inertia of the triangle about the line through G 
perpendicular to the plane is 


~3a* + {2b* + 2c* — a^)~] 
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Ez. Y* Find the moment of inertia about its axis of an anchor 
A _p ring, mean radius R, radius 

3 j of section r, and mass M. 

1 f indLSs of the element 

—Ai -to..J determined by PQ(CD = x) is 

I \ 1 / ir*.8x.w, 

j where m is the density. 

B Q moment of inertia of 

Fig. 93. ' anchor ring about AOB, is 


47rmj* (R + x)^ . Vr^ — . dx 

■ 47mf(R -I- r cos 0)* . sin* 0 . d0. 


47rmf* I ^ (i — cos 20) + 3RV cos 0 sin* 0 + — cos 46) 


+ r* cos* 0 sin • 

Fm R*sin 2 g , 3^r^0 3 ^r^sm 40 

L 2 4 ^ ^8 32 

. 


7r*»iRf* 


(4R* + 3r*) 


5L Eauimomental Systems ot Particles. Two bodies or two 
systems of particles are said to be equimoniental when their 
moments of inertia about all straight lines are equal each 
to each. Given any direction, the line about which the' 
moment of inertia of a system of particles is least is that 
passing through the centre of gravity, and as this is of course 
least for an equimomental system, the line also passes through 
the centre of gravity of the latter. The same applies for any 
other direction, from which it follows that the centres of 
gravity of two equimomental systems of bodies must coincide. 

Consider the case of a triangle ABC, mass M and density p. 
Let Cx be any line through C in the plane of the triangle 
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A 



Fig. 94 - 


and let the line through 
B parallel to Cx cut 
AC at D. Let BD = b 
and let the perpen¬ 
diculars from A and B to 
Cx be of lengths a and ) 3 . 

The moment of inertia 
of the triangle ADB 
about a parallel axis 

^ through A is ^ ^ 


and therefore about Cx the moment of inertia is 


pb(a- / 5 )r(a- /Sy 


P 


4(a-j3)« (a+2jg) 

9 9 




The moment of inertia of the triangle BCD is 




The moment of inertia of the triangle ABC is the sum of 


I ft. Q I Q2 

these two quantities and reduces to M- 


M 


Consider a system of three particles each of mass — at 

the middle points of the sides of the triangle ABC. The 

centre of gravity coincides with that of the triangle and the 

^ ^ K ^ , (a + py 

moment of inertia about C:r is ~ ' 

314 

, a* + a j3 + jS* 

i.e. M- !—^ 

D 

Let EF be a hne parallel to Cx at distance d from the centre 
of gravity, then the moment of inertia about EF of the triangle 
ABC and also of the system of three particles is 




M[“-i 


+ ai 3 + (a+J)} 


+ 




_ 6 9 _ 

Thus a triangle and a system of three particles, each one- 
third the mass of the triangle placed at the middle points 
of the sides, are equimomental about any axis parallel to 
the plane. 

It follows that a parallelogram of mass M is equimomental 

M 

to the system of five particles, four of at the middle points 
M 

of the sides and one of — at the point of intersection of the 
diagonals. 


Note i. The moments of inertia of triangles and quadrilaterals can more 
readily be obtained by using the result of this article than by methods involving 
integration. 
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62. Kinetic Energy of a Rotatii^ Rigid Body. 

Suppose a rigid body of mass M 
to be rotating at any instant with 
angular velocity <o about a fixed 
axis through O perpendicular to 
the plane xOy. Let P be a particle 
(not necessarily in the plane xOy), 
of mass m at distance r from this 
axis. Then the kinetic energy of 
the particle is and con¬ 

sequently that of the body is 
\u)^Emr*, i.e. where k is the radius of gyration of the 

body about the axis of rotation. 

Suppose now that the axis through O passes through the 
centre of gravity of the body and that the latter is moving 
at any instant with velocity v, parallel to the plane xOy 
and making an angle o with Ox. Let the plane through the 
axis and P make an angle 6 with the plane through the axis 
and Ox ; then, with the usual notation 



Emr cos 6 , Emr sin d 

“ - —i-s- 

SO that, as the axis passes through the centre of gravity, 
Hmr cos 6 = Zmr sin 0 = o. 

The kinetic energy of the particle is 

^m(v^ + + 2vra) cos 6 + ^ — a^, 

consequently that of the whole body will be 

— vcx}Emr%m {6 — a). 

= iM — vo) cos a. Emr sin 0 + sin a. EmrcosB. 

Thus the kinetic energy of a rigid body having motions 
of translation and rotation is the sum of the kinetic energy 
due to translation supposing the whole mass to be concen¬ 
trated at the centre of gravity and the kinetic energy due to 
rotation about an axis through its centre of gravity. 


Ex. VI. The fi3^heel of a stationary engine weighs 2 cwt., and 
is in the form of a circular disc of radius i8 inches, and of uniform 
thickness and density. If the wheel revolve i20 times per minute, 
find the kinetic energy of the wheel due to its rotation. 

K.E. of flywheel = J X iAtt* x 224 x | ft. pdl. 

= 630 ft. lb. (approx.). 

Ex. Vn. Find the kinetic energy of an anchor ring rolling without 
slipping at 10 miles an hour. 
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Mean radius of ring => i ft.; radius of section » a'; specific 
gravity of material = 8. 

Mass M of anchor ring = 27 r* X ^ X i X 62-5 x 8 lb. 


K.E. due to translation 
K.E. due to rotation 
/. total K.E, = 


= iM X ft. pdl. 


x5)'x(i:^)ft.pdi. 

X [' + i X ?]'*• 


5000 ^ 44 X 44 
36 


5000 X 44 X 44 X 7 ft ^ 

36 X 9 X 4 ■ ^ * 

= 1630 ft. lb. (approx.). 

Not* 2. It is proved in article 63 that the work done by the forces acting on 
a rigid body is equal to the kinetic energy (due to translation and rotation) 
produced. 


nrr 



Fig. 96. 


Ex. Vin. The figure shows a solid cylindrical 
wheel and its cylindrical axle. Diameter of 
wheel = 12 cm., diameter of axle = 3 cm., 
thickness of wheel = 2 cm., length of axle =* 
6 cm. A mass of 50 gm. which is hung by a light 
thread falls two metres in 10 sec. from rest. Tht 
wheel and axle are homogeneous and of the 
same material throughout. Find the sp)ecific 
gravity of the material of the wheel and axle. 


Work done after 10 sec. = 10,000 x 981 ergs. 


Angular vel. of wheel and axle after 10 sec. = 
Let s s specific gravity of the material, then 


— rad. per sec, 

1*5 



80 X 80 
9 


X 


72775. ^ S. I j + 40000 = 9810000 

360775 [1280 + I5I + 40000 = 9810000 


• s == 9770000 

360 X 129577 

/. = 6.67 (nearly). 

Ex. IX. A uniform disc, of radius a, is pivoted about a horizontal 
axis perpendicular to its plane, and passing through a point O, 
at distance x from the centre C. The disc is held with the diameter 
OC horizontal and is then let go. What is the value of its angular 
velocity at the instant when the diameter OC is vertical ? 

Show that for different points of suspension, the angular velocity 
a 

is greatest when x = -7=' 

V2 
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Let ta be the angular velocity when OC is vertical, 
then Mg* =» + **| where M is the mass of the disc. 

••• 

Now CO is a maximum when 


Ag 


IS a maximum 


- \- 2X 

X 

i.e. ^^hen — + 2x is a minimum 

X 

i.e. when — —+2 = 0 i.e. when x = 

Vi 

Ex. X. A sphere, radius a, rolls without slipping down a plane 
inclined at an angle a to the horizontal. Find the acceleration when 
the sphere is (i.) a thin shell, (ii.) solid, (iii.) hollow, with an internal 
radius h. 

Let A be the point of contact when the sphere is at rest and B, 
the point of contact after moving for time t from rest. Let AB = x, 
M s the mass of the sphere and k s its radius of gyration about 
an axis through the centre. 


Then 


IJlgx sin 
dx 

gsma.^^ : 

d^x 
dt^ '' 


(dxV 

I \dt) 
in a = - • 


M{** + a*} 


2 a 

+ a* dx d^x 


72 • ^ sin a. 


k*+ 

For case (i.), = fa*, so that the acceleration is |g sin a. 

ft tt (h*), f rt 9t tf tt ft ^g sin a. 

„ „ (iii.), |w(a» — 6»). k* = ^ w(a» — Ifi) 

____ SaHa^—b^) 


A* = 


2 a* 


,so that the accel.is 


• g sin a. 


^ — 6® ya® — 5a®6® — 26® 

53 . Compound Pendulum. A body can oscillate freely 
about a fixed horizontal axis : it is re¬ 
quired to find the periodic time of a small 
oscillation. 

The figure shows that vertical section 
of the body which passes through the 
centre of gravity G and which is at right 
angles to the axis which passes through O. 

Let OG = h, let k be the radius of 
gyration of the body about a parallel axis 



FIS'. Q'T, 


4-irtv 




rt . - 
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angular velocity of the body when OG is vertical, then when 
OG is inclined at an angle 8 to the vertical, 

Jo)*. M . {k» + A*) — J + A») = Ugh (I — cos 0 ) 


dt dt* 
dt* 


• (A* + h*) = gh sin 8 


A* + h* 


. sin 8 . 


^1. 

■ dt 


For small oscillations, the equation of motion is 
d*e gh 

dt* ~ A* + h* 

Thus the motion is simple harmonic, the periodic time being 


V k* + h* 

—and the length of the simple equivalent pendulum 


being * +^- 


If a point C be taken on OG produced such that OC = 
A* 

A + O and C are known as the centres of suspension and 
oscillation respectively. 

Suppose now the body to be suspended at C, then the time of 

A* 

oscillation is obtained by substituting ^ for h in the expression 


27 r^^+A* and is therefore 277 /^ i.e. 

Thus the centres of suspension and oscillation are con¬ 
vertible for if the body be suspended from either it will make 
small vibrations in the same time as a simple pendulum whose 
lei^th is the distance between these centres. 

Kater’s Pendulum is so contrived that for any centre of 
suspension, O, the position of the centre of oscillation, C, 
can be experimentally determined and thus the value of g 

obtained from the formula T = 2 where T is the periodic 

time of the oscillation when suspended from either O or C 
and I is the distance OC. 
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Ex. XI. A disc, mass M and radius a, has a thin rigid rod, mass 
nM and length 4a, attached normally to a point on its circumference. 
The compound pendulum thus formed is suspended from the other 
end of the rod : what is the length of the simple equivalent pendulum 
if it oscillates in the plane containing the disc ? 

If C is the middle point of the rod, O the centre of the disc, 
A the upper end of the rod and G, the C.G. of the whole, 

and GO-^. 

Also, if ft be the radius of gyration of the whole about an horizontal 
axis through G perpendicular to the plane containing the disc, then 

M(a + »)A. - m[ 1’ + ^.] + »M[f + 

6(1 + + 6 sn + Sn*). 

fta 

The length of the simple equivalent pendulum is AG + 

^ a{5 + 2 n) a (3 + 65 n + 8n^) 

i + n 6(1 + n)(5 + 2n) 

« ^5 3 + iS s n + 3 2n^ ^ ^ I 53 + 

“ ~6(i + «)(5 + 2n) * 6(5 + 2n) * * 

Ex. Xn. A thin hollow cylinder, radius a, mass M, open at both 
ends, rests on a perfectly rough horizontal plane. Inside, along the 
lowest generating line, there is a thin rod also of mass M, fastened 
to the cylinder. If a slight displacement be made, find the periodic 
time of the oscillations which take place. 

, Let O be the centre of the cylinder and 

A the position of the C.G. of the rod, then G 
I the middle point of OA is the C.G. of the 

/ \ \ system. If ft be the radius of gyration of 

/ I \ the system about an axis through G parallel 

I jp 1 to the axis of the cylinder, then 


2Mft2 = M 


f+f) 


' Suppose that, the displacement having been 

Fig. 98. made, the system is at rest when OA makes 

an angle a with the vertical: then when OA makes an angle 0 with 

dO 

the vertical, the angular velocity ^ is given by 


i{f) ■ 

fdey , 

U/ 


* H-h a*cos If ■ 

4 




2llig.-{cos6 —cos a) 
2 


cos 0) = g(cosd — coso) 
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Difierentiating with respect to t, we have 

2j^ a(2 — cos 0 ) + f ^ j a sin 0 = —gsin 6 . ( 2 ) 

Now if the displacement be slight so that a and 6 are small 
quantities of the ist order, the R.H.S. of equation (i) becomes 

is) “ ’ 

small quantity of the 2nd order. Neglecting small quantities of 
higher order than the first, equation (2) becomes 

di^ 2a 

the periodic time of small vibrations is 2tt 



Problems VH. 

I. A thin trapezium has its parallel sides of length and 
and d is the distance between them. Find the moment of inertia 
about the side of length 

_ 2. The figure shows the section of a 

girder: AB = DF = 4^, AC = HL = 
DE = 2"^, HK = 6 '*, Find the moment 
of inertia of the area of the section about 
an axis through its centroid parallel to 
AB. 

3. A girder is formed of four equal rect¬ 
angular plates s" wide and thick. In 
section they enclose a rectangle 5*" by 3^*", 
the top and bottom plates overlapping the 
side plates by Y on each side. Find the 
moment of inertia of the area of the section 


Lp 1 


% 

\ 

ji __ 

_ A_K 

r 


Fig. 99. 


about an axis in the plane of the section through the centre of 
gravity and parallel to the top and bottom plate. 

4. Show that the moment of inertia of a solid elliptical cylinder 

about its axis is M- 

4 

5. Show that the moment of inertia of a rectangle whose sides 

M 

are I, b about a diagonal is ^ — 

o -f’ ^ 

6. A right circular cone has mass M and height h and a is the 
radius of the base. Show that the moment of inertia about the 

3 


axis IS 


M—a* 
10 


* that about a line through the vertex perpendicular 
to the axis is M — (4A* + a*); and that about a line through the 


20 


centre of gravity perpendicular to the axis is M ^ (A* + 42*). 

oO 
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7. Show that the moment of inertia of a tnmcated cone about 

its axis of symmetry is M — 

10 T j •*“" 

8. A cylindrical bar is 20 in. long and the diameter of its section 
is I in. Prove that A® is greater than if the thickness had been 
neglected in the ratio 1*001875 : i. 

9. ABC is a triangular lamina of^mass m, in which AB = AC, 
and AD is perpendicular to BC. Show that the lamina has the same 
moment of inertia about AD and BC as the system consisting of 
three particles each of mass Jw situated at the middle points of the 
sides of the triangle. 

10. A parabolic area is bounded by a double ordinate at a 
distance h from the vertex ; show that its moment of inertia about 
an axis through its centroid perpendicular to the axis of the 
parabola and in the plane of the parabola is MA* and that 
about the axis of the parabola is 

11. Show that the moment of inertia of a paraboloid of revolution 

M 

about its axis is ~ y* where y is the radius of its base. 

12. Prove that the moment of inertia of an anchor ring whose 

M 

cross section is a thin hollow circle is - (2R* + 3r*). 

13. Masses of and are connected by a light 

string which passes over a solid cylindrical pulley of mass M which 
is free to rotate about its centre. Find the acceleration of the masses 

and m, when the system is free to move. 

14. Show that the moment of inertia of the area enclosed by the 
lemniscate r* = a* cos 20 about a line through the pole perpendicular 

to its plane is M~~ • 

15. A cord 8 75 ft. long is wrapped round the axle of a heavy 
wheel and is pulled with a constant force of 75 lb., causing the 
wheel to rotate. When the cord is unwoimd and comes off, the 
wheel is found to be making 95 5 revolutions per minute. Calculate 
the moment of inertia of the wheel. 

16. A top weighing i lb. and having a radius of gyration of i inch 
has a string 2 feet long coiled round it; it is set spinning by 
pulling this string with a uniform force of i lb. weight. Apply the 
principle of energy to find the angular velocity thus imparted and 
give the result in revolutions per minute. 

17. A mass of 100 lb. is suspended by a cord which is wrapped 
roimd the rim of a fly-wheel of 4 ft. diameter. The mass is released 
from rest and falls a distance of 6 feet in 10 sec. Neglecting the 
friction of the bearings and the weight of the cord, find (i.) the ratio 
of the kinetic energy of the fly-whed to that of the weight, and (ii.) 
the moment of inertia of the fly-wheel. 



MECHANICS VIA THE CALCULUS 


138 


18. How many foot-pounds of energy are there in a uniform 
circular disc, mass 100 lb., diameter 3 feet, when it is rotating at a 
speed of 500 revolutions per minute ? How many revolutions will 
the disc make before coming to rest if a frictional force equal to 
10 lb. weight is applied tangentially at its rim ? 

19. A solid homogeneous cylinder rolls a certain distance down 
an inclined plane in i second ; a cylindrical tube takes i*i seconds 
to cover the same distance. Find the ratio of the internal radius 
to the external radius, 

20. Prove that about the diameter of a homogeneous sphere 

(radius of gyration)^ = 01 (diameter)* : 
and show how this may be verified experimentally by allowing the 
sphere to roll down a slit of uniform breadth in an inclined plane. 

21. A uniform wire in the form of a circle of radius a swings in a 
vertical plane about a point A in the circumference. It starts from 
rest with the diameter AB horizontal. Find its angular velocity 
when AB is vertical. 


22. A solid homogeneous sphere is attached to a fixed honzontal 
tangential bar, of negligible thickness, about which it can turn 
freely. The sphere, being at rest with its centre vertically over 
the bar, is slightly displaced and falls. Find the velocity with which 
the centre of the sphere passes under the bar, and the whole kinetic 
energy of the sphere at this moment. 

23, A fly-wheel is movable in smooth bearings, about a horizontal 
axis, and is set in motion by a descending body of mass P which 
hangs from one end of a cord coiled round the axle of radius r. 
This body is found to descend h ft. in n secs, from rest; prove the 

moment of inertia of the wheel about its axis is Pr* 




24. A thin ring of mass m has a particle of mass m fixed to its 
circumference. It rolls from rest down a plane inclined at angle a 
to the horizon and initially the particle is in contact with the plane. 
What is the angular velocity and angular acceleration of the ring 
when it has made half a revolution ? Obtain a definite integral 
giving the time taken to make the first complete revolution. 

25. One half of a thin hollow cylinder, radius a, cut off by a 
plane through its axis is performing small oscillations on a perfectly 
rough horizontal table. Show that the time of a small oscillation 


26. A hemisphere, radius a, performs small oscillations on a 
perfectly rough horizontal table. Show that if the hemisphere is 


hollow and thin the time of a small oscillation is ^ while if 

_ 

solid and of uniform density the time is 2^,^ ^ 


j 26 a^ 
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27. A cone, height h and radius a oscillates about a horizontal 
ariR along a diameter of the base. Show that the length of the 

simple equivalent pendulum is --r—. 


28. A uniform rod, mass M and length / has a particle of mass 
m attached to one end. Find the length of the simple equivalent 
pendulum if it oscillate about a horizontal axis through the other 
end. 

29. AB is a uniform rod of length I and mass m and at A a 
particle of mass m is attached. It oscillates about a horizontal 


axis through P where AP = x 



What is the length of the 


simple equivalent pendulum ? 

30. ABC is a triangle formed by three thin rods each of mass m 
and of length /. It oscillates about a horizontal axis through A : 
find the lengths of the simple equivalent pendulums when the 
oscillations are (i.) in the plane ABC, (ii.) at right angles to the 
plane ABC. 

31. If the compound pendulum referred to in Ex. XI. oscillate 
at right angles to the plane containing the disc, find the periodic time. 

32. A uniform rod of mass M and length 2a can turn freely in a 
vertical plane about one end which is fixed. A cross-piece of mass 
2M and length a can be fixed at any point of the rod, with its centre 
on the rod, in the vertical plane in which the rod can move. Show 
that this cross-piece can be attached so that the length of the simple 

equivalent pendulum may have any value between a and and 

that there are two positions of the cross-piece corresponding to any 

value between a and -a, 

2 


33. A uniform rod of mass M has two small light rings fastened 
to its ends in such a manner that the rings can slide along a smooth 
fixed wire in the form of a vertical circle of radius a and centre O. 
The rod subtends an angle 2a at O, and its centre of gravity is 
denoted by G. The rod is disturbed from its position of stable 
equilibrium; show that when OG makes an angle 0 with the down¬ 
ward drawn vertical, the total energy of the system differs from the 
expression 

iMa2(cos2a + J sin^a)6^ — Mga cos a cos 6 
by a constant. 

Deduce that if the rod is slightly disturbed from its position of 
stable equilibrium then G will describe a simple harmonic motion 
and determine the period. 



CHAPTER VIII 

EQUIUBRIUM OF STRINGS 

64. Light String on a Rough Curve. 

APB is the curve, the string leaving the curve at A and B. 
Let a, )8 be the angles the tangents at A and B make with 
a fixed line Ox and let Tj, Tj be the tensions at these 
points. Consider an element PQ of length Ss ; let 0, ff + S0 



Fig. loo. 

be the angles the tangents at these points to the curve make 
with Ox and let T, T + 8T be the tensions respectively. 
Also let R be the normal pressure per unit length of the 
curve on the portion PQ of the string, and fi the co-efficient 
of friction. 

When the string is on the point of slipping in the direction 
from A to B, we have, resolving along the tangent for the 
element PQ, 

(T -f ST) cos 80 — T = /tRSs .. .. (i) 

and resolving along the normal, 

(T -|- ST) sin 80 = RSs. .. .. .. ( 2 ) 

Neglecting small quantities of higher order than the ist, 
these equations become 

ST = /xRSs. (3) 

and TS0 = R8s. (4) 
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ijr =* /tow. 

Thus lor the portion AB of the string, we have 



log^ =/t ()9 —o), 

T, = T,. 

55. Heavy String on a Curve. Let w be the weight per 
unit length of the string, then referring to figure loo. Ox 
being horizontal, and resolving the forces on the element PQ 
along the tangent we have, 

(T + 8T) cos hd — T — /tR8s — whs sin 0 = o (i) 
and resolving along the normal, 

(T + 8T) sin hd — R8s — a»8s cos 6 = 0. .. {2) 

Neglecting small quantities of higher order than the 1st, 
these equations become, 

8T — fiRhs — whs sin 6 = 0 .. .. ( 3 ) 

and T8d — R8s — whs cos 0 = 0. ( 4 ) 

When the equation to the curve is known, 8s can be 
expressed in terms of 6 and h 0 and by the ehmination of R from 
the equations (3) and (4), a differential equation is obtained 
dT 

involving T and 0. The solution to this equation gives 

the relation between Tj, T,, a, p and w. 

In the particular case when the curve is smooth and the 
chain is in equilibrium, equation (3) becomes 
8T = whs sin 0 . 

Suppose for the curve, 8s = f{ 0 ) h 0 

fp 

then T, — T^ = a'j/(^) sin 0 d6. 

The tension T at P is given by T — T, = 1^1/ (0) ^nOdS 

and by substituting this value of T in equation (4), the 
reaction at any point on the chain can be determined. 

Ex. L A light string passes over a rough horizontal cylindrical 
beam and at one end is a weight of i cwt. It is found that a wei|^t 
of 40 lb. when tied to the o&er end just prevents slipping. What 
would be the least weight necessary to prevent sUpping if the string 
were wound an additional time round the beam ? 
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Let II be the co-efiScient of friction, then 


Let W lb. be the least weight required to support the weight of 
one cwt. when the angle is 3 ir, then 


W ^ (joV 

’* II2 \II2/ ' 

W_5|,lb. 

Ex. n. A thin circular wire radius a ft. and mass M lb. rotates 
with angular velocity a> in a horizontal plane about a fixed vertical 
axis through its centre. Find the tension of the wire. 

Consider an element PQ of the wire 
\ subtending an angle 80 at the centre 

O. Let T pdl. be the tension, then 
considering the motion of the portion 
/ X ^ along OP, we have 

/ T, . M«S0 , 

/ /y \\ T sin 80 =-• aa>* 

I Q 1 'ZdTX 

\ y \ If 80 be small so that (80)* and 

\ / higher powers can be neglected we have 

T = — aw». pdl. 


Fig. loi. 

Ex. in. A heavy uniform chain, weight w lbs. per unit length 
rests on a smooth circular arc, radius a, in a vertical plane. The 
chain occupies a quadrant with one end at the highest point and is 
kept in equilibrium by a force F at the upper end, applied horizon¬ 
tally. Find the magnitude 
•p If the arc be rough and 

_^ ^110x50 the chain be on the point of 

slipping when F is zero, 
prove that the co-efficient 
J&N. of friction u satisfies the 

'TmA't ^q^ation (I — fjL^)e ^ = 2/i. 

^ ^ With the notation of 

Article 54 , resolving the 
forces on the element PQ 
along the tangent and the 
normal at P, and neglecting 
Fig. 102 . small quantities of higher 

order than the first, we 
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have ST + sin 0 — fiRahd = o (i) 

and TBd + waB6 cos B — RaS0 = o. ( 2 ) 

In the first case, [m = o and equation (i) becomes 

ST = — wa sin 6 . SB, 


dT = — 1 sin BdB, 


/. F = wa. 

In the second case, eliminating R from equations (i) and ( 2 ) we 
have 

die 

— /xT = wa{iJL cos 6 — sin 0). . ( 3 ) 

Multiplying both sides by ^ and integrating with lespect to 6 
we have 

^ —^10 f-LL0 

T . e = wufi U cos B dB — wa\e sin B dB + C, ( 4 ) 


XT ' a I • /I . I “ 

Now e sin 6 dB - e sin 0 d— e 

(X /i 


cos B dB 


I — JX0 


I —|X0 


I -“1^0 . 


e sin 0 + -- e cos 0 - \e sin BdB 


— 1X0 

e sin 0 dB 


Similarly | e cos BdB 


Equation ( 4 ) therefore becomes 


= — ^cos 0 + ^ sin 0 ). 


T.e 


Now when 0 


r 1 n 

wa - \ cos 0 + 2 u sin 0—u* cos 0 + C. 

I + f^L J 

o.T = o, (5) 


and when 0 = -,T = o o= —i—- 

2 I + M 


wa -!f?r 
XT. 1« 


+ C... (6) 


Eliminating C from equations ( 5 ) and ( 6 ), we have 

(xn 

(I—/i»)«* = 2/*. 
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66. Uniform String Under the Action of Gravity. We 

shall assume that the strings and chains discussed in this 
chapter offer no resistance to bending at any point. They 
are then said to be perfectly flexible, and the action across 
any section of the string is then tangential to the string at 
that section. We shall also assume the section to be so 
small that the form of the string is that of a smooth curve. 
It should be noted that if the string or chain had rigidity of 
shape, then the resultant force across any section would be a 
force and a couple. 

A chain, whose links are small compared with the radius of 
curvature, or even a wire rope if the radius of curvature be 
very large approximates to these ideal conditions. 

We shall only consider one or two simple cases in which the 
curve is a plane curve. 

The curve which a heavy chain of imiform density assumes, 
when it is suspended from its ends, is called the common or 
uniform catenary. The equation and properties of this curve 
will now be determined. 


The simplest pro- 
cedure is to write 
down the equations 
of equilibrium of a 
finite portion of the 
chain measured from 
the lowest point of 
that chain. Let C be 
the lowest point and 
CP the finite portion 
considered, of length 
s. Then the portion 
CP is in equilibrium 
under the action of 
T, the tension at P, making an angle with the horizontal. 
To, the horizontal tension at C and ws, the weight of CP, 
where w = weight of chain per unit length. 

For equilibrium the lines of action of these forces must be 



concurrent. 

Resolving horizontally and vertically, we have 

T cos 0 = To . (i) 

T sin 0 = te/s. (2) 


Dividing (2) by (i) tan ^ • 

to 

It is convenient to write the value T, in the form u>c, i.e. 
the tension of the string at its lowest point is the weight of 
a length c of the chain ; then 
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tan 0 = 


ws 

wc 


s 

c 


( 3 ) 


or s = c tan ^ . (4) 

Equation (4) is the intrinsic equation of the curve in which 
the chain hangs, s being measured, as already stated, from 
the lowest point at the curve. It is usual and also necessary 
to derive from this equation the cartesian equation of the 
curve. 

Take as axes of x and y, horizontal and vertical lines 
respectively. 

Then ^ = cos ^ ~ ^ . ( 5 ) 


ds 

and, by differentiating eqn, (4) ^ ® sec*^. 


Now -5-, = -i- 


T<\» 


dx ds 


ds'dxis 


— c cos tjt : sec* 4' *= c sec 4> 


and 


dy dy ds . , , , 

Integrating eqns. (7) and (8) we have 
* = c log (sec 4 / + tan 4 >) 
y — c sec ijt 


( 6 ) 

( 7 ) 

( 8 ) 


( 9 ) 

(10) 


the constants of integration vanishing if the origin is taken 
at a distance c below the lowest point of the curve. 

By eliminating 4 > between equations {9) and (10) the car¬ 
tesian equation of the curve is obtained. 

Eqn. (9) may be written 

K 

= sec i/r + tan ^ , . • (ii) 

and since i = sec*^ — tan*^ 

we have, by division 

e ' = sec ^ — tan tft .. .. .. (12) 

Adding (ii) and (12) 


4 - « * = 2 sec. 4 > 


2y 

T’ 


from eqn. (10) 


c( X 

y =-U* + « * 1 »= ccosh- .. .. (13) 

which is the cartesian equation required. 

Two equations connecting y and s, and x and s may also 
be obtained. 
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From (10) y* = c* sec*i/i = c* (i + tan*^fr) = c*^i + by (4) 

y* = s* + c*.(14) 

From (ii) and (12), by subtraction 

* — 1 2S 

et — e ‘ — 2 tan ip = — from (4). 

C 


Hence 




(15) 


The straight lines which were taken as the axes of x and 
y are called respectively the directrix and the axis of the 
catenary, and the lowest point C is called the vertex. The 
constant " c ” is called the parameter of the catenary. 


57. Properties ol the Catenary. 

Since T cos tji = To = wc 

and y — c sec ip 

.% T — wc sec tp = wy.. .. (i) 

Thus the tension at any point is equal to the weight of a 
portion of string the length of which is the distance of that 
point from the directrix. It therefore follows that if a chain 
be hung over two smooth pegs so that there is a portion at 
each peg hanging downwards and reaching to the directrix, 
the chain will remain in equilibrium. 



Fig. 104. 

In the figure, PT is the tangent at P meeting the directrix 
at T. 

PN is the ordinate and PG the normal at P. NMis 
the perpendicular from N on the tangent PT. 



We have 
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NM = y cos ^ 

= c sec tfi. cos 0 =: c 
and PM = c tan tji — s. 


ds 

Again the radius of curvature (p) at P is 3-7. 

dijt 


But s = c tan i//. 

p — c sec*^. 

Now PG = y sec Ip = c sec*^ PG = p. 

From the triangle PNM we also get 

5/* = s» + c\ 

Note also that for the vertex C, p = CO = c, so that if 
the chain has a large radius of curvature, c is also very large. 

But To = wc To is large. Hence when the curvature of 
the chain is small, the tension is large and vice versa. 

Again, when the curvature is small, the horizontal distance 
between C and any point P on the curve is approximately equal 
to the length s of the chain between C and P. 

Ex* IV. If a rope of given length 2I is hung from two supports 
at the same level, prove that a* + 2 ca = I*, where a is the depth of 
the lowest point below the level of the supports, and find an exact 
equation giving the tension at the lowest point in terms of I, a, w, 
w being the weight of unit length of the rope. Give the ratio 
c/f to three significant figures when a = Ijiooo. 



a 15. avj. 


At the point of support 

y = c + (j and s = /. 


But 

• • 

from which 
Hence 


+ C\ 

(c + a)^ = l^ + c^ 
/* == 2 ca + 




w 

(3) 


2a 
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From ( 2 ), c 


_K-?) . 


When 


io»' / 


2 X 10* 


= 500 , correct to 3 sig* figures. 

Ex. V. A uniform chain of length 2 /, is suspended at its ends 
which are on the same horizontal level. The distances apart ( 2 a) 
of the ends is such that the lowest point of the chain is a distance a 
vertically below the ends. Prove that, if c be the distance of the 
lowest point from the directrix of the catenary, then 

— a* ^ - a 2al . 2 a* , I + a 

c = -- tanh - = 5 and ^ = log^ =-• 

2 a c /* + a* — a* I — a 

Calculate in terms of a and I the distance of the centre of gravity 
of the chain below the ends. 

As in the previous example, 

=z s* + C*, 

(c + a)* = /* + c*. 


from which 


/* —a» 


/ = csinh—, and a + c = ccosh —, 
c c 


tanh - = —— 
c a + c 


, from (I), 


2al 


Again, tanh- = - - 

e c ^ 


2a 

tf »+1 


tf+ c' 


■{a + c — l) = a + c + I', 


tf + / + 


2 tf (/ + ^ — «) 

I + —g* "" (^ — a)(^ + « — atf) 


from which 
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and therefore, ^ ~ J 


* I -f* a 


■a' 


. 1 + a a 2a* , , . 

or = 7 = ^^* 


( 3 ) 


If y is the distance of the centre of gravity from the directrixa 
then 

Ct 


y = 


wyds 


wds 


Vs* + c* ds 


ds 


since the catenary is s)mimetrical about the y axis. 


_ I s 

““7 2 


I 


Vs* + c* + - log,(s + Vs* + c*) 

2 2 

iP/ c* f + V/* + C* I 

= 7[iV/» + C + -log. ^ J. 

But Vl* 4- c* = height above directrix at point of support. 

,/* —a* /» + a» 


2 a 


2a 

/* + a* 


/ /* + a* , (/* — «*)*, ^ 2a 

2 2a 8a* /* — a* 

2 a 


2a* 


Z* + a* (/*-a*)* Z_^a 

4a 8a*Z —a 

Z* + a* , Z* —a* , Z + « 

=> — --i—, smce log^ 7-= 5=-r 

4a 4Z ' *’*Z — a Z* — a* 

Hence, if y’ is the distance of the centre of gravity below the 
supports, 

y' = « + c — y 

Z* + g* Z« —a* 

4a 4Z 

Ex. VL A uniform wire has a horizontal span of 108 ft. and 
the sag in the middle is 27 ft. Find the length of the wire. 

If e is the parameter, then 


27 + c = ccosh y, 
and, if 2/ is the length of the wire, 

Z-=esinh-- 


••• ••• 


(1) 

(a) 
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From eq. (i) c can be determined, and then eq. (2) gives the length 
of the wire. 

It is important to notice that equation (i) can only be solved 
graphically. 

Thus, putting — X, we have 
c 

1 + == cosh X. 

If we plot the curve y = cosh X i.e., y = i and 

also the straight line y == i + JX, then the abscissae of their 



points of intersection will be the values of X satisfying the 
equation. 

This method of solution gives to X the values 
0 and 0*9315 (approximately). 

When X = o c is infinitely great, i.e., the wire would then 
be straight, which is contrary to hypothesis. 

Hence X = 0*9315 

or c = —57.97 feet. 

Substituting the above value of c in equation (2) we have 
/ » 57*97 sinh *9315 = 57*97 x 1072 ft. 

62.155 ft. approximately, 
length of wire = 124.3 ft. 
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NoTB X. From consideration of the figure it is seen that if the slope of the 
wire is small, great accuracy is not possible. But the slope of the wire is given 

by the co-efficient of X which in the case considered is that is 

_»ag_. 

^ distance between the supports 

If then the length of the wire only slightly exceeds the span, c cannot be 
accurately determined. 

Note 2. If the length 2 / of the wire, and its span 2a were given, then the 
equation to determine the parameter c would be 

I la c sinh -. (i.) 

c 

Putting 2 »»X, we have 
c 

-X = sinhX. 
a 

If we draw the line y = -? X and the curve y = sinh X, the abscissae of their 

points of intersection wiii give the required values of X, and therefore 
of c. 

From the figure we see that there are two equal and opposite values of X, 
the negative value of which is inadmissible, since c is positive. As above, 

great accuracy is not possible if ~ is small, that is when the wire is nearly 
straight. 



Fig. 107. 
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58. Wire neariy horizontaL This case requires special 
consideration. Let 2a be the span, and 2I the length of the 
wire. 


I = - I e—e 


When the wire is nearly straight, c is very large and 
is small. 

Expanding the exponentials in equation (i), we have 
. c ( a a* a* a a* a*\ 

retaining only the first three powers of 

c 

/ = a + ^ . 


^ . 

Again the tension at any point is wy, and as y is nearly the 
same throughout the wire, it is approximately constant and 
equal to wc. 

If then W is the total weight of the wire, 
zlw = W 

W / ffl* 

and = . (3) 

We can also obtain an approximate value for the sag at 
the middle of the wire. 

The ordinate at the point of support is given by 

= c 4- ^j^neglecting higher powers of £ than the third (4) 
Hence if a is the sag, 

„ = . (5) 

Hence using eqn. (2), a — iV6a(l — a) . (6) 
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Kotb 3. If »lc is small 


neglecting higher powers of - than the third 


«« c H-* which is the equation of a parabola. 


Hence, near the vertex, or if the wire is nearly straight, the form of the 
curve approximates to that of the parabola. 


Ex. Vn. A weight W is suspended from a fixed point by a 
uniform string of len^h /, and weight w per unit of length. It is 
drawn aside by a horizontal force P. Show that, in the position of 
equilibrium, the distance of W from the vertical through the fixed 
point is 




Let A be the fixed point, and AB the position of the string when 
equilibrium is attained. 

Let C be the lowest point of the catenary of which AB is a part, 
and c the parameter of the catenary. 

Let the distance of W from the vertical through A be a. 

Let Xi be the abscissa of A, x, the abscissa of B, 

So that a = X, — Xj. 

For any point on the catenary, with the usual axes. 


y = c cosh 

c 


dx 



Differentiating, 
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But ^ =« tan tji, where t/i is the inclination of the tangent at the 
point under consideration. 

X 

/. sinh - *= tan ^. (i) 

Let be the inclination at B, 0 , the inclination at A and Tj, T, 
the tensions at B and A respectively. 

For the equilibrium of B. 

Tj cos 01 = P, 

T1 sin 01 = W. 

W 

tan 

It: W 

sinh , from (i) 

C Jr 


or 


%i = c sinh “ * 


W 


For the equilibrium of AB we have 

T2 cos 02 = P, 

T2 sin 02 = W + wl. 

^ , W + wl 

tan^, = —5—, 


or 


so that 


. , ^2 V/ + wl 
smh-* = — 

= csinh~“*—p—. 


But the horizontal tension is constant and equal to wc. 


t wc i.e. c — 
w 


Hence from (2), (3) and (4) 

a = *, — a?! = ?| sinh - — sinh “ ’ pj* 


(2) 


(3) 

(4) 


Ex. Vin. A kite is flown with 600 feet of string from the hand to 
the kite, and a spring balance held in the hand shows a pull equal 
to the weight of 100 feet of the string inclined at an angle of 30® 
to the horizontal; find the vertical height of the kite above the 
hand. 

Referring to Fig. 108, let AB be the string, and w its weight in 
lb. per foot. 

lit the ordinates of B, A be ^1,^2 respectively. 

The forces acting on AB are Ti, Tj and its weight 6oow. 

Resolving horizontally and vertically, we obtain 

T 2 cos 02 1 *** *** *** *** 

Tj sin 0a = Ti sin 0i + 6oow . (2) 

But Ti = loozi; and 0 i = 30® 
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T, cos 0, = xoowy-^ = 50V3 . IP. 

and Tj sin ^2 = 5®^ + Sooze; = 650ze>. 

Squaring and adding 

Tg* = 430000ze>* __ 

i e Tj = ze^ X 100 V43. lb. wt. 

But Ti = wy^ looze; = wy^ or y^ = 100 ft. 

and T2 = wy^ 100 V43 . tc' = wy^ i.e. y^ == 100 ft. 

vertical height required =5^2 — JVi 

= 100 (\/43 — i) = 556 ft. approximately. 


Ez. IX. A heavy uniform string of length / hangs from two 
points in the same horizontal line whose distance apart is d, where 
(/ — d)ld is small. A weight equal to the weight of a length 25' 
of the string is attached to the middle point of the string; prove 
that the parameter of the two equal catenaries in which the string 
hangs after the weight is attached is ^ven by Cj = c(i + 
and that the sag is increased in the ratio {d + s*)ld, where c is the 
parameter of the catenary in which the string hangs before the 
weight is attached, and it is assumed that is negligible. 

Let A and B be the two 



Fig. log. 


points of support, and D 
the point of suspension of 
the weight. If w is the 
weight of imit length of 
the string, then, 
weight suspended = 2S'w. 

Let C be the vertex of 
the catenary of which 
BD is a part, and x the 
abscissa of D, measured 
from the vertiad through C. 

Now 

- = BD = CB —CD 
2 
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.approxima^dy since issmall. 


( 3 ) 


c ( , d , d* , , d d^ , d^ \ 

iV^‘*‘ 2 c‘^ 8 c*'^ 48 c* ••• ^■*‘2c 8c*'^48c*‘' 7 


But, from (i) 


d d^ . , 

= - + approxunatdy 


j 
a' 


/ (i < iX 

c, 1 X d X d ^Vc, 2 Ci/ 

^\i+-4-— —1+- + — + ~— z—— 

a \ Cl 2Ci Cl 2Ci 6 

. 


+ 


=-+-+ 

2 6Ci 

since x» s' approximatdy. 
From (4) and (5) 


( 4 ) 


— s' 


( 5 ) 


d* _ I / , A* 

48c* “ 6ci* V 2/ ' 

-8^0+5)’- 4 +7)’ 

. Cl = c approximatdy 

d* 

The sag in the first case =s[C/. Art 58 Eq. (j).] 

hA'am 


and in the second. 


2Cf 




5 + ^) approiimaldy 
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«= since is negligible 

= times the original sag. 


59 . The Parabolic Catenary. In the common catenary 
the load per unit length of chain was constant. 

We will now assume a chain so loaded that the weight 
supported per unit length is proportional to the horizontal 
projection of that length. 

This is similar to the case of a chain of negligible weight 
supporting a bridge connected to it by vertical rods, the bridge 
being of imiform weight per unit length. 

Take the lowest point A of the chain as origin and the x axis 
horizontal. 

Consider the equilibrium of a finite portion AP of the chain. 

Let T, be the tension at A, T the tension at P and ^ the 
inclination at P. Then, if w is the load per unit of horizontal 
span, the vertical force on AP is wx. 

Hence T sin tji = wx ., . (I) 

Also T cos 0 = T». (2) 


Dividing, 

i.e. 


. , wx 

tan = 

dy _ wx 

dx~T, 


( 3 ) 

( 4 ) 


Integrating y = ^ 3 x* + C . (5) 

* o 

Buty =: o when x = o, so that C vanishes 


and y = J ^ x*. 

The form of the chain is therefore a parabola. 

If we write T, = wc, then 

x^ — 2cy ... .. .. 

a parabola with latus rectum 2C. 

From equations (i) and (2), 

T* — T,* + w*x‘ 

. w*x* , , , w*x* / X* A 

or, usmg eqn. (6) = ^ + w*x* = -y + y»j- 



( 6 ) 

( 7 ) 


(8) 


or, using eqn. (7) 
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T = + c*). (9) 


Ex. X. Find, in the case of the parabolic catenary suspended 
between two points in the same horizontal plane, the tension at the 
middle point in terms of the total load (W) on the chain and of the 
ratio (r) between dip and span. 

It is required to determine T^. 

Let the span be a and the dip h. 

Then from eqn. (6) above 


w 

~ 2T^ 4 


(I) 


But 


=z aw i.e. w 


W 

a 


i.e. 


I Wa 

210 4 

X W , h 

= — where r =r - 
° 8r a 


60 . Catenary of Uniform Strength. In the case of a 
uniform chain we have shown that the tension at any 
point is equal to wy, where y is the distance of the point from 
the directrix. Thus the tension increases from the lowest 
point and is greatest at the point of attachment, so that there 
is a limit to the possible span for a chain of any given material 
and given cross-section. If the cross-section at every point 
be made proportional to the tension there, we shall then get 

a chain called the 
catenary of uniform 
strength as the ten¬ 
dency to break is the 
same for every point 
of the chain. 

Consider the equi¬ 
librium of an element 
PQ of the chain of 
length Ss, and of 
weight w^s.^ 



Resolving along, and perpendicular to the tangent at P. 
(T -f ST) cos St/f — T = w 8 s sin ^ .. (i) 

and (T + ST) sin S^ = wSs cos ip. .. (2) 

When Q approaches indefinitely close to P, equations 
(i) and (2) become 

dT . , , 

^ = i»sin^. (3) 
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and =wcos 4 >- •• .. (4) 

Now, the conditions of the question require that w should 
vary as the tension T, so that 

T = . (5) 

where A is constant. 

Substituting in equation (4) 

^=Asec0. (6) 


Integrating, we have s = A log (sec 0 + tan t/i) 
where the arbitary constant is zero, if s = 0 when ^ = 0. 

Now, for any curve, sin tfi and cos 0 = ^ 


so that equation (4) may be written 

T, dih dx 
T —^ =w — 
ds ds 


\^dtli = \^dx 


/ * 
^=A 


Substituting this value of tf/ in equation (7), we have 


s = A log ^sec ? + tan ^ ^ • 

(i + s) ■ 


which may also be written 


Again, 


s = A log tan 


~ = tan ^ = tan f 
dx ^ A 


(7) 


( 8 ) 

(9) 

(10) 


y 


A log sec - 


(II) 


where again the arbitrary constant to be added is zero, 
if the origin be taken at the lowest point of the curve. 

Investigating the form of the curve given by equation (ii) 
we see that the curve is symmetrical about the ‘y 'axis and 
that y increases as x increases. 

If r = ± -, then sec -r = 00 andy = 00, so that there are 
A 2 A 

two vertical asymptotes given by X = ■±,— and the maximum 
span must therefore be less than Xn. 

To get an expression for the tension at any point, we may 
make use of equation (3). 
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Since sin ^ ^ 

^ ds 


whence 


or 


dT T 

dy~^~ y 

JT JA 
log T = ^ + C. 


If the tension is T# at the vertex, C = log T, 
and 


I T y 

‘“St.-j- 


T - T. 

y 

But from equation (ii) « ^ = sec 

T = To sec I = To sec = To ^ 

from equation (6), so that the tension at any point is pro¬ 
portional to the radius of curvature at that point. 

Again from equation (9) we have 

s 

X X , . X 

« = sec ^ + tan ^, 

X X 

« X = sec ^ — tan ^, 


s 

+ e 


= sec 


T = To cosh 


X- 


(12) 

(13) 


Problems Vm. 

1. A sample of wire weighs i lb. per yd. It is tested and found 
to break under a tension of 600 lb. A piece of this wire is bent 
into a circle and spun in its own plane about its centre. Show that 
it will break when its speed is 240 ft. per sec. whatever the size of 
the circle. 

2. A heavy uniform chain rests in limiting equilibrium on the 
rough cycloid s « 4a sin ^ in a vertical plane, vertex upwards. 
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One end of the chain is at the vertex and the other at the cusp. 

Prove that the coefficient of friction, /*, is given by3^~^2 ~ ^ 

3. Two weii^ts W and w are connected by a light inelastic 
string which passes over a rough (jx) cylindrical beam whose axis 

is horizontal. If W > find the acceleration of the masses 

when free to move. 

4. Two rough cylindrical beams have their axes horizontal on the 
same horizontal level and parallel, at a distance d apart. The 
radii are a, and the co-efficients of friction ft, fty Weights W 
and W2 are connected by a light inelastic string which passes over 
both beams. Find the conditions under which there would be 
equilibrium. 

5. A length of uniform wire is bent into a circle and is then 
caused to rotate in its own plane about the centre of the circle. 
Show that the wire will break when its linear velocity is equal to 
V^, where h is the maximum length of the wire which can be himg 
vertically from one end. 

6. Determine the motion of a circular hoop of radius a feet, 
whirling in a vertical plane on a round horizontal stick, if released 
when the centre is moving with velocity V feet per second at an 
angle a with the horizon ; and prove that it will make WjZTia 
revolutions per second in the air. 

Prove that the tension in the hoop will be the weight of a length 
VVg feet of the rim (the tension leng^). 

7. Masses of 50 lb. and 80 lb. are connected by a light string 
which passes over a rough cylindrical beam. If the system be in 
limiting equilibrium, find the co-efficient of friction. Find also 
what mass must be added to the 50 lb. in order that the mass cf 80 lb. 
should be on the point of moving upwards. 

8. A rough cylindrical beam has a light string wound round it, 
the co-efficient of friction being *15. How many times must the 
string be wound rotmd in order Siat a force of 100 lb. at one end will 
cause the string to be on the point of slipping when a force of l lb. 
wt. is applied at the other end ? 

9. A thin cylindrical boiler, radius 4 feet, rests with its base 
horizontal and contains steam at pressure 120 lb. wt. per square 
inch. Find the tension on a horizontal strip of the curved sunace, 
I inch wide. 

10. A belt driven pulley of diameter 2 feet transmits 10 horse¬ 
power when running at 240 revolutions per minute. If the belt 
is just on the point of slipping, and subtends an arc of 180® of the 
pulley, find the biggest tension of the belt, the co-efficient of friction 
being 0-4. 

11. A thin circular hoop, radius 2 feet and mass 12 oz. rotates 
200 times per minute about its centre, in a horizontal plane. What 
is the tension ? If the tensile stren]^ of the wire be 12 lb. wt., 
what is the greatest rate at whidi it could rotate ? 
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12. Find the maximum tension of a wire, which weighs 
per foot, and hangs with a sag of six inches in a span of 6o feet. 

13. A telegraph wire has a span of 66 ft.; find the sag in the 
middle if the tension is not to exceed 150 lb., assuming that 20 ft. 
of the wire weigh i lb. 

14. A uniform wire 75 ft. long has a horizontal span of 50 ft.; 
find (graphically) the droop in the middle. 

15. A telegraph wire is stretched between two posts 50 yards 
apart and the sag in the middle is one yard. What is the length of 
the wire and the tension if one yard of wire weighs 3 ounces ? 

16. The weight per foot run of a telegraph wire is w lb., the 
length of wire between the posts is I feet, a weight W lb. is hung at 
the middle, and the wire sags x feet in the middle. Prove that the 
tensions at the posts is 



lb. 


17. A uniform chain hangs between two fixed points, and various 
weights are attached to it at intermediate points. Prove that the 
intervening portions of the chain form arcs of equal catenaries. 

18. In the common catenary show that the weight of the string 
between the lowest point and any other point is the geometric^ 
mean between the sum and difference of the tensions at the two 


points. 

19. A chain weighing 5 lb. per foot and 200 ft. long is hung be¬ 
tween one point and another at a level 20 ft. below the first; the 
lowest point of the chain is 10 ft. below the lower point of attach¬ 
ment. Find the maximum tension in the chain. 

20. A uniform chain is stretched from a point on the ground 
to a point 10 ft. above the ground. The tension at the ground is 
that of the weight of 3100 ft. of chain, and the inclination there of 

the tangent to the horizon is cos""* length of 

the chain to the nearest inch. 


21. Show that the length of an endless chain which will hang over 
a circular pulley of radius a so as to be in contact with 2/3 of the 
circumference of the pulley, is 

f ]■ 

22. A heavy uniform chain hangs in the form of a catenary from 
two pegs P and Q at the same level. P' and Q' are the two points of 
the catenary where the tangents make with the vertic^ acute 
angles which are twice the acute angles made with the vertical 
by the tangents at P and Q. Show that the chain could hang over 
two smooth pegs at P' and Q' with its extremities hanging freely 
and vertically and the portion between the pegs hanging in the same 
catenary as before. 

Show also that the resultant pressures on the pegs at P' and Q' 
would be the same as those on the pegs at P and Q. 
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23. A man holds in his hands the ends A and B of a uniform 
of weight W and length 2/. Initially his hands are close together 
and he pulls them apart in the same horizontal line till the tangents 
at the ends of the chain are inclined at an angle a to the horizontal; 
show that the work he does is 


W/F "1 

— I — cosec a + cot*a kg (tan a + sec a) I • 

24. A uniform chain of length I rests in a straight line on a 
rough horizontal table. One end is raised to a height h above the 
table and the chain is on the point of motion. Show that the 
length of the straight part on the table is 


/ + /xA-{(m* + i)A» + 2/JA}*. 

25. An elastic string (weight w per unit length) natural length 
2a, is stretched from two points in the same horizontal level dis¬ 
tant 2a apart. If the modulus (A) be very large, prove that the 


tension is w 



and the sag 



26. The sag at the middle point of a uniform string, suspended 
from two points in the same horizontal line is ^th of the length of 


the string. Prove that the ratio of the tension at either end to the 
weight of the string is equal to (n* + 4)/8n. 

27. A chain hangs in equilibrium over two smooth points which 
are in a horizontal straight line and at a given distance apart; 
find the least length of the chain that equilibriiun may be possible] 

28. A heavy chain rests in equilibrium in a vertical plane sup¬ 
ported by two smooth pegs A and B not in the same horizontal 
line; prove that the free ends of the chain lie on the directrix of 
the catenary formed by the part of the chain between A and B. 

If X and y are the lengths of chain hanging vertically from A and 
B, and z is the length of chain between A and B, and if a and P 
are the angles the tangents to the chain at A and B make with the 
vertical, prove that 

X _ y _ z 

sin )3 ~ sin a sin (a + P)* 

29. Prove that if a chain ABC fastened at A is led over a pulley 
B, so as to rest on a smooth inclined plane BC, the part AB will 
assume a catenary curve in which the tension at any point P will 
be the same as at Q at the same level on BC; and deduce the 
analytical properties of the catenary. 

Prove that if the plane is rough the length of the chain BC may 
be altered without affecting AB, within the limits 
BC sin a cos <f) cosec (a ± 

a denoting the slope of BC and <f> the limiting angle of friction. 
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30 . If / is the length of a uniform string and a, b the horizontal 
and vertical distances between its ends, wow that the parameter 
c of the curve in which the string will hang when supported by its 
ends is given by the equation 

/*—6* = 4c*sinh*-, 

^ 2C 

and that the vertex is at a horizontal distance. 

\c log {{/ + 6)/(/_6)} 
from the mid-point of the line joining the ends. 

31. Find the tensions at the points of support of a suspension 
bridge whose weight is 150 tons evenly distributed over the span of 
120 feet the depth of the lowest point of the chain below the points 
of suspension being 15 feet. 

32. A uniform chain of length 2/ and weight w per unit of length is 
suspended from two fixed points at the same level at a distance 2a 
apart, and a weight W is attached at its middle point. Prove that 
the parameter c of the catenary in which either portion of the chain 
hangs is given by the equation 

and that, if W is so great that both portions of the chain are nearly 
straight, the value of c is approximately 

where a *= / cos a, o < a < -, and terms of the order are 

2 w 

neglected. 

33. Deduce the equation of the parobolic catenary from the 
fact that, since the tensions at the lowest point C and any other 
point P support the weight of the bridge vertically below these two 
points, the tangents at C and P must intersect vertically above the 
centre of gravity of the portion of the bridge supported. 

34. Prove that in the catenary of uniform strength the depth of 
the centre of gravity of any arc below the intersection of the normals 
at its extremities is constant and equal to A. 

35. The length of the chain in the case of the catenary of uni¬ 
form streng^ is /. If the chain hang from two supports in the same 
horizontal line at a distance a apart, prove that 

I , a 


cot a -f a cosec 


4 



CHAPTER IX 


MOTION OF RIGID BODIES UNDER THE ACTION OF FORCES IN 

ONE PLANE 

6L D’Alembert’s Principle. This principle follows as a 
result of Newton’s Third I^w of Motion and states that the 
internal actions and reactions of any system of rigid bodies 
in motion are in equilibrium among themselves. 

Any one particle of a moving rigid body is acted upon by 
impressed (i.e. external) forces and molecular forces due to the 
other particles. The'single force on the particle which would 
cause its motion to be precisely the same is called the effective 
force on the particle. If F be the resultant impressed force 
on the particle, R the resultant molecular force, m the mass 
of the particle and a its acceleration, then the forces F, R 
and — ma (i.e., the effective force reversed) will be in equili¬ 
brium. Considering all the particles of the rigid body, the 
forces ZF, ZR, and —Zma will be in equilibrium, but by 
D’Alembert’s Principle, ZR = o and thus if forces equd 
to the reversed effective forces be applied to each particle of 
the system, these would be in equilibrium with the impressed 
forces. 

62. Equations of Motion. It is proved in elementary 
statics that a system of forces in one plane acting on a rigid 
body can be reduced to a single force acting through any 
given point together with a couple whose axis is perpendicular 
to the plane and passes through the given point. The 
molecular reactions of course will be differently distributed 
but in each case their algebraic sum wiU be zero and thus the 

Let G be the centre 
of inertia of a rigid 
body and let x, y be 
the co-ordinates of G 
referred to fixed axes. 
Ox and Oy at right 
angles. Suppose the 
system of forces acting 
on the rigid body at 
any instant to be 
reduced to a single 
force acting at G 
whose components 
parallel to the axes are 
X and Y, together 


external effect will be the same. 



1*5 
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with a couple whose moment (or Torque) is 2 Pa and whose 
axis passes through G. In general X, Y and 2Pfl vary with 
the time t but there is no loss of generality by supposing the 
arm 2 a of the couple to be constant as P varies. 

A particle of mass »« at A whose co-ordinates referred to 
parallel axes through G are x', y' will have accelerations 

d^x d*x’ , d*v d^y' 


and thus the forces X, Y, 


Zm 


+ 


_ 

\dt^ ^ dt^ ) 


dt*)’ 


together with the torque 2Pa will form a system in equilibrium. 
Resolving along the axes and taking moments about G, we 
obtain the equations 


„ fd*x , d*x'\ 


• * • • 

(I) 



• • • • 

( 2 ) 


(d^X 


(3) 


and 2Pa 


Now as G is the centre of inertia, Zmx’ — o 


Em 


d*x' 

dt* 


0 and similarly = o* 


d*x 


Also ^ is the same for every particle of the body and thus, 


if M be the whole mass of the body, equation (i) becomes 



d^K 

• • 

• • 

.. ( 4 ) 

Similarly 

Y = M—• 
dt* 

• • 

• • 

.. ( 5 ) 


Also, equation (3) becomes 

2Pa = ^ . Emx' — — . Emy' + En^—y' — 1 
dt* dt* y ^ L ^ dt*} 

Le. 2Pa=-. .. (6) 

Equations (4) and (5) show that the centre of inertia of a 
body moves as if all the mass were collected there and that 
its acceleration is independent of the angular acceleration of 
the body. 
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Equation (6) is the same equation as would be obtained if 
G were fixed; hence the motion of a body about its centre 
of inertia is the same as it would be if the centre of inertia 
were fixed and the same external forces acted on the body. 

These two results show that the motions of translation and 
rotation can be considered independently. 

Equation (i) can be written ^ [-S] = X where 

X = X + X' and thus the rate of change of Unear momentum 
in any direction equals the sum of the impressed forces in 
that direction. 

Also by taking moments about O, we have 
Yi-Xy+ 2 Pa= ^ 

Thxis the rate of change of the moment of momentum 
about any point equals the sum of the moments of the im¬ 
pressed forces about that point. 

Let the polar co-ordinates of A referred to the axes through 
G be r, 0 ; then, G being fixed, the accelerations of the particle 

at A are perpendicular to GA and along AG, 

for, the body being ngid, r is constant for the particle under 
consideration. Thus the moment of the effective force acting 

at A IS 

cLt 

Now is the same for every particle as the body is rigid 

and Emr^ = MA* where k is the radius of gyration about an 
axis through G perpendicular to the plane; hence equation 
(6) becomes 

2 Pa = . (7) 

63. Work and Energy. Referring to the figure of the 
previous article, let x, y be the co-ordinates of G referred to 
fixed axes, at time t. At time suppose the co-ordinates of 
G to be Xj, y 1; its velocity parallel to the axes, Ui, w,; its 

/S 

angular velocity, ; and 0 i = AGx\ Also suppose that 
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at time <*, the corresponding quantities are ; 

; and 0t. 

The total work done by the impressed forces from t 
toi = I, is 

r®* 


t. «'*. 


VKdx + Yflfy + 2a 

Jxi Jyi JOj 


Now X 


Also Y = 


\Xdx + 

)xi 

w d^x 

“ 3 <r“ 


Mu 


du 

dx 


where u = 


dx 


Ti/r 

Mt; — 
dx 


where 


dy 

V = -r- 

dt 


d^e 


and 2aP = Mk^ ~ Mk^w 


dt^ 


dco 

Td 


where 


CO = 


dt 


I x% cyt 

Xdx+ Y 
hi 


I M» ft't 

udu + MI I’f; 
Ui J t/j 


po), 

vdv + <jjdo} 


J COx 


re* 

Ydy+2a\Vd6- 
yi J 

= — Uy^) + \M{v^^ — Vy^) + iM^*(co,2—CO,*) 

= total gain of kinetic energy of the body. 

Ex. I. One end of a light string is fixed to a point on the rim 
of a uniform circular disc, radius a and mass M, and the string is 
wound round the rim several times. The free end of the string is 
attached to a fixed point and the disc is held so that the part of the 
string not in contact with it is vertical. If the disc be let go, find 
^ the acceleration and the tension of the string. 

Let A be the fixed point and 0 the initial position 
of the centre G of the disc. Let T be the tension 
of the string. As there is no force with a horizontal 
component, G will move vertically downwards. 

Let X be the distance moved by G and 0 the 
angle turned through by a certain radius in time t, 
then 


IG j 


I 

Fig. I12. 


Mg. 


and 


dH 

T=M- 

.a = M . — 
2 


d*e 

dt* ' 


(1) 

( 2 ) 


Also 

hence 


from the geometrical conditions of the question, x — ad, 
d*x d*e 


dt* 

d*e 

dt* 


— a 


dt* 


(3) 


Eliminating T and ^ from these equations, we have 


Mga = Ma— + M - — 
^ dt* ^ 2 dt*’ 

d*x 2 

= 3 ^. 


dt* 


Substituting in equation (i), T ^Mg. 
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Sz. n. Two unequal masses, and {nti > m^) are sus* 
pended by a light string over a pulley of massrM and radius a. 

There is no slipping and the friction of the 
axle may be neglected. Show that the 
acceleration of the masses is constant: if 
the acceleration be /, find the radius of gyra¬ 
tion of the pulley about the axle. 

Let Tj, Tj be the tensions of the portions 
of the strings and let x be the distance 
moved by each mass in time t and d the 
angle through which the pulley rotates in 
the same time; then 

d^x 

—Ti = ... (I) 



d^x 


( 2 ) 


Also if ik be the radius of gyration of the pulley about the axle, 

... ... (3) 


d*d 


dH d*e 

then 


.d*e. 


Also as X ^ a$, 

EliminatingTj, T^and ^ from these equations, we have 

—m,) 

a*(mi — m,) 


( 4 ) 


^k*d»x , . .iPx 


dt* 


If 


then 


4 - >«») + 
a«(w, — m,) 


which is constant. 


4 " ^1) 4 “ 


■g^f 




Ex. in. On a table there is a billiard ball of mass m and radius 
a which initially rotates with angular velocity co about a horizontal 
diameter and its centre is at rest. Find the distance moved by the 
ball during the time slipping takes place and find the velocity of 
the ball when it rolls without slipping (co-efficient of friction of the 
table ^). 

Let A be the point of contact initially and B, where AB == x, 
the point of contact after time f. Let 9 the angle through which 
the radius OA, rotates in this time. 

As friction acts in a direction opposed to that of relative motion, 
the ball will begin to move along a straight line at right angles to the 
axis of rotation. There is no motion of the centre G in a vertical 
direction so that the vertical reaction at the point of contact 
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While slipping takes place, the maximum force of friction, 
[img is acting, 


hence 


= ... 

2 

fintga = w .-.7*^ • 


-5" di^ . 

From (i), the linear acceleration is constant and equal to fig 

and the angular acceleration is constant and equal to 

Integrating equations (i) and (2) with respect to t, and substituting 

initial conditions ^ ==2 o, x = o, ^ == — co, 6=0, when t = o, 
at at 


we have = figt . . . (3) and a: = ifigi^ ... (4) 

Also ^ = ^—<0.. {5) and ff = cot. (6) 

Now, at the moment that slipping just ceases to take place, 
dx ___ dO 
dt ~~‘^di 

from equations (3) and (5) the time during which slipping 
takes place is given by 

-J_ _ 


/. from equation (4), the distance moved by the ball during 

2a^co^ 

which slipping takes place is ^rc>m equation (3) the 

2 

velocity at the instant slipping ceases is - aco. . (3) 

The motion after slipping ceases is determined by the equations 

XT -r 2^2 ... 

F = m^-3...(7) Fa = f».-^- ... (8) 

(Px dW 

and y:: = . (9) wheie F is the force of friction. If F 

a/* at* 

2 

is not zero, these equations give which is impossible. 

Therefore friction ceases to act as soon as slipping ceases and after¬ 
wards the linear velocity and the angular velocity continue to 
2 2 

be -ao) and -a> respectively. 

7 7 

Note I. The number of revolutions made by the ball during the time 
slipping takes place is from equation (6) equal to 


1 r sao* 2aa) *~l . _ qaw* 

L49{x^ j[ig J 
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Ez. IV. A sphere resting on the top of another sphere which is 
fixed is slightly displaced. Show that if there be no slipping the 
upper sphere will leave the lower when the an^le the common 

normal makes with the vertical is cos-*—. 



OB is the vertical radius (b) of the 
lower sphere and OjC the radius (a) 
of the upper which is initially verti¬ 
cal. At the end of time t, let BOO^ 

= 6 and COjA = <f>, then as 
there is no slipping, b6 = a<f> and 
the upper sphere has rotated through 

an angle 6 + </>, i.e. angle ~ d» 

The accelerations of Oj at right 
angles to OOj and along OjO are 

and {a + t)(^) and the 

angular acceleration of the upper 
sphere is ^ • Hence if R be 


the normal reaction, F the force of friction and M the mass of the 
upper sphere we have, 

M^sin0—F = M(a + 6)^ . 


Mg cos 0 — R = M(a + b) 


m - 


and 


_ 2a* a-\-b d *9 

F . a = M . — • —'- • 

5 « dl* 


(1) 

(2) 

( 3 ) 


( 4 ) 


d 9 


Eliminating F from (i) and (3) we have 

_■ 5g ■ ff 
dt* ~ 7(a + 6 ; 

Integrating (4) and using the condition that ^ = 0 when < « o, 

we have (i - cos ff) . (5) 

^20 /^ 0 \2 

Substituting the values of ^ and f — j in (i) and (2), 

2 I 

we have F = - Mg sin and ^ ^ Mg(i7 cos 6 — 10). 

The upper sphere is on the point of leaving the lower when R o, 
i.e. when 0 = cos~* —. 

17 
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Ez. V. A sphere makes small oscillations at the bottom of a 

cylinder in a plane at right angles 
to the axis which is horizontal. 
I ^ ^ fh-cOiSi cylinder being fixed and the 

V sufficiently rough to prevent 

\ / ^^^8' express g in terms of a, 

\ \ V radius of the sphere, b the 

xi; radius of the cylinder, and T, the 

— _ periodic time of the oscillations. 

B OB is the vertical radius of the 

^ cylinder and OjC the radius of the 
Fig. 115. sphere which is vertical in the 

lowest position. At the end of time t from the instant O^C is 

vertical, let B6bi = 0 and let ^ be the angle through which the 
sphere has rotated, then as there is no slipping 
a(<f> + 0)== b0. 

d0 

The velocity of O, perpendicular to 00 , is (6 — a)-^ 

and the angular velocity of the sphere about its centre is 
d6 . b — a dO 

,-L. i A -• — • 

dt a dt 

If (tf be the angular velocity of 00 , when the sphere is at the 
lowest position, then 


Mg(i - a)(i - cos 0) = |M . (6 - 

. IM {6-a)f , fde\n 


2a* {b — ( 


g(i — cos 0) = 


7(b-a) 


L" / J 


Differentiating with respect to i, we have 


g sin 0 = — 


7(6 —a) ^ 

5 ' dt* 

Ca 

—r 6 when the oscillations are small. 
7(6 — a) 


T = 2ir **) andthusg = ^ —— • 

V Sg 5 T* 

Notx. a. The above equation of motion is obtained by equating the work 
done against gravity to the loss of kinetic energy and is used because the forces 
of reaction and friction (which do no work during the motion) are not required. 

The same expression for ^ would have been obtained by introducing these 

forces and then eliminating them from the three equations of motion. Instead 
of introducing ca the equation could have been written 

—Mr(6—a)cotd - Constant—JM(6—a)* 
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Be. VL A thin unifonn rod of length aa is heU horizontally, 
and is in contact with a roug^ pe^ at a point a distance c from t& 
n middle point of the rod. The rod 

>1. jr is then released, the peg bring 

, - fixed: find the angle iriiich the rod 

0 ^' - makes with the horizontal when 

^/i slipping commences, ft being the 

coefficient of friction. Also find the 
• I initial reaction of the peg. 

Kg \ Let $ be the angle which the rod 
makes with the horizontal after 
***• time t and let R be the reaction at 


Fig. n6. 


the peg and F the force of friction. 

Then Mg cos d—R=»Mc^ . (i) 

F—Mgsind=iMc^^^ • . [z) 

Also the equation of work and energy gives 

Mg c sm 0 = jM^c* + 0(0) . (3) 

from which Mg c cos = Mf c* + . 

(dd\^ d^O 

Subst. the expressions for (^ j and ^ in (i) and (z), we have 

R t= Mg.——icos $ and F = Mg. “j* * sin $. 

® 3c* + a* ^ 3c* + a* 

F 

When slipping is just about to take place, M ^ ‘ 


slipping begins to take place when tan 0 > 


9c* + a* 


Also when 0 = o, the reaction is 


3c* + a* 


Note 3. When slipping is taking place, OG (» r) is no longer constant and 
the equations of motion become 


“{'S+"* s) ■ 


and R.r -M.-jjy* 

The methods employed for the solution of these differential equations art 
beyond the scope of this book. 

Be. VIL A uniform rod of mass m and length za is placed ver> 
tically vdth one end in contact with a smooth horizontal table. 
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y It is given a slight displacement and 
I I / falls: find the reaction when the rod is 

I ^X 2itK>ut to strike the table. 

I Let R be the action of the table and B the 

I A angle which the rod makes with the vertical 

^ A I after time i. The only forces acting on 

mg the rod are the weight and the reaction 

- ^ --- which act vertically and consequently the 

Fig. 117. centre of gravity moves in a straight line 

vertically downwards. 

Considering the motion of the centre of gravity, we have 
mg — R = m — a cos 0) 

B. mg — R = ma\cosd.\^ \ + sin 0 . ^ • ... (i) 

The work and energy equation gives 

fnga{i —cos 0 ) + a^sin^^J 


6^(1 — cos 0) 
a{i + 3 sin^0) 

3grsin 0(7 — 6 cos 0 ■ 


■ 3 sin*0)’’ 


By the elimination of 


\dt) 


(i + 3sin*0)* J 
from (i), (2) and (3) the 


reaction R is obtained as a function of 0 . 
When the rod is about to strike the table, 


and therefore from (i) the reaction then is 


“ (s)’" 

I the reaction 

b-i] 


Ez. Vni. A thin uniform rod of mass m has one end attached 
to a smooth hinge and is allowed to fall from a horizontal position. 
Prove that when the horizontal strain on the hinge is a maximum, 

the vertical strain is ^ mg. 

Let 2a be the length of the rod and let 0 be the angle through 
which it has rotated, after time t. Then, X and Y being the hori¬ 
zontal and vertical strains, we have 
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Y = »«g + ma[sin^.(|^) -cos<?-^] ... (2) 

The equation of energy and work gives 



Subst. (3) and (4) in (i) and (2) we have 

X = I wg sin 0 cos 6 . (5) 

and Y = + |(2 sin ^0 — cos^ 0 )J . ... (6) 

From (5), X is a maximum when 2O = i.e. when 0 = - 

2 4 

from (6), the vertical strain on the hinge is then ~ - mg. 

o 

64. Motion about a Fixed Axis. When a rigid body rotates 
about a fixed axis, the motion of rotation can be determined 
by two methods without introducing the reaction at the axis. 
The point of application of this reaction being fixed, no work 
is done by this force during the motion and hence the equation 
of w^ork and energy will determine the angular velocity in 
terms of the other external forces acting on the body. This 
method has already been applied in some of the worked 
examples and in Article 52. The second method is to equate 
the sum of the moments of the external forces about the fixed 
axis to the sum of the moments of the effective forces about 
the fixed axis. This follows from the fact that the body under 
the action of the external forces and the reversed effective 
forces will be in equilibrium. 

If w be a particle whose distance from the axis is r and 
the angular acceleration of the body, the moment of 


the effective force acting on the particle about the axis will 
d^O 

be * The sum of the moments of the effective forces 

at* 

d^O d^B 

is therefore . Zmr^ since, the body being rigid, 3- is the 
at* at* 

same for every particle. Thus the sum of the moments of 

d^B 

the external forces about the axis equals where 

at* 

is the moment of inertia of the body about the fixed axis. 
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Referring to figure 95, and 
MgA sin 0 = 

i.e. ghsinO = 

which equation determines the motion of the compound pendulum. 

It should be noted that the equation of work and energy is an 
integration with respect to i of the equation giving the angular 
acceleration and thus is especially useful when the latter equation 
is difficult to integrate. 

Ex. IX. A uniform thin rod of length 2a and mass M is rotating 
on a smooth horizontal plane about one extremity which is fixed. 
The initial angular velocity is Q and the only retarding force is 
that of the resistance of the air which is kdx times the square of the 
velocity on each element of the rod of length dx. Find the angular 
velocity of the rod after time t. 

Let (o be the angular velocity of the rod after time t, then the 
moment of the aii resistance on an element at distance x from the 


fixed end, about this end, will be kx^cD^dx, 

Hence 


i.e. 

— 4kw*a* 

^ 3 dt 

• 

• • 

• 

— ■^a^dt — M 

(JOT 

— xkaH — — — -f Const. 

CO 

Now when 

t = 0, w = Q 

• 

• • 

-“[s-s] 


MQ 


M + ^ka^Qt 



Ex. X. A uniform thin rod of length 2a is freely hinged at one end 
and rotates uniformly as a conical pendulum, makinjg n revolutions 
per second. Find the angle which the rod makes with the vertical. 

^ i - OA is the vertical through the fixed end 
^ -jf O and G is the middle point of the rod whose 

I mass is m. Let a be the angle which the 

i \ I rod makes with the vertical, then at any 

instant the acceleration of G is a sin a. 47 r*n* 
\ horizontally and in the plane containing the 
4fAi?VtsincioM 0-^* The component at right 

I j angles to OG is 47r*n*a sin a cos a and hence 

I ^ \ the angular acceleration about O is 
^ 47r*n*sinacosa in the vertical plane con« 

taining the rod and OA. 
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Hence fM^asina = 4w*»* sins cos o. 

, sina.^l' — ^ • a«*n*cosaJ = o 


0 = 0 or COS' 


3 g 


i6air*«* 


If > i6«7t*»*, i.e. if n* < the only possible solution 


is a = 0, i.e. the rod hangs vertically. If »• > then 


■ «>s“' 

i6air*n* 


65. Impulsive Forces. Equations (4), (5) and (7) of 
Article 62 are 

= an/1 -7P/. = MA*— 

dt*' 




and 2Pa 

Suppose the forces X, Y and P are large and act for a 
small time t. Then the impulses of X and Y are ^d 

T 

Ydt and the moment of the impulse of the couple 2P0 


I , 

is 2a|p<i/. 


is 

Let Xi, Yi and Pj be the impulses of X, Y and P res¬ 
pectively, then by integration of the above equations with 
respect to the time t, from f = o to f = t, we have 

""■""[fl ^■="[11 

Suppose that just before the impulses act, the velocities of 
the centre of inertia of the rigid body are parallel to the 
axes and that a>i is the angular velocity; also that just after 
the impulses act these velocities become «», Wi, o)* respectively. 
Then the above equations become 

.. • • .. (ij 

. (2) 

and 2P,a = — WiJ .. .. .. (3) 

From equations (1) and (2) we have that the change in the 
momentum of the mass M supposed collected at the centre of 


X, = M M, — «,J 

Yj 

2P,a = — a»xj 
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gravity in any direction equals the sum of the impulses in that 
direction and from equation (3), the change in the moment of 
momentum of the body about its centre of inertia equals the 
moment about the centre of inertia of the impulses of the 
forces. 


Ex. XI. A uniform rod of length 2/ lies on a smooth horizontal 
plane ano is freely hinged at a point A at a distance a from the centre 
G of the rod. It is struck a blow whose impulse is P in a direction 
at right angles to its length at a point B a distance h from G and 
a + b from A. Find the angular velocity imparted and the im¬ 
pulse at the hinge. Find the position of A in order that the impulse 
at the hinge is zero. 



Fig. X19. 


Let CO be the angular velocity imparted 
and m the mass of the rod. Let X and Y 
be the components of the impulse at the 
hinge in directions perpendicular and parallel 
to the rod respectively. 


Then 


and 


P — X = maoy 
Y = 0 

Vh + Xa = w- a> 
3 


From (i) and (3) we have, P(a+ b) 

Z^{a + h) 


m 




cu = 




and X = P. 


■3a6 


3 «* + I* 


In order that X should be zero, a — 


_/» 

Zb' 


(1) 

( 2 ) 

( 3 ) 


Note 4. The fixed point at which the reaction is zero is known as the 
Centre of Percussion and thus if the blow were made at one end, the centre 
of percussion would be at a distance from the other end. If the rod 
were not hinged and if the point A were at rest immediately after the blow 

It 1% 

equations (i) and (3) would be P — macD and P 5 = w ~o> from which, a *=■ gj 

1 % 

and thus the rod would begin to turn about the point distant ^ from the 

centre. Subsequently however, there being no forces acting horizontally, 

p 

G would move with uniform velocity — at right angles to the initial direction 

tn 

of the rod and the rod at the same time would rotate with uniform angular 
veloaty ^ • 


Ex. Xn. A uniform cube whose mass is M and whose edges are 
of length a rests on a horizontal table and has one edge AB freely 
hinged to the table. It is struck a blow at the middle point of the 
edge opposite to AB and in the horizontal direction at right angles 
to the edge. Find the least impulse of the blow which would cause 
the cube to topple over. 
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Let P be the impulse of the blow and co the angular velocity 
initially imparted. Then taking moments about AB we have 


Pa = M H— a>. 
6 2 


i.e. P = faMo). . (i) 

In order that the centre of gravity of the cube should just reach 
its highest position we have, 


i.e. 


3g(A/2 


I) 


2a 


( 2 ) 


From (i) and (2), the cube will topple over if 


P> M 


2 -i) 


Ex. XnL A uniform lamina mass M in the shape of an equilateral 
triangle, side 2a, moves along with velocity « in a direction parallel 
to one side. Suddenly the foremost end of this side is fixed. Find 
the subsequent angular velocity and the impulse of the force at the 
fixed point. 

Let X, Y be the components of the 
impulse of the force at the fixed point A 
and CO the subsequent angular velocity, then 





2V3' 


;aco 


3 

M^£^sin6o°) 


cos 6o® 




Eliminating X and Y, we have co = 


3 

Vlu 


= Y 
Ya. 


(1) 

( 2 ) 
( 3 ) 


5 « 


Subst. in (i) and (2), we have 




X = 3 M« and Y = -’^M». 

5 5 

the resultant impulse of the force at A is 


direction inclined at angle tan' 


to 


in a 


the side AB of the triangle. 


Ex. XIV. A ball, radius a and radius of gyration about a diameter 
k, rotates with angular velocity co about an axis perpendicular to 
the plane of motion of its centre and strikes the ground with velocity 
V so that just before impact its direction makes an angle a with 



MECHANICS VIA THE CALCULUS 





the horizontal. Assumii^ that no slipping 
takes place find the velocity and the angi^ 
velocity immediately after impact, e being 
the co-efficient of restitution. 

Let R be the normal impulsive reaction 
and F the impulsive friction. Let Wi smd 
Vj be the angular and linear velocities just 
after the impact and aj the angle that the 
direction of the velocity of 0, the centre of 
the ball, makes with the horizontal; 


then 

M 

Vj cos ttj — V cos a 

= — F 

(I) 


M 

Vx sin Oj + V sin a 

= R 

(*) 


—to)] 

= Fa 

( 3 ) 



Vi sin ttt 

= eV sin o ... 

( 4 ) 

and since the point 

of contact is instantaneously brought to 

rest 



Vj cos tti = 

( 5 ) 

From (i), (3) and (5) 

V co-a _«(«Vcosa+A*a>). 

ViCOSai= 

(6) 

From (4) and (6) 


eV(a* + A®) sin a 
*“®»“fl(aVcoso-f ife*co) 


and Vi = [ 

'f*V*5in*a + «*(«Vcosa-t-A*to)* 1 i 



Also from (5), 


aVcosa -f- k*<o 

«*T** 


Note. 5. If the angular velocity co be in the opposite sense to that indi¬ 
cated in the figure, the values of Vj, toj and will be those obtained by 
changing the sign of co in the above results. In particular, in order that the 
ball should rise in a vertical direction after bouncing, the condition aV cos a 
» must be satisfied. Again if there be no spin on the ball before 

bouncing it will rotate with angular velocity afterwards. 

a* -f A* 

Problems IX. 

1. Prove without using the equation of work and energy that 
the acceleration of a solid homogeneous cylinder, which rolls with 
its axis horizontal down a rough inclined plane of inclination a, 
is Ig sin ou Would a hollow cylinder roll faster or slower down the 
same plane ? 

2. A uniform rod of length 6 feet oscillates about a horizontal 
axis I foot from the end. If the rod makes an angle of 60® with 
the vertical when it is at the end of its swing, find its angular 
velocity when it is at the bottom of its swing, neglecting friction. 

3. Two equal masses are attached to the ends of a light rod 
vtrldch is placed horizontally on a peg at distances a, b the ends 
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of the rod. Prove that the initial accelerations of the masses are 
respectively and ‘ 

4. A wooden bobbin shaped like a cotton reel has two end discs 
2 *^ in diameter and J'' thick, joined by a solid cylinder long and 
J*" in diameter; the whole weighs i oz. A light thread is coiled 
on the centre piece and the free end isjpulled vertically with a force 
of 2 02. Find the vertical acceleration of the free end of the thread 
if (i) the bobbin can turn about a fixed horizontal axis, {2) the bobbin 
is free to move from rest. 

5. Show that a homogeneous cube, of side 2a, free to turn about 
one of its edges, which is horizontal, oscillates in the same time as a 
simple pendulum of length ^\^2a. 

6. A uniform thin rod, mass m, is freely hinged at its upper 
end and makes small oscillations per second. A partide is 
then fixed at the lower end of the rod and the number of small 
oscillations is then found to be per second. What is the mass 
of the particle ? 

7. A mill wheel weighing one ton and having a radius of gyration 
of 10 feet is provided with an axle i foot in diameter round one end 
of which a rope is coiled. Supposing the system to turn without 
friction in horizontal bearings, nnd the greatest acceleration which 
a man weighing ten stone and standing beneath the axle could 
impart to the rope without being lifted off the ground. 

Find also the time he would take to turn the whed round once, 
starting from rest. 

Could he make the wheel turn more quickly by climbing up the rope ? 

8. A uniform rectangular door has a breadth of 3 ft. and a mass 
of 50 lb. If there is a constant frictional couple at the hinges of 
amount 3 Ib.-feet, find the initial angular velocity that must be 
given to the door in order that it may swing through a right angle 
before coming to rest; state the units in which you express 
angular velocity. 

9. The lock of a railway carriage door will only engage if the 
angular velocity of the closing door exceeds a>. The door swings 
about vertical hinges and has a radius of gyration k about a vertic^ 
axis through the hinges, whilst the centre of gravity of the door is 
at distance a from me line of hinges. Show that if the door be 
initially at rest and at right angles to the side of the train, which then 
begins to move with uniform acceleration /, the door will not dose 
unassisted unless /> 

10. A cylindrical cotton reel with a hole bored through the 
middle has fine cotton (of which the weight may be neglected) 
coiled round it, and when the free end of the cotton is held in the 
hand it falls with five-eighths the acceleration of gravity, the axis 
of the reel remaining horizontal. Express the pull of the cotton in 
terms of the weight of the reel, the angular acceleration in terms of 
the linear accderation, and the radius of gyration in terms of the 
radius of the red. 
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11. A light string passes over a pulley of radius a which turns 
with fiiction about a horizontal axis. It is found that a mass m 
being fastened to one end of the string and a mass m' to the other, 
the former when set in motion descends with imiform velocity. 
When a smaller mass m* is substituted for fn\ then m descends 
with uniform acceleration /. Assuming that there is no slipping 
of the string on the pulley, find the value of the friction couple 
(supposed constant) and the moment of inertia of the pulley. 

12. A wheel is kept revolving uniformly about a horizontal 
axis i^ inches from its centre of gravity. Find the number of 
revolutions per minute if the pressure on the axis varies from one- 
half to one and a half times the weight of the wheel. (Take tt* = lo.) 

Show that the greatest inclination to the vertical of the pressure 
of the wheel on its axis is 30°. 

13. A circular disc rolls down another perfectly rough circular 
disc starting from rest at the highest point. Both discs are in the 
Scime vertical plane and the lower is fixed. Find the angle which 
the line joining the centres makes with the vertical when the upper 
disc leaves the lower. 

14. A circular lamina of weight W can turn freely about a point A 
on its circumference, the axis being perpendicular to the plane of the 
lamina and horizontal. It starts from rest with the diameter 
through A vertically above A. Show that the resultant pressure on 

the axis is when that diameter is horizontal and — W when 

3 3 

vertically below A, 

15. A uniform heavy sphere 6 inches in diameter is placed inside 
a cylinder i ft. in diameter which is fixed with axis horizontal; 
the sphere is slightly disturbed from rest and performs small 
oscillations, rolling inside the cylinder. Find the periodic time in 
terms ofg. 

16. A cube, weight W, is free to rotate about one edge which is 
horizontal. It moves from rest with one face in a horizontal 
plane. Find the action on the hinge when the face makes an angle 
of (i.) 30®, (ii.) 45® with the horizontal. 

17. A sphere, radius a, makes n small oscillations per second 
rolling on the lower portion of the inner surface of a fixed sphere, 
radius 6. If the surfaces be perfectly rough and the centre of the 
smaller sphere keeps in the same vertical plane, express g in terms 
of a, h and n. 

18. One end of a string of length I is tied to a rod of length a 
the other to a fixed point at height h above the ground. The rod 
is whirled round in a vertical plane, and when it is vertically over 
the fixed point the string is set free. Show that the rod will be 
horizontal when it strikes the ground if its centre has a velocity 

J( 2 « + 1)77(2/ + a) |g/(2A + 2/ + a) when set free, n being an 

integer. 
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ip. An elliptic lamina oscillates about one latus rectum as a 
horizontal axis and it is found that the centre of oscillation lies on 
the other latus rectum. Prove that the eccentricity of the ellipse 
is|. 

20. A thin circular arc of radius r oscillates about an axis 
through its middle point perpendicular to the plane of the arc. 
Show that, whatever the length of the arc, the length of the simple 
equivalent pendulum is 2f. 

21. A circular lamina oscillates about a chord which is horizontal. 
If the time of oscillation be a minimum, find the distance of the 
chord from the centre. 

22. A uniform rod is placed with one extremity on a smooth 
horizontal plane and the other on a smooth vertical wall. It moves 
from rest when it makes an angle a to the vertical. Show that it 
will leave the wall when it makes an angle cos— * (| cos a) with the 
vertical. 

23. A uniform rod AB of length I and mass m can turn about a 
hinge at A while the end B rests on a smooth wedge, angle a and 
mass M, which can slide along a smooth horizontal plane through A. 
The system is allowed to move from rest when the rod is inclined at 
angle jS to the horizontal. Find the angular velocity of the rod 
and the velocity of the wedge when the rod is inclined at angle 
0 to the horizontal. 


24. A right cone of angle 2a and weight W can turn freely about 
an axis passing through the centre of its base and perpendicular 
to its axis. If the cone starts from rest with its axis horizontal, 
show that when the axis is vertical, the thrust on the fixed axis is 
^y. 6 + 3cos^ . 

6 — 2 cos*a 

25. Two uniform solid spheres each of radius a and mass m 
are placed with their centres a distance d apart in a perfectly rough 
horizontal plane. If they attract one another according to the law 


kfft^ 

(distance)* 
collide is 


show that the velocities of their centres when 

2a)"J* 

14^^^ J 


they 


26. A uniform rod is held at an inclination a to the horizontal with 
one end in contact with a horizontal table whose coeflicient of friction 
is ft. If it be then released, show that it will commence to slide if 




3 sin a cos a 
1 + 3 sin^ 


27. A sphere of radius a is projected up a plane inclined 
at an angle a to the horizontal, with velocity u and ajigular 
velocity Wi in the sense which would cause it to roll up. If « > aw, 
and the coefficient of friction > f tan a show that the centre of the 

sphere will first come to rest at the end of time • 

55^ sm a 
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28. A solid sphere rolls on the inside of a fixed hollow cylinder 
whose axis is horizontal. The centre of the sphere keeps in the 
same vertical plane and there is no slipping. Show that the sphere 
will make complete revolutions if, when at its lowest position, the 
pressure on it is greater than ^ times its own weight. 

29. A homogeneous sphere of radius a rotating about a horizontal 
axis is gently placed at the lowest point of a larger rough fixed bowl 
of radius b; obtain equations determining the motion, and show 

that if the coefficient of friction is the angular acceleration of the 

line joining the centres of the sphere and the bowl varies as cosff, 
where 0 is the inclination of the line of centres to the vertical, up 
to the time at which slipping ceases and rolling begins ; and that 
hereafter the angular acceleration varies as sin0. 

30. A uniform vertical circular disc, of radius a, is capable of 
revolving about a smooth horizontal axis through its centre; a 
rough flexible chain whose mass is equal to that of the plate and 
whose length is 27 ra hangs over its rim in equilibrium. By the 
principle of work and energy, show that, if one end be slightly 
displaced, the velocity of the chain when the other end reaches the 

plate is 

31. A uniform circular disc i ft. in diameter, of mass 7 Ib., 
is mounted on an axis through the centre at right angles to its 
plane, and one end of a coiled flat spring is attached to it, the other 
end of the spring being held fixed. It is found that a torque of 
I lb. ft. applied to the axis is sufficient to wind the disc through 
one complete turn : find the time of a small oscillation, neglecting 
frictional resistances. 

32. A uniform rod of length 2a hangs freely by one end, the 
other being close to the ground. An angular velocity w is then given 
to the stick, and when it has turned through a right angle the fixed 
end is let go. Show that on first touching the groimd it will be in 

p(q^ -4- -I- q) 

an upright position if cu* = ^ 2a(g + i) ~ j is an odd multiple 


33, A uniform square whose sides are of length a and whose 
mass is m is struck a blow at one comer in a direction at right angles 
to a side. Determine the position of the point about which the 
square begins to turn. If the impulse of the blow be J find the 
velocity of the centre of inertia of the square and also the angular 
velocity. 

34. Two perfectly smooth spheres are placed in unstable equili¬ 
brium, one on top of the other and the lower sphere rests on a 
perfectly smooth table. Show that, if a small displacement of the 
system be given, the spheres will separate when the straight line 
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joining the centres makes an angle 0 with the vertical given by the 
equation 

m cos^tf = (M + w)(3 cos 0 — 2) 
v^ere M is the mass of the lower and m of the upper sphere. 

35. A flywheel weighing 40 lb. has a radius of gyration 9 inches ; 
it is driven by a couple fluctuating during each revolution so that 
the curve connecting couple and an^ar position during one 
revolution is a triangle, the couple becoming 25 ero once per revolution 
and reaching a maximum of 2 ft. lb. There is also a constant re¬ 
sisting couple such that the motion is the same in each revolution. 
If the flywheel makes 60 revolutions a minute show that the 
difference between the greatest and least angular velocities is 
approximately 5.7 per cent, of either. 

36. The axle of a fly-wheel of mass M rests in V-shaped bearings, 
the two arms of the V being at equal angles a with the vertical. 
If the coefiicient of friction in the bearings is fi and a mass m hangs 
vertically from a string wrap|>ed round the axle, show that the 
greatest value of m which will not turn the wheel is 

_ 

(i •+- /Lt*)sin a — 

Find the angular acceleration of the wheel if m is greater than the 
value mentioned, the radius of the axle being a and the moment of 
inertia of the wheel about the axis being I. 

37. A light inelastic string is wrapped round a circular cylinder 
which can turn about its horizontal axis, and a particle is attached 
to the free end of the string. Show that if the cylinder is retarded 
by a couple proportional to the square of its angular velocity, the 
distance through which the particle descends in a time t from rest is 
A log cosh jS/ (where A and p are constants). 

38. A billiard ball is at rest on a table. A cue moving horizon¬ 
tally strikes the ball at a point in the vertical plane containing the 
cue and the centre of the ball. Show that if this p^int is at a height 
from the table equal to 7 the diameter of the ball, it will roll without 
any tendency to slip, {cf, the height of the cushion should be 7 times 
the diameter of the ball). 


39. A uniform rod of length 2a lies upon a smooth table, and it 
receives a blow in a direction at right angles to its length at a point 
distant b from the centre. Show that the ensuing motion of the rod 

a* 

IS the same as that of a diameter of a wheel of radius ^ rolling upon 
a straight line. 

40. Two particles of masses m, m' connected by a light rod of 
length a + 6 are moving on a smooth horizontal plane in a direction 
perpendicular to the rod vnih uniform velocity v ; if the rod strikes 
a small fixed inelastic obstacle at a point whose distances from the 
masses are a, b respectively, prove that the measure of the blow is 
wm'(a -f b)*vl{fna* + m^b^). 
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4 1. A square lamina ABCD is rotating in its own plane about the 
comer A. This comer is released, and at the same instant a point 
P on one of the sides BC or CD is fixed. Find the position of P 
if the square is thereby reduced to rest. 

42. A plate of mass w, in the shape of an equilateral triangle 
of side 2a, is falling with velocity u, one side being vertical. An 
inelastic string tied to the opposite vertex becomes tight in a vertical 
position. Find the impulsive tension of the string. 

43. A thin rod AB is standing upright on the edge of a shelf 
4 feet from the ground. It is stmck a blow and strikes the ground 
on the end B, in a vertical position and i foot from a point under the 
edge of the shelf. If the blow is stmck in a horizontal direction at 
right angles to the edge of the shelf, at what point on AB is the blow 
stmck ? 

44. Two rods, AB and BC, of lengths 2a and 2b and having the 

same mass per unit length, are freely jointed at B and are lying in a 
straight line. A blow, perpendicular to AB, is then given at the end 
A; show that the resulting kinetic energy when the system is free 
is to the energy when C is fixed as : i2{a+b)^, 

45. A circular disc, of mass M and radius a, is rotating with 
uniform angular velocity co on a smooth plane and impinges nor¬ 
mally with any velocity upon a rough rod, of mass m, resting on the 
plane. Show that the angular velocity of the disc is reduced to 
M + w 

M + 3m 

46. Show that if a uniform sphere can roll without slipping up 
or down an inclined plane, then 7/x ^ 2 tan a, where fi is the co¬ 
efficient of friction and a is the inclination of the plane to the 
horizontal. If this condition is satisfied and the sphere is projected 
directly up the plane with linear velocity u and backward angular 
velocity co, show that it will commence to roll upwards when pure 
rolling begins. 

47. A uniform solid cylinder of radius a rolls down a rough 
inclined plane so that its axis always remains horizontal. Show 
that 3^ > tan a, where fx and a are defined above. 

48. A sphere of radius a, whose mass-centre G is distant \a 
from its centre C, is placed on a rough horizontal plane and is held 
at rest with CG horizontal. If the sphere rolls when CG is released, 
prove that, when CG makes an angle with the horizontal, the 
horizontal and vertical components of the acceleration of G are, 
respectively, 

(i — J sin cos j- 

and cos <^.^-fsin 

If the radius of gyration of the sphere about a horizontal axis 
through G at right angles to CG is \a, and the sphere rolls as soon 
as CG is released, prove that the coefficient of friction is not less 
than 32/73. 
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CONSERVATION OF MOMENTUM AND ENERGY ! 

INITIAL ACCELERATIONS AND FORCES : TENDENCY TO BREAK 


66. Angular Momentum of a Particle. A particle of 
mass m is moving with velocity v at any instant and O is a 
fixed point at a perpendicular distance p from the tangent 
to the path at the given instant. The moment of momentum 
or the angular momentum of the particle about the point O is 
given by mvp. 

Suppose the particle to have two simultaneous velocities 
Vi, v* . . . and p^, p^ ... to he the perpendicular distances 
from O to the lines along which these velocities are taking 
place. It can be proved, by exactly the same geometric^ 
method as is employed to prove that the algebraic sum of the 
moments of two forces about any point equals the moment of 
their resultant about the same point, that the algebraic sum 
of the angular momenta of the particle about any point due 
to two simultaneous velocities equals the angular momentum 
of the particle about the same point due to the resultant 
velocity. Hence the angular momentum of the particle is 
fnvipi + mv2p2 + ... due regard being taken as to sign 
according to the direction of rotation. 


Ex. I. AB and BC are light rigid rods of len^hs 2 a and zb, 
jointed at B and a mass m is fixed at the middle point of BC. The 
system rotates in one plane about A. Find the angular momentum 

of the mass about A when the 
^ rods are inclined to a fixed line Ax 
at angles 6 and B + p. 

The velocity of the mass m is the 
resultant of the two velocities, 

at right angles to AB and 

at right angles to BC. The angular 
momentum of the particle about A is 
therefore 

2ma^(2a + 6 cos ^) + ( 2 a cos p + 6). 



Nots I. If 6 be increasing and 6 be diminishing, the first term of the above 
expression will of course be positive and the second negative, for ~ is + v# 

and^is — v§. 
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67. 


Angalar Momentum of a System o! Particles. 

Let G be the centre of inertia 
of a system of particles (total 
mass M) and A the position of 
one of the particles (mass m). 
Let the co-ordinates of G and 
A about fixed axes Ox and Oy 
be X, y and x, y respectively. 

The angular momentum of 
the mass m about O is, by the 
previous article, equ{il to 



tn\ 


Fig. 123. 


is 


Em\ 


( dy dx\ 

and therefore that of the system 

\ dt ^dt) 

Suppose the co-ordinates of A referred to parallel axes 
through G to be x',y', then the angular momentum about O 
of the system becomes 

Now as G is the centre of inertia of the system, 

drX * 

Zmx' = 0 and Smy' = o and hence also = 0 


the angular momentum of the system is 



The first term of the above is the angular momentmn 
about O of a particle of mass M placed at G while the second 
is the angular momentum of the system about its centre 
of inertia G. 

In the case when the system of particles is a rigid body we 
have that if r, $ be the polar co-orchnates of A with respect to 
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if 

the axes through G, then r is constant so that ^ o 


dB 

^ <u) is the same for all particles. 

Hence -y'%) 


dO' d0\ 

Em ( r cos 0 . r cos fl.^ + rsintf.rsintf. jA 


(' 


= wEmr* = where k is the radius of g}nation of 

the body about an axis through G perpendicular to the plane 
xOy. 

Thus the angular momentum of a rigid body about a fixed 
point O is 

M.vp + 

where p is the perpendicular distance from O of the direction 
of the velocity v of the centre of inertia. 

68 . Conservation of Momentum. Referring to the figure 
of the previous article, if X, Y be the extern^ forces acting 
parallel to the axes on the particle at A, we have by D’Alem¬ 
bert's Principle that 


dt^’ 


dt* 


(1) 

(2) 


>ni e(,Y -yx) = -yg). 

d^x 

Suppose that EX = 0, then = 0 and by integrating 

with respect to t, we have = constant or M^ = 

constant. 

Thus if the algebraic sum of the external forces acting on a 
system of particles be zero in a certain direction, then the 
total momentum of the system in that direction rem^ 
constant. 

This is known as the Conservation of Linear Momentam. 

Suppose E{xY — yX), which is the algebraic sum of the 
moments of the external forces about O, to be zero, then 
from (z) 




or in the case of a rigid body Mv^ + MA*<i> s constant. 
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Thus if the algebrcdc sum of the moments of the external 
forces acting on a system of particles, about a given point be 
zero, the angular momentum of the system about that point 
will remain constant. 

This is known as the Conservation ol Angular Momentum. 

If X, Y be impulsive forces acting for a time t, we have 


by integrating (i), 'Kdt = ' 

Now 2^1Xi/ is the sum of the impulses of the external 

t dx'Y 


is zero and thus the total linear momentum of the system 
parallel to Ox is the same after time r as it was initially. 

Also by integrating ( 2 ), we have 


During the interval t = otot = r, x andy can be considered 
constant so that 


— yX)dt becomes 

which is the algebraic sum of the moments of the impulses 
of the external forces about O. If this be zero then 



is zero and thus the angular momentum of the system about 
O is the same after time t as it was initially. 

Hence the principles of Conservation of Linear Momentum 
and Conservation of Angular Momentum apply for impulsive 
forces. 


Ex. n. A circular ring of mass m and radius r lies on a smooth 
horizontal table. An insect of mass m’ alights vertically on it 
and crawls round the ring with a velocity v which is uniform relative 
to the ring. Prove that the angular velocity of the ring is 

m'v 

{m + 2m')r 
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O is the centre of the ringi A the position 
of the insect at any instant and G the centre 
of inertia of the system. 

The only forces acting in a horizontal plane 
are the reactions at A which are equal and 
opposite. Thus G will not move and the 
angular momentum about G which initially 
was zero will remain zero. 


Thus mOG^o) + mr^o) — m'AG(v — AGco) 
where to is the angular velocity of the ring 


i.e. 


i.e. 


[« 


CO m 


(m + m')^ 

to = 


+ wr* + m' 


m'v 


(w + m 




(m + 2m')r 


= 0 


mm'rv 
m + m' 


Ex. in. A uniform circular disc is spinning with uniform angular 
velocity to in its own plane about its centre. Suddenly a point 
in the circumference is fixed. Find the 
subsequent angular velocity and find the 
blow. 

O is the centre of the disc and C the 
point that becomes fixed. The only forces 
that act are forces at C which have no 
moment about C. Thus equating the 
angular momenta about C before and after 
C is fixed we have 




where m is the mass of the disc, a its radius, and to' its angular 
velocity after C is fixed. 

co' = Jco. 

Let X and Y be the impulses of the forces at C perpendicular and 
along OC, then 

X = mato' and Y = o. 

.*. the impulse of the blow at C is J mato, acting at right angles 
to OC. 


Ex. IV. An inclined plane (a) of mass M is capable of moving 
freely on a smooth horizontal plane. A perfectly rough sphere 
of mass m is placed on its inclined face and rolls down under the 
action of gravity. Find the horizontal distance moved by the 
plane and the length of the portion rolled over by the sphere after 
time t. 

Lei X sa horizontal distance moved by plane in time / and y & 
part of the plane rolled over by the sphere in time t. 

Let R be the normal reaction on the sphere and F the friction 
acting on it. There will be forces of R and F acting on the plane 
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in opposite directions to these. Also as the horizontal plane is 
smooth the algebraic sum of the forces in a horizontal direction 
acting on the whole system is zero, hence 


(M + m)x — my cos a = o. 
Considering the motion of the sphere only, we have 

d^x 


’^sma-F = m(^^-^cosaj ... 


and 


it* 

„ z , xd*y 
Fa = m-a*. 

5 adt* 

From (2) and (3) we have 

7 d^v d^x 


(1) 

( 2 ) 
( 3 ) 




^ cos a 


= -gt^ sin a. 
2 


(4) 


From (i) and (4) we have 
I 5w sin a cos a 


X =- 


2 * 7M + w (7 — 5 cos*a) 


g/* and y = 


1 5(M + sin g 

2 ’ 7M -h m(7 — 5 cos*ay 


,«<*• 


68. Conservation of Ene^. Referring to the system of 
particles and forces dealt with in Article 25 we have 

i 7 X = where v,=^- 

dt* dx dt 


Also SY = Emvy^ where 1', = ^* 

^ dy ^ dt 

Suppose the velocities of the typical particle whose mass 
is m to be w, and v, parallel to the axes when the co-ordinates 

of its position is x^, y^, and and when at the point 
x^yt, then 


"T’ r* 1 r r i"'* 

I Xdx -f I Yrfy = J Umvj,* + ^ EtnVy' • 

-J^I JVi J L J*'*! L Jpy, 


Thus the work done by the system of forces when the 
system of particles is displaced from the position determined 
by X — Xi, y = y^ to that determined hy x = x^, y = y, 
is equal to the gain of kinetic energy provided that the system 
of forces is a conservative system in which case 



can be evaluated and is independent of the path taken by 
the particles of the system (consistent with the geometricaJ 
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configuration) during the change from the one position to the 
other. 

Now suppose that in the position determined hy x = a, 
y = b, the potential energy of the system be C, then the 
potential energy P in any position is given by 


P = C — 



Let Pi and P, be the potential energies in the positions 
determined by = Xi,y = y^anix = X2,y = y* respectively, 
then 


and 



= — J Umvt* + I Umvj*, 

where Wi and v* are the resultant velocities of the typical 
particle of mass m in the positions determined by * = x^, 
y =: y^ and X ~ X 2 , y — y^ respectively. 

Thus P» + i Hmvt* =s Pi + ^ Zmv^ 

and hence it follows that the sum of the potential and kinetic 
energies of a system of particles under the action of a con¬ 
servative system of forces is constant. 

This result is known as the Principle of the Conservation 
of Energy. 


Note 2. Any system of forces which comprises forces which are explicit 
functions of the time or of the velocities of the particles would not be a con¬ 
servative system. In particular, friction would not satisfy the condition, for 
its direction depends on the directions of the velocities of the particles on which 
it acts. The tensions of an elastic string and attractions which are entirely 
functions of mass and distance are examples of conservative forces. 

Note 3. The proofs of the Conservation of Momentum and the Conserva¬ 
tion of Energy given in this chapter apply for any system of particles whether 
rigid or not and should not be confused with the proofs of the previous chapter 
where consideration of a single rigid body under the action of a system of 
forces is dealt with. 
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Ez. V. A thin rod AB of length I and mass m has a groove along 
its length and is rotating with angular velocity o) on a smooth 
horizontal plane about one end A which is fixed. A particle of mass 
w' is then placed in the groove near A: assuming there be no friction 
find the velocity with which the mass m' leaves the rod and the 
subsequent angular velocity of the latter. 

The forces acting are the reaction at A and equal and opposite 
reactions between the particle and the groove. Hence equating 
the angular momenta of the system about A when the particle is at 
A to that when it is at B, we have 

/ 2 \ //2 / 2 \ 

—I- ]aj = ml - 1 -)a>' + m'l^co' 

4 12/ V4 12/ 

where cd' is the angular velocity of the rod when the particle has 
left the rod. 


m + 


Also since there is no friction, the kinetic energy will remain 
constant, hence 


a>'2 

2 2 


1 //2 /2\ 1(1^^ l^\ 

-wl-H- ]a}^ = -wl—-I 

2 V4 12/ 2 \4 12/ 

where v is the velocity along the rod of the particle when at B; 

Sm'v^ = — {m + 3w')co'2j 


t;2 = 




m + 3w' 

The velocity of the particle after leaving the rod is therefore 


[: 




m + 3m' 
inclined at tan 




{m + 3w 

V, 


r]‘ 


lo}Vm[2m + 3w') 
m + 3w' 


in a direction 


m 


m+ 3w 


; to the rod produced. 


Note 4. In the case of a system of forces which is such that no work is 
done by the forces during any displacement of the system of particles on which 
they act, it foUows from Article 69 that the kinetic energy of the system will 
be constant. 


Ex. VI. A rod AB of mass m and length 2a is attached to a 
smooth pivot at A. To the end B a string BC of length a is attached 
with a particle of mass m at C. The system lies on a smooth hori¬ 
zontal table and is set rotating about A with angular velocity cu, 
BC being perpendicular to AB initially and fully stretched. Prove 
that when BC is again perpendicular to AB the angular velocity of 

the rod is — o>. 

19 
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Let ABjCi be the position of 
the system aftef time t, and let 
BjAB = 0 and AB^Ci = <f>, 
d 4 > The velocity of the particle is the 

resultant of a velocity 2 a^ at 

right angles to AB^ and a velocity 

of a ^ at right angles to B^Cx. 

Equating the angular momen- 
tmn about A of the system after 
time t to the initial angular 



Fig. 126. 
momentum, we have 


( 2 . . r / JLN . aC] 

a* + ^^ r) + 9)J 


_»(.. + !■) 


CO + w. 4a®co 


i.e., 


^ (16 — 6 cos (f>) + ^ (3 — 6 cos <}>) = i6co. (i) 

Equating the kinetic energy of the system after time t to the 
initial kinetic energy, we have 

!«(«• + + 5 ™[ 4 «*(y) + ) 

+ 4«*^ • ^ cos (180° — ^)J = !« w* + ^ w . 4a*to* 

i.e., 16 (f ) ‘ + 3 (f ) - i 4 ^ • * 

dil> 


Putting <ft = 90° and eliminating ^ from (i) and (2), we have 
(dOY 

- 


dd , - 

32<o^ + 13a)* = o 


I.e., 


/ dd \(de \ 


when BC is again perpendicular to AB, the angular velocity 

JO 

of the rod is — w. 

19 


Ex. Vn. A B. C are three equal particles attached to a light 
inextensible string at equal intervals a. The system is placed on a 
smooth horizontal plane with the three particles in a straight line. 
A blow P is applied to the middle one B in a direction perpendicular 
to the string. Prove that when the angle ABC is 0 the angular 
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velocity of AB or BC is Vlma (2 + cos Also find the angidar 
acceleration of AB or BC» the acceleration of B and the tension 
of the string. 

Let ^ be the angle either string 
makes with its original direction 
"-and V the velocity of the centre 

particle after time t, when A^ = d. 

As the linear momentum in the 
direction at right angles to the ori¬ 
ginal direction of the string is 
constant and equal to P, we have. 



mv + 2m 


/ d<l> . 6\ 

i)- 


(I) 


Also as the kinetic energy of the system is constant and equal 

I P® 

to “^*~2 consideration of the centre particle immediately 
after the blow is applied), we have 


P* I 2 > 

— = -mv* + m 
2m 2 




Eliminating v from (i) and (2) we have 
d<i> _ P 


Hence 


dt am(2 + cos 6 )^ * 
d^<^ _Psin d 


but 


dt* 


6 + 2<f> 


dt* 


V 


dd, 
dt ' 

~ dt' 


2am(2 + cos 6 )^ 
dd 

•• dt 

P*sin e 

a*m*(2 + cos 6)*’ 
P 


Also,from(i), v = — +?asin-' —7—;- 

3w 3 2 am{2 + cos 0)* 


dv 


0 

2P* cos - 
2 


am*(2 + cos 0)** 
Let T be the tension of the string, then 

0 dv 

-21 cos - = W-TTl 

2 dt * 

pi 

^ ^ am {2 + cos 0)** 


Ez. Vm. Two particles (masses Wj, m^) are connected by an 
elastic string of natural length a, modulus A. Initially the particles 
are at rest on a smooth table at distance a apart. A blow J is 
given to the particle in the direction of the string so as to stretch 
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it. Prove that in the subsequent motion the greatest extension 
of the string is 

+ m^y 

Let A, B be the positions of the particles initially and Aj, the 
positions after a time t. Let AjB^ = a + x and let v, be the 
velocities of the particles when at A^, B^ respectively. 

The initial velocity of the mass is — and its kinetic energy 


initially is - • — • The initial velocity of the mass w* is zero. By 
2 ftti 

the conservation of linear momentum and of energy, we have 

WiVi + W2V2 = J .(i) 

and - + - ^2^2^ H-= - .(2) 

2a 2 nil 


From (2), the extension of the string is a maximum when 
niiVi^ + ^2^2^ ^ minimum, 

i.e. when m^Vi + fn^v^ ^ = o, 

dv J 

i.e. from (i), when nt^Vi — WgVa • — =0, 

nt^ 


i.e. when 


Vt = Vo = 


nil + 


Subst. in (2), we have x = • 

V '^V nti(nii + Wg) 

Ex. IX. Referring to the previous question, show that if the 
particles be each of mass m and the blow be struck at right angles 
to the string the maximum extension (x) of the string during the 

subsequent motion is a root of • 

2 a + X 2Xm 

^ ^ Let G be the initial 
position of the centre 
ii> inertia and G^ its 

_ position after time t. 

y ^ t)e the angle the 

j string makes with its 

I initial position, let x 

Woi kv ^ the extenaon of 

_J- J the stnng and let <0 be 

“B G A angular velocity of 

Fig. 128. the string after time i. 

If 2 v be the velocity of the particle at A immediately after being 
struck, then 

_ J. 


V 


••• W 
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The initial velocity of the centre of inertia will be v and, by the 
conservation of linear momentum, the centre of inertia will con¬ 
tinue to move with velocity v in the direction at right angles 
to AB. 

During the motion the angular momentum of the system about G 
will be constant, 


hence 

i.e.. 


2m(a + x)^a) a 

—i— ■ — i -— = w 2t; • -, 

4 2 ’ 

(a + xYoi = 2av. . ( 2 ) 


Also, as the energy of the system remains constant, we have 


1 

2 


+ 


|^|i. cos 9 + sin 9 + I 

cos 9 cjV I nsin 9 - : 


Aa;* I , 

H-= -m. 4v*, 

2 a 2 ^ 




dx 

When the string is at its maximum extension, — = 0, 
. the maximum extension a:: is a root of 


( 3 ) 


i.e., of 


fn^{a + x)^ am * 

x(a + xY aV , • xi_ X 

^== by removing the root x = o. 

2 a X 2 Am 


70. Initial Accelerations of and Forces on a System of 
Particles Moving from Rest. The radial acceleration of any 

particle being —, it follows that when the velocity is zero 

there is no radial acceleration. The initial forces can there¬ 
fore be determined without the general equations of motion 
being found by omitting accelerations initially zero. 

Ex. X. A uniform rod AB is freely hinged at A and is kept in 
a horizontal position by means of a string. If the string be cut, 
determine the angular acceleration of the rod and the reaction 
at A. 

Let 2 a be the length of the rod and M its mass. 

Let ^ be the initial angular acceleration of the rod and X and Y 
the horizontal and vertical components of the reaction at A, then 



CONSERVATION OF MOMENTUM AND ENERGY 199 



X = 0 

••• ••• 

... (I) 


— Y = uJ^ 

• • • • • • 

... (2) 

and 

Mga + 

• • • • • • 

... ( 3 ) 

From (3) 

W = % and from (2). 

Y-^S. 

4 



Ex. XI. Two uniform rods AB and CD of lengths 2a and 26 
respectively and each of mass m per unit length are in equilibrium, 
the whole being hinged freely at O the middle point of AB smd both 
rods are horizontal, CD being suspended by two light inelastic 
strings AC and BD each of length 0. If the string AC be cut, 
find the initial tension of the other. 



Considering the rod AB, we have 


Let 


dco^ dct}^ 

~~dr*ir 


and 


dt 


be the initial angular 
acceleration of AB, BD, 

and DC, and let A'BD 
== a so that 

a~ b 

cos a --• 

c 

Let T be the initial 
tension of the string BD. 


qp d do) t 

la sin a = 2am— • —7-* 

3 


Considering the rod CD, we have 


T cos a =' 2bmc^^ sin a 
at 


... (I) 


(2) 


zhmg — T sin o = 2 bm, cos a| ... (3) 

and Tb sin o = zbm • • . (4) 

Subst. the values of ^*'—*and^from (i), (2), (4) in (3) we have 


• .3b Sin a , . . cos^aT 

2 bmg = T sin a H-(- 3 sin a + - 1 . 

L ^ sin aJ 


T = 


2 abmg sin a 

(4a + 3^) sin*a + a cos^a 


2 abc^{c + a — b){c — a + b) 
ac^ + 3(« + b){c + a — b){c — a + b) 



200 


MECHANICS VIA THE CALCULUS 


71. Tendency of a Rigid Bod to Break on Account of its 
Motion. • Suppose a rigid rod AB of small cross section to be 
in motion imder the action of external forces. The internal 
action at a point C of the rod consists of a tension T along the 
tangent to the rod at C, a shear S perpendicular to this 
tangent and a couple L called the stress-couple or bending 
moment. If the external forces acting on the portion CB 
be known, then as the motion of CB is known from the 
equations of motion appHed to the whole rod, the three 
equations of rigid dynamics apphed to the portion CB will 
determine the values of T, S and L. The value of L measures 
the tendency of the rod to break. 


Ex. XII. A uniform rod having its lower end freely hinged, falls 
from the vertical position. Find the position at which the rod has 
the greatest tendency to break. 

Let 2a be the length of the 
rod and m its mass. 

Let the internal action at 
C, where AC = x, consist 
of forces T, S and a couple 
L. G is the middle point of 

CB. so that AG = 

2a/+x T . /11. 

^ Let u be the angle the rod 
makes with the vertical after 
time t, then, considering the 
whole rod, we have 



Fig. 130. 


/ 3 ^ . 

i 3/^ ^ 

i.e. = ■^sin 6 . ... (i) 

Considering the portion CB, 
we have 


m 

m 


2 a — X 
2 a 

2a — X 
2a 


2a -\- X 

2 

2a X 
2 



cos 0 -f T 
sin 5 — S 


(2) 

(3) 


and 


2 a — x V (2a — xY , 2a X 2a — oTXd^Q 
^ 2 a 12 2 2 


From (4) and (i), 


L = — mg 


(2a —xY 


sin B 


2a — X 

2 a—X . ^ 

r'in H 

— L. 

^ 2 a 

— -- olll U 

2 

r/2a- 

X , 2a + xy 

|A_i1 

l\ 6 


14a J 


(4) 
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xi2a — *)■ . - 


The tendency to break is therefore greatest when the rod is hori¬ 
zontal. The position at which the rod has the greatest tendency to 
break is determined by the value of x which makes x{2a — x)^ a 
maximum. 

i.e. the value of x which makes 4a* — %ax + 3AC* = o 
i.e. the value of x which makes (ia — x){2a — 3x) = o. 

Now when x = 2a, 1 . is zero (a minimum) and therefore the 


2a 


position of breaking is at a point a distance — from A. 


Noth 5. The second term in the bracket of equation (4) is obtained as 
2a 4- X dO 

follows :— The velocity of G is —^and the angular momentum of CB 

about C due to the motion of translation is m . ^~ ^ 

2a 2 at 2 

The rate of change of angular momentum about C due to the motion of trans* 
(2a — x)*(2a 4- x) d*d 
“ dt»' 


lation is therefore m- 


Problems X. 

1. A uniform square lamina moves along a straight line which 
coincides with one side, with a uniform velocity v. Suddenly one 
of the foremost comers is fixed: find the subsequent angular 
velocity about this point. 

2. A uniform bar, AB, is rotating in a smooth horizontal plane 
about its centre with angular velocity a>; if suddenly a point P 
in the bar is fixed, find the position of P for which the new angular 
velocity will be Jcu. 

3. A cube of 10 cm. edge is sliding down a smooth inclined plane 
of 30® slope, when the middle of the lower front edge meets a small 
obstacle. How far has it slid, if the obstmetion just causes it to 
topple over ? 

4. Two equal particles connected by a light string rest with the 
string taut on a smooth horizontal plane. If one of the particles 
is struck a blow at right angles to the string, determine the paths of 
the particles. 

5. The ends of an elastic string, of natural length / and modulus 
of elasticity A, are fixed to two points on a smooth table at a distance 
I apart, and a particle of mass m is attached to its middle point. 
The particle is stmek by a blow, of impulse P, in a direction per¬ 
pendicular to the string. Show that in the ensuing motion the 

string stretches by a length P 

6. Three particles A, B, C, each of mass m are rigidly connected 
by fine wires of equal length so as to form an equilateral triangle 
which rests upon a smooth table. If A receives an impulse I 
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in the direction AB, prove that the total kinetic energy of the three 

particles generated by the impulse is — —. 

24 w 

7. Three particles A, B, C, of equal masses are connected by 
equal straight strings AB, BC and rest on a smooth horizontal 
plane, the angle ABC being 135°. If the mass C be given a 
blow P in a direction parallel to AB, show that the initial velocity 

of the mass A is-^* 

7m 

8. A rigid light rod carries three masses, whose magnitudes are 
I, I, 4 at its ends and at its middle point, and is turning with 
angular velocity Q about its middle point, when one of its ends is 
suddenly fixed. Find the angular velocity with which it begins 
to turn about that end. 

9. Four particles each of mass tn are attached at equal intervals 
to an endless string and when laid on a smooth horizontal table with 
the string taut, th^y lie at the angular points of a rhombus ABCD, 
of \^’'hich the angle W A is acute and equal to 2a. A blow P is given 
to the particle at A in the direction CA ; prove that this particle 
begins to move with velocity P(i + 2 sin*a)/4w. 

10. Three equal particles A, B, C of mass m are fixed at the 
vertices of a weightless equilateral triangle lying on a smooth 
horizontal table. The particle A is given a blow in a horizontal 
direction perpendicular to AC; show that the initial velocities of 
B and C are in the ratio V7 : i, 

11. Two equal light rods of length / are jointed freely to each 
other and have particles of equal weight attached to their free ends. 
The rods are placed symmetrically across a smooth circular cylinder 
of radius a with its axis horizontal so as to touch the cylinder and 
with the joint vertically above the axis. The system is released 
from rest when 2a is the angle between the rods. Prove that if 
2 p is the angle between the rods when the system next comes to 
rest 

sin a sin /3 tan i(a + p) = ajl, 

12. Four particles each of mass m are attached to the comers 
A, B, C, D of a rhombus formed of a light string. The whole is 
laid on a smooth horizontal table with the strings taut and the 
angle BAD acute and equal to 2a. A blow P is applied to the mass 
at A in the direction CA. Prove that the kinetic energy produced 
by the blow is 

P2(i + 2 sin^ a)/8w. 

13. A plank of mass M and length I is initially at rest along a line 
of ^eatest slope of a fixed smooth plane inclined at angle a to the 
horizontal and a man of mass Mj starting from the upper end walks 
down the plank so that it does not move. Show that he reaches the 

r 2 m,/ 

|_(M + Mi)f sino I' 


other end in time 
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14. Two particles of masses M, tn are connected by an inextensible 
string, and lie on a smooth table with the string fully extended. A 
particle of mass m' impinges directly on m with velocity V in a 
direction making an angle a with the string. Prove that the direc¬ 
tion of the velocity of m after impact makes an angle 


tan“"^ 




tan a 


with the string and that the velocity Of M is 

wm^cos al[m(fn + w') + M(w + w'sin^)], 
assuming that w, m' are inelastic. 

15. Three particles, each of mass m, ate attached to a light 
string at the points A, B, C. They are placed on a smooth horizontal 
plane so that the angle ABC is obtuse and the portions AB and BC 
of the string are taut. A blow P is given to the particle B in a 
direction perpendicular to AC. Prove that the particle A begins to 
move with a velocity 

P 2 sin A — cos B sin C 


tn * 3+ sin*B 


16. A light elastic string of natural length I and modulus A is 
lying just stretched on a smooth horizontal table. One end is 
attached to a point of the table, and the o ther i s attached to a 
particle of mass m. A blow of amount 2 VfnlXl 3 is applied to m 
perpendicularly to the string. Find equations to represent the motion 
of the particle, and show that in the subsequent motion, the greatest 
length of the string is 2I. 

17. Two strings of equal length have each an extremity tied 
to a heavy particle and their other extremities tied to two points 
in the same horizontal line. If one string be cut, prove that the 
tension of the other will be instantaneously altered in the ratio 
I : 2 cos® a, where a is the angle each string makes with the vertical. 

18. A horizontal rod of mass m and length 2a hangs by two 
parallel strings of length 2 a attached to its end. An angular 
velocity a> is suddenly imparted to it about a vertical axis through 
its centre ; show that the initial increase of tension of either string 
equals Jwaco®, and that the rod rises through a distance a®cu*/6g. 

19. A uniform rod of mass m and length 2 a has masses equal to m 
attached to each end. A string, one end of which is fastened to the 
middle point of the rod passes over a smooth pulley and sustains 
at its other end a mass 3w. The system is in equilibrium with the 
rod horizontal. Show that when one of the particles of mass m 
falls off from the end of the rod, the initial acceleration of the mass 
yn equals -^g and the initial angular acceleration of the rod is 

17a* 

20. A uniform rod ot mass m and length 2 I is free to turn about a 
horizontal axis through its centre. Two particles each of mass M 
are suspended by light strings one from each end of the rod and 
initially the rod is at rest inclined at angle a to the horizontal. If 
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one string be cut, find the initial tension of the other and the initial 
angular acceleration of the rod. 

21. A uniform rod, length %a and mass M is suspended in a 
horizontal position by two strings attached one at each end of the 
rod and each is inclined at an angle a with the vertical. If one 
string be cut, find the initial tension of the other whose length is 1 . 

22. A rhombus ABCD consists of four smoothly jointed rods 
of length 2a and mass m. The rhombus is suspended at A from 
a fixed point and closed up, so that C is coincident with A (being 
connected by a short string) and the rods are horizontal. The string 
AC is then cut. Show that the tension in the supporting string is 
suddenly reduced to one-quarter of itself. 

23. A cube, of side I, rests with one edge on a rough plane and 
the opposite edge vertically over the first. It falls over and hits 
the plane ; show that it will start rotating about another edge and 

I 

that its centre of inertia will rise to a height— (15 -f V2)* 

32 

24. A uniform square lamina ABCD is suspended by vertical 
strings attached to A and B so that AB is horizontal. Show that, 
if one of the strings is cut, the tension of the other is instantly 
altered in the ratio 5 : 4. 

25. A smooth hemispherical shell, of weight W, is held with its 
base against a smooth vertical wall and its lowest point on a smooth 
floor. The shell is then suddenly released. Show that the initial 

oW 17W 

thrusts on the wall and floor are respectively -— and ~—. 

^ •'10 20 

26. A thin uniform straight rod, of length I, can turn about one 
end which is fixed and is struck a blow at a distance f/ from the 
fixed end. Show that it will be most hkely to break at a distance 

from the fixed end. 

5 



CHAPTER XI 


HYDROSTATICS I 

72. A Perfect Fluid. Whenever any forces act on a 
body, a state of strain is produced in the body. In the case 
of a flexible string, this force must act along its length, and 
the strain produced is necessarily an elongation. The stress 
at any point of the string cannot therefore have any com¬ 
ponent in a plane perpendicular to the length of the string. 
In the case of a rigid body, however, the stresses acting may 
have components normal to any plane drawn in the solid. 

We have now to consider a material in which the stresses 
at any point, due to the action of any external forces, always 
act normally to any and every plane drawn through that 
point. Such a material is called a perfect fluid. 

It follows from the definition that the fluid can offer no 
resistance to any force which tends to separate its particles ; 
that is, the perfect fluid has no " viscosity.” 

The stress in a fluid is in all ordinary circumstances, 
pressure. 

73. Measurement of Pressure at a Point in a Fluid at Rest 

Taking any small area SA about a given point in the fluid, and 
denoting the pressure of the fluid on the area by 8P, we see 

that the average pressure per unit area over the area is 

The pressure is not, in general, uniform over the area, but if 

8 P 

SA be indefinitely diminished, and if tend to the limit p 

then p is defined as the rate or intensity of stress at the point 
under consideration or, simply, the pressure at the point. 
Intensity of stress then is expressed in pounds per square foot, 
or grammes per square centimetre, or, generally, in units of 
force per unit area. 

74. The Pressure at any Point of a Fluid at Rest is the 
Same in all Directions about the Point Ima^ne the point 
to be within a small triangular prism of the fluid. 

Let BCA, B'C'A' be the triangular ends of the prism, and 
further, suppose that angles BCA, B 'C 'A' are right angles. 

Let a, b, c be the sides of the triangle, and I, the length of 

20 $ 
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the prism. 


Then the 
B' 


small prism 



A' 


h 

_ j0\ 7 ^ 

X'/ 

Fig. 131. 


is kept in equilibrium 
by the five pressures 
on its plane surfaces 
and the resultant ex¬ 
ternal force on its mass 
(for instance, the 
weight of the fluid). 

Let pi, Pt and Pa 
be the intensities of 
thrust on the plane 
faces BB'C'C, CC'A'A 
and AA 'B 'B respec¬ 
tively. As these faces 
are indefinitely small 
it may be assumed that 
they are uniformly 
pressed, so that the resultant pressure on each face will 
act at its middle point. 

Let X be the resultant external foice per unit volume, 
and X' its component in the middle section of the prism 
making an angle 6 with the side b. X' = kX. where k 
is a proper fraction. 

Resolving parallel to the face CC'A'A, we have 
pjla = Pale sin o -f- i ablkX cos 0 

or Pi— Pz + \bk X cos 0. (i) 

Resolving parallel to the face BB'C'C, we have 
pj,b = pale cos a -f- \ablkX. sin 6 
or Pt = Pa + ^akX sin 0. .. .. (2) 

Hence, in the limit, when the prism becomes indefinitely small 
in volume, the last term in (i) and in (2) will vanish. 

Pi — pi — p 3 ' •’ •• •• •• (3) 

As the prism may be taken with its faces in any direction, 
it follows that the pressure at a point is the same in all 
directions about that point. 


75. Transmission of Fluid Pressure in a Liquid at Best. 

It is a well-known experimental fact that any additional 
pressure applied to the surface of a hquid at rest or to any 
other part of the liquid is transmitted equally in all directions. 
This fact, however, follows readily from the definition of a 
perfect fluid. 

Suppose that an additional pressure p per unit area is 
applied at a point P in a fluid, cind it is required to determine 
the change in the pressure at a point Q. Join PQ and take 
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PQ as the axis of a cylinder of unit radius with its ends at 
P and Q perpendicular to the axis of the cylinder. Then/ 
since the cylinder is in equilibrium, the additional pressure 
p at the end P must be balanced by an equal and opposite 
pressure p at Q. Hence the pressure at Q is also increased 
by an amount p. Bramah’s Press is the well known example 
of the application of this principle. 

76 . Liquids and Gases. If a fluid is absolutely incom¬ 
pressible it is called a liquid, but the term is applied to such 
fluids as water, mercury, etc., which are very slightly com¬ 
pressible under great pressures. Gases are easily compres¬ 
sible, and the pressure of a gas depends upon its density 
and temperature. 

The elasticity of a fluid is the quotient of a small increase 
in pressure by the corresponding diminution in volume per 
unit volume. 

Thus if a change of pressure 8^ acting on a volume v 
causes a change of volume — hv. 


elasticity = 


— v-f in the limit. 


In the case of a perfect gas pv is constant, if the temperature 
remain constant, 

. , dp 

t-^«£ = o 

dp 

or . -v£ _ p. 


The elasticity of a perfect gas is therefore equal to the 
intensity of pressure. If the volume is measimed in cubic 
centimetres and the pressure in dynes per sq. cm., the elasticity 
will be in absolute C.G.S. units. 


77. Fluid at Rest Under the Action of Gravity. I.et any 
point P of the fluid be at a depth z below any fixed point O 
in the fluid, and let Q be a point vertically beneath it at 
depth z 4- Sa:. Consider a cylinder whose axis is PQ, and 
whose ends are perpendicular to PQ. 

Let a be the area of the section, p the intensity of pressure 
at P and p 4- hp, the intensity of pressure at Q. 

The cylinder is acted upon in the vertical direction by an 
upward pressure at Q, a downward pressure at P, and its 
own weight. Hence, if p is the average density of the cylinder 
PQ, we have for equilibrium, 

{P 4 " — Po. = gpahz 
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where a is so small that the intensities of pressure are uniform 
over the area. 

Hence Sp = gpBz 


i.e. 


dp 


(I) 


(a) For a homogeneolui liquid p is constant, so that the 
integral of equation (i) is 

P + C . (2) 

This equation shows that if points are taken where the 
intensities of pressure are the same, then their depths must 
be the same, so that surfaces of equal pressure are horizontal 
planes. Hence also, the bounding surface of the liquid must 
be a horizontal plane. 

If the fixed point O is in the free surface, and the external 
pressure is denoted by 77 , then ^ == 77 when j? = o 
C = 77 , so that equation (2) then becomes 

P = gpz + n. . . .. (3) 

Equation (3) might have been directly obtained from tha 
equilibrium of a vertical cylinder of the liquid stretching 
from the surface to the point P. 

From it we see that the intensity of pressure at any depth 
in a liquid at rest (apart from the pressure of the atmosphere) 
is proportional to the depth below the surface 

(b) Let the fluid be a perfect gas at uniform temperature. 

Since pv is constant, p = kp, where k is constant. If then, 
we take the positive direction of z upwards, instead of down¬ 
ward, equation (i) will become 

j) 

dp = —g^dz 

or ^ 

p k 

Integrating, and assuming g to be constant 
log, ^ 


or p = Ce . (4) 

The constant C must be determined from the given con¬ 
ditions. Thus, if the gas is air, and z is measured from the 
surface of the earth, p = 11 when z = o, therefore C — U 
and (4) becomes 


P 


= i7« 



(5) 
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If again p® be the density at the surface of the earth, 
n = Apo 

_^POj 

p ^ lie ^ . (6) 

As in the previous case, the surfaces of equal pressure are 
horizontal planes. 

If — is the co-efficient of z in equation (6), A^is a length, and 
Ax and z can therefore be expressed in the same units of length. 


Ez. L lip = where A is 8000 metres, find the barometric 

height, assuming the temperature of the air to be constant, at the 
top of Mount Snowdon 1088 metres, when the barometer at sea 
level stands at 760 mm. 

Let h be the required barometric height in millimetres, and p the 
intensity of pressure at a height of 1088 metres. As the height of 
the barometer is proportional to the intensity of pressure 


then 


h ^ p 
760 ~ n 


, lose 

^ 8000 

760 ~~ 

^ 1088 

A = 760^ 

= 663-4 mm. 


Ex. n. In the previous exercise, find the density of the air at the 
earth's surface, if the density of mercury is 13*59 grams per cc. 


Here 


= 76 X 13 59 X g 

kg 8000 X g 
= -00129 grams per cc. 


grams per cc. 


Ez. m. If po is -0013 grams per cc., and the density of mercury 
is 13.59 grams per cc., then the difference of the logs to base 10 
of the heights of the barometer multiplied by 60,000 gives the 
approximate difference of the heights of two stations in feet. 

xj K Pi /Av 

Here ^ ^ ^ from eqn. (6) 

Taking logs to base 10 

logio*! —logw *1 (^i — *i). logia t 

n 

76 X 13-59 X g 

“ g X 0013 X 4343 X 30 48 


(logioAi — log,,*,) ft. 
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= X 10* (logioAx —logioAa)feet. 

= 6-002 X lo* (logjo hi — login A*) feet. 

78 . Whole Pressure. The whole pressure of a fluid on 
any surface is the sum of all the normal pressures on every 
element of that surface in contact with the fluid. 

If p is the intensity of pressure at any point and SS the 
element of area, then the pressure on that element is p 8 S, 
and the whole pressure is the integral of pdS over the whole 
of the surface. 

If the surface is a plane, then all the pressures are normal 
to the surface, and their resultant is the whole pressure. 

79 . Resultant Pressure of a Heavy Incompressible Liquid 
on a Plane Area. Let gravity be the only force acting, and 
let z be measured from the free surface where p = o. Then, 
by Article 77, 

P = gp^> 

and resultant pressure = ^^pdydz cosec a, where a is the 

inclination of the plane area to the free surface, and Sy is the 
breadth of the element of area 

= gp cosec a jj zdydz. 

Now, if z is the depth of the centroid of the area S below 
the free surface 

then zS = cosec a || zdydz. 

resultant pressure = g/)zS. .. .. (i) 

If on the free surface there is an intensity of pressure (due 
to the atmosphere or other fluid) of ^0, then this pressure, 
being transmitted equally in all directions, will have a result¬ 
ant pressure on the area; and the total pressure will 
then be 

{gpz -f ^.. .. (2) 

If we imagine the atmosphere or other superposed fluid to be 
replaced by the liquid under consideration and of such a height as 
to produce the same intensity of pressure at the free surface of the 
liquid, equation (i) will still give the resultant pressure, if by i is now 
meant the depth of the centroid below the new surface (often 
called the " effective" surface). It is to be noted that the 
resultant pressure will not act at the centroid of the area but at 
some point below it (Art. 8o). 

The above argument is true whether the surface is plane or 
curved, for the whole pressure on any curved surface S; 
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whole pressure on S = gpzS, where z is the depth of the 
centroid of S below the effective surface. 

Ex. IV. A semicircle is immersed vertically in a liquid with its 
boundary diameter in the surface. What is the resultant pressure? 

In this case z = —• 

37 ^- 

4^1 TTCl^ 

/. resultant pressure go • — . - 

3 ^ 2 

= igpa*- 

Ex. V. A conical vessel of height h and vertical angle 2 a is 
filled with liquid of density p. 

Here S = tt . A . tan a . A sec a = ttA* . tan a sec a and z = JA. 

Whole pressure on curved surface = gp , , nh^ tan a sec a 

= ^gpA® tan a sec a. 

Note i. If the density varies, equation (i) does not hold; we have then to 
return to the equation dp » gpdz. 

Ex. VL A square of side a is immersed vertically in a liquid, 
the density of which varies as the depth, with one side in the surface. 
It is required to find the whole pressure on the square. 

In this case p = fe, where A is a constant 
/. Sp = gkzSz 

p = \gkz^ + c. 

Let p = o when z = o C = o. 

p = igkzK 

Consider a horizontal strip of the square at depth z and of width 
Sz then area of strip = aSz. 
and pressure on strip = paSz = \gkz^ahz, 

whole pressure on square = f \gkazHz 

- \gkaK 

80, Centre of Pressure. Besides finding the resultant 
pressure on a plane area, we have also to find the point at which 
that pressure acts. This point is called the centre of pressure. 

We have already proved that the intensity of pressure in a 
heavy liquid increases with the depth. If the area to be 
considered is horizontal then the pressure at every point will 
be the same, and the resultant pressure will act through 
the centroid of the area. In all other cases, the centre of 
pressure will be below the centroid. 

Take any point P in the area, whose co-ordinates referred 
to fixed axes in the plane are x, y, and let p, be the intensity 
of pressure at the point. Let x, y be the co-ordinates of the 
centre of pressure. 
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The pressure on an element of area is^SAi:S^, and its moment 
about the y axis is pxSxSy, 

The sum of the pressures is j| pdxdy. 

Taking moments, since the forces are all parallel 


X |j pdxdy = jj pxdxdy 


X = 


Similarly 


jj pxdxdy 
jj pdxdy 
jj pydxdy 


(I) 


jj pdxdy 
ng taken over 

Note that jj pdxdy = resultant pressure == gpzK, 


the integration in both cases being taken over the whole area 
considered. 


The formulae (i.) may be modified for special cases. If 
the area is in contact with a heavy homogeneous liquid then 

where z is the depth of the point below the free surface. It 
is often convenient to take as the x . axis the line of inter¬ 
section of the plane area with the free surface, and if $ is 
the angle between the two planes 

z == y sin 6 , and p = gpy sin 0 . 


The formulae (i.) then become 

xydxdy 

X = \\ - 

ydxdy 

jj yHxdy 

^ jj ydxdy 


\ 


} ( 2 ) 


From these latter equations we see that the values of x and 
y remain unaltered as the plane rotates about the x axis in 
the surface, for the equations are independent of 0 , 

The form of equations (2) suggests the following very im¬ 
portant results: 

^^yHxdy is the moment of inertia of the area about Ox 
= A^i* say, where A is the area. 

Suppose also that h is the y co-ordinate of the centroid. 
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then 


hK = ^^ydxdy. 

^ II ydxdy ^ 


( 3 ) 


Now let k be the radius of gyration of the plane area about 
an axis tnrough its centroid parallel to the axis in the sur¬ 
face of the liquid. 


Then 


or 


= Kk^ -t- AA* 



( 4 ) 


But h is the ordinate of the centroid, therefore -7- 

h 

is the distance of the centre of pressure from the centroid, 
measured parallel to the y axis. 


Since is necessarily positive it follows that the centre 
of pressure is always below the centroid Also, as h 
becomes larger since is constant, diminishes, so that 


the centre of pressure approaches the centroid as the surface 
is immersed more deeply in the liquid. 

The centre of pressure will always lie on the line of sym¬ 
metry perpendicular to the line of intersection of the plane 
area with the free surface, and where it exists this line of 
symmetry will naturally be taken as one of the co-ordinate 
axes. 

The following deduction froth the equations (2) is also 
useful. Let the given area be replaced by particles m, 
etc. at points {x^y^ (^2>'2) ^tc., so that the system of particles 
is equimomental with the given area. 


Then 


X = 


I xydxdy 
j ydxdy 


and y == 


I yHxdy 
1*1 ydxdy 


or, by hypothesis 


W3V1 + -f- ... ' 


m^y^^ + + ... 

+ m^yt + ... 


+ {ni zy ^x^ +... ^ [ ^iyi)yi + (^2y2 )j^2+ . 

{m^]} + (WgVJ + ... ' + ... 
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But the last formulae are those for the co-ordinates of the 
centre of gravity of particles etc., with the same 

co-ordinates as before. 

Hence if any area is equimomental to a system of particles, 
the centre of pressure of the area is the centre of gravity of 
the system of particles with their masses m^m^y etc., increased 
in the ratio of their ordinates yiy2» etc., i.e., increased in the 
ratio of their depths. 


Ex. Vn. A circular disc is immersed vertically in liquid, with its 
centre at depth i. Determine the depth of its centre of pressure. 

Let a be the radius of the disc. 


a* 

Now moment of inertia of disc about a diameter is ira ^. —. 

4 


and if y be the depth of the centre of gravity 


_ A 

then, by eqn. (4), y = d = ^ + d. 


If = a, then 


y = ^ « 


4' 


Ex. Vin. Show that the depth below the surface of a homo¬ 
geneous liquid of the centre of pressure of a rectangle, two of whose 

sides are horizontal and at depths and d^\s ^^-. 

Take the hne of intersection of the plane of the rectangle with 
the surface as the x axis, and let the area make an angle 0 with 
the surface. 

Then, if y is the y co-ordinate of the centre of pressure, and a, 
the breadth of the rectangle. 


y 


1 j* y-dxdy 



»!; 


cosec 0 
(foCOStC 0 


2i/- 


3 d/ - 


- 2 ^ -j- d-^d^ "h d^ 

-A cosec 0 = - cosec 0 — —5— - - - 


depth of the centre of pressure is - 


di + d^ 

2 dj^ -f did2 "j- ^2^ 
di + d^ 


Note 2. If the upper edge of the rectangle is in the surface, = o, and 
the depth of the centre of pressure becomes fdj. Hence the centre of pressure 
is at a point which is two-thirds of the width of the rectangle from its upper 
edge. 

Ex. IX. If in Ex. VIII. the density of the liquid varies as the 
depth, find the depth of the centre of pressure. 
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In this case 


so that 


■£=gp and P = kz, 

^ = gkz, and i> = \gkzK 


Hence, if z is the depth of the ceixtre of pressure 
1 z^ . dz, 

z ^ id, _ _ 3 

Nt 4 d^^ — 

z^dz 

_ 3 

4 4* ^ 1^2 4“ ^ 2 ^ 

Ex. X. A triangle is immersed in a homogeneous fluid, and its 
vertices are at depths a, b and c from the surface. Show that the 
depth of the centre of pressure is 

-\- he + ca ah 
2(a + h + c) 

The depths of the middle points of the sides of the triangle are 
J(^ 4- 0 ), \{c + a) and i(a 4- b). 

Now three particles, whose masses are each proportional to 
one-third of the area of the triangle, placed at these middle points, 
will be equimomental with the triangle, and therefore the centre of 
pressure of the triangle will be the centre of gravity of particles 
whose masses are proportional to \{h -f- c), + a) and \{a + h) 

placed at these middle points. _ 

Take the axis of x in the surface and let d be the depth of the 
centre of pressure. Then, since the depths of the middle points are 
proportional to their ordinates, we have, on taking moments about 
the axis of x, 

T— 4- 4- 4- he + ca ad) 

\S{h -f- c) 2 {a h c) 


Note 3. If one side (say BC) of the triangle be in the surface, then 6 ■= c -» o 
- a 

and d = - • i.e. half the depth of the vertex. 

Note 4. If one vertex (say A) of the triangle be in the surface, and BC 
be horizontal, then a = o, and 6 = c ; hence 

5 = 16 ; i-e.. J the depth of the horizontal side. 


Ex. XL A trapezium is immersed in a liquid in a vertical plane 
with one of its parallel sides, of length L, in the surface, and the 
other, of length /, at a depth d. Prove that the centre of pressure is 

at a depth of depth of the centre of pres¬ 

sure if the trapezium were rotated an angle a about the upper side. 
Let ABCD be the trapezium, with AD in the surface. 
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The depth of the centre of pressure {d^ of triangle ABD is 

The depth of the centre of pressure {d^ of triangle DBC is 

The resultant pressures on the triangles are proportional to the 
products of their areas and the depths of their centres of gravity. 

If Pj and P, be the pressures on triangles ABD, DBC respectively, 
then 

Pi L 

Pg^ \ldld ‘"2/- 

Therefore, if d is the depth of the centre of pressure of the 
trapezium 

d 3 

d - + PA 'Ldi + 2ld^ _ ^2 + • 4^ 

Pl-f-P2 L“|-2/ L-}“2/ 

^ (L + 3^) . 

2 (L + 2/) 

Since the position of the centre of pressure, relative to the plane 
area, is unaltered when the area is rotated about its line of inter¬ 
section with the surface, the new depth is therefore d cos a. 


Ez. Xn. Find the position of the centre of pressure of a 
quadrant of a circle in a vertical plane with the bounding radius in 
the free surface of a homogeneous liquid. 

Let a be the radius of the circle and 
let AB be the x axis. 

Take a slice of the area parallel to the 
free surface. 

The pressure at any point of it being 
the same, the total pressure on the slice 
= gpxyBy, 

and its moment about the axis of x 
= gpxy^hy. 



’I' 

J O 


gp\ xyHy 


xydy 
J O 


Let X == a cos 0, y = a sin 0, ^ 
then 

r- 

l ^ cos^0 sin* 0d0 


(sin*0 — sin^)d0 




sin d cos^Sdd 


J; 

j cos 


cos*fl ii(cos 0) 
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= a . 


I TT 

^ 2 


31 ^ 

422 


i 


3 

Tra, 

16 


To determine ie, as the total pressure on the strip acts at the 
middle point of the strip, the moment of this pressure about the 

y axis = gpxySy^> 


X = 


J 


xydy I 


® cos ®0 sin Odd 

0 __ 

2 C— 

^ cos* 6 sin Odd 


f cos W (cos 6) 


a ^ 
2 


-S. 


Ex. Xm. Find the position of the centre of pressure of a semi¬ 
circular area with its bounding diameter horizontal and at a depth h, 
o ^ Take the origin at the centre 

of the circle, and measure y 
vertically downwards. 

The total pressure on a hori- 
2 sontal strip at depth y 

= 2 gpx{h + y)Sy. 

The moment of this pressure 
about the axis of x is 
2gpxy{h + 

\xy(h + y)dy. 



total moment for the area 


= 2gp\x) 

J o 


where a is the radius of the circle. 
Let X = acos 6 and y = a sin 0, then 


moment 


cos* 0 sin 0d0 + 2 gp 1 ^ a* cos* 0 sinW 0 


= 2gph\^ d 

^ O 

= 2gpha^ 1 cos* 0d{cos 0) + 2 gpa^ 1 * 
Jo Jo 

/i5_ 3 I 
\2 2 422 / 


F“‘ 

cos* 0(i — cos'^d)dd 


= + ^gfM* 


= + 3aiT.). 

But whole pressure on area = resultant pressure = gpxA^ 

_. 4aW* 
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Hence, if y is the ordinate of the centre of pressure, then 

y ^ 

a ^ l6h + ^an 
4 4 a + 

81. General Equations of Equilibrium. So far, the only 
force which we have considered to be acting on a fluid at 

It is now necessary to take 
the general case of a fluid at 
rest under the action of any 
given forces. 

Take three axes. Ox, Oy, 
Oz mutually at right angles 
and let P be any point in the 
liquid. 

Describe about P a rect¬ 
angular parallelepiped whose 
edges are indefinitely small 
and parallel to the three axes. 

Let PB, PC, PD be three of its edges, of length 8x, 8y, 
Sz respectively, let p be the intensity of pressure at P and 
p the density of the liquid at that point. 

Let X, Y, Z be the forces per unit mass parallel to the 
co-ordinate axes acting on the liquid at P. 

The force on and perpendicular to the face PCD is pSySz, 
if we assume the face PCD to be so small that the pressure is 
constant over that area. 


rest has been that of gravity. 



Then, if — is the rate at which p increases along Ox, 
the pressure per unit area on the surface opposite PCD 

^ dx 


/. the whole pressure on that surface is 
perpendicular to the surface. 

The whole external force acting on the parallelepiped 
parallel to Ox is 

XpSxSySz 

where p is the density of the fluid. 
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Resolving parallel to Ox we have 


pSySz — 

[p + 


SySz + XpSxSySz = 0 


or, in the limit 

dp 

8x 

= Xp. 

•• •• •• •• 

(I) 

Similarly 

8P 

8y 

= Yp 

• • •• •• •• 

(2) 


ap 

8z 

= Zp. 

• • • • • ^ * • 

(3) 

But 

dp 

II 

+ + ^dz. 

dy ' dz 


• • 

dp = 

= p “f“ '^dy -f- “Zidz) • • 

(4) 


and this is the equation which, by integration, determines 
the pressure at any point. 

We have already discussed the case when the only force 
acting is gravity. In those circumstances, taking the force 
of gravity parallel to Oz, we have 

X = o, Y = o. Z=g 
so that equation ( 4 ) becomes 

dp = gpdz, i.e. = gp. 


The equations (i), ( 2 ) and ( 3 ) enable us to determine the 
conditions which the component forces X, Y and Z must 
satisfy in order that the fluid may be in equilibrium. 

d'^p _ 

o.nce 


For 


I (pX) = ^ (pY) 


Similarly 


I (,Y) = I (,Z) 




If we multiply the first equation by Z, the second by X, 
and the third by Y, we have 

and this is the necessary condition for equilibrium. 


82. Elastic Fluids. We have, when the temperature is 
constant 

P = kp 

j = \ (Xd* + Ydy + Zdz) 

and if also yidx + YJy + Zdz is a perfect differential 
and equal to — dV 
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then k^ = —dY 

P 

or k log ^ = — V. 

p — Ce * and P * 

If the temperature is variable, then by Charles’ Law and 
Boyle’s Law in the case of a perfect gas we have 

p - k^p(^i +—^ 

= KpT, where T is the absolute temperature 
dp _ Xdx + Ydy + Zdz 

J "" 

83. Rotating Fluid. A mass of homogeneous liquid, 
contained in a vessel in the form of a volume of revolution, 
revolves uniformly about a vertical axis, to determine the 
pressure at any point, and the surfaces of equal pressure. 

Take the vertical axis as the axis of z, and measure z 
upwards. Let the angular velocity be w. 

Since each particle m of the fluid is moving uniformly in a 
circle, it is acted on by a force towards the axis of z 

where is the distance of m from that axis. 

The rey:ersed force moj^r acting outwards from the axis, 
together with the external force mg, will therefore reduce the 
particle to rest, and we can then apply equation ( 4 ) of the 
last article. But the components of mojH parallel to the 
axes are m<x}H and mco^y respectively ; 

hence dp = p{ojHdx + cj^ydy — gdz). 

Integrating, we have 

p = p{~-s^) + ^ . w 

where C is a constant, which may be determined from a 
knowledge of p at some given point. 

Thus, if the origin O be taken at the point in which the 
free surface cuts the axis of z, so that r = o, z = o, at O and 
/> = iJ (say), then C = J 7 . 

p — n-\-p{^ —gz)- .. .. ( 2 ) 

But at all points of the free surface p =s 11, therefore the 
equation of this surface is 
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coV* + V*) 

-== 2 f or —= z. 

Since z was measured upwards, and is positive, this 

shows that all points in the free surface are above the origin. 

The equation obviously denotes- a paraboloid of revolution 
formed by the rotation of the parabola 

2P 

V* = —about the z axis. 

The latus rectum of the parabola is — 


From equation ( 2 ) it also follows that all surfaces at equal 
pressure are paraboloids of revolution. 

If the vessel contains a gas, then we have the additional 
condition p = kp, 

and equation (i) becomes 

^ ^ a)^{xdx + ydy) — gd^ • 

.2y2 \ 

-gZ] 


p k 

Integrating, we have log ~ ^ ^ 


2 


so that, as before, the surfaces of equal pressures are para¬ 
boloids of revolution. 

But, since p = kp 


lo-^ = ^ 

A - T 



SO that the surfaces of equal density are also paraboloids of 
revolution. 

The constant A will be determined by means of some given 
condition, such as a knowledge of the pressure at some point, 
or the total mass of the fluid. 


Ex. XIV. A closed right circular cylinder of radius a, and height 
h is just filled with liquid of density p. The cylinder and liquid 
then rotate with angular velocity co about the axis which is vertical. 
Find the total thrusts of the liquid on the bottom and on the top. 

Taking the origin at the centre of the top surface, and measuring z 
downwards, we have 

p a)h^ 

^ ^ ... ... ... ... (i) 

there being no additive constant, since p = o when r = o, z = o. 
The pressure at any point at depth A is therefore given by 

^ . ( 2 ) 

p z 
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Consider an annulus on the base of radius r, and width Sr. 

Its area is 277r8r, and the intensity of pressure at any point of 
it is given by ( 2 ); 

'a 


total thrust on the bottom = 27Tp 


= 2TTp[ S-' 


2TTp\ 
_ irpa' 

~ T" 


For the top surface z = o and 


\ 8 


total thrust 


27rp 


a 


dr 


= ^TTpCD^a^. 

Ex. XV. A conical vessel, of height h and vertical ang:le 2a 
contains water whose volume is one-half that of the cone ; if the 
vessel and the contained water revolve with uniform angular 
velocity, and no water overflows, show that a> must not be greater 


than 


V 3 ^ 


cot a. 


Measuring z upwards, and taking the origin at the vertex, we 
obtain as the equation giving the pressure at any point, 

p = — gz] + C . (i) 

Taking the pressure at the free surface as /7, we have at any point 
in this surface, 

n = — gzj + C . ( 2 ) 

If the liquid just reaches the top of the cone, then p = /Jwhen 
z — h and r — h tan a. 

n == p —gAj + C . (3) 

which gives one relation between a> and C. 

Equation ( 2 ) is the equation of a paraboloid of 
revolution. 

Its trace on the zx plane is, from equation ( 2 ), 
- == IcjV — gZ, 



i.e. 


= ^(z + ^l:^\ 
PS J 


(4) 


From this equation the volume Vj of the 
paraboloid generated is given by 


'fU + IziS)' 

PS J 
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If V is the volume of the cone, then 

V = jTT^^tan^a. 

But V = 2 Vi 

-ttA* tan*a = A + 

3 pg J 

which gives a second relation between o) and C. 
From ( 3 ) and ( 5 ) we obtain 

i/ax 2 , ^co^Atan^a 

i/jnan^a = -^( i + i- 

co^ \ ^ g 

_ oj^h^ tan^ a 


whence 




Ex. XVI. An open right circular cylinder of radius a and height 
h rotates with angular velocity ct>. Find the greatest volurre of 
liquid it could contain assuming the liquid also to rotate with 
angular velocity o) with the cylinder. Distinguish the case when 
the bottom is wholly covered with liquid from that when it is only 
partly covered. 

Measuring z upwards and taking the origin at the centre of the 
base 

P = + c.(i) 

At the free surface, p = TI and 
77 —C o)* 

= io(** + y") — z- . ( 2 ) 

The volume of the paraboloid of revolution (when the bottom is 
wholly covered by liquid) is, by the previous example. 


For a given velocity the greatest volume of liquid is that which 
just reaches the top of the cylinder. 

In that case = a* and z = h, 

so that from ( 2 ) 

^ , / 7 -C a>»a 2 

h H-- - 

pg 

and the volume of the paraboloid is 


The volume of water contained 

TTOJ^a* TTO^, , o 

= TTorh -= - — co-a 

ig ig ^ 

Now suppose the bottom is partly uncovered. 
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The section of the surface by the base given by (2) where 2 = o, is 


n 


y*), 


which is a circle of radius b, where 


6 * = 


2(77—C) 

pco* • 


The trace of the paraboloid on the xz plane is 

x*=^^ + b\ 
or 

and the volume 


= ttJ xHz = Trj ^^2 + b^dz = TT + 6*/*^ 

volume of water 

= -na^h — = 77A|(a* — 6*) — 


Note 5. The angular velocity 6> required to empty the cylinder is given 

eh 

by o* *= 6 = a, so that co must be infinitely great. 


Ex. XVn. Liquid is contained within a thin circular tube in a 
vertical plane which can rotate about a vertical diameter. If the 
liquid subtend an angle 2a at the centre, prove that it will separate 


into two parts if the angular velocity exceeds 
is the radius of the circle. 




sec where a 
a 2 



Take horizontal and vertical 
axes through O, the centre of the 
circle, and measure y downwards. 
Then 

dp = p[o)Hdx + gdy) 

... p = 4. c. (i) 

Writing 

^ = a sin 0, y a cos 0 , 


P = p{ - - -t-g«cos0j + c ... 


(2) 


sin* a + ga cos a) > 

and = pj — (sin* 0 — sin* a) + ga (cos 0 — cos a) j- (3) 
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If $ ss o, we obtain the intensity of pressure (Pq) at the lowest 
point of the liquid, 


i.e., pQ = p^ga{i — cos a) — sin 

The liquid will therefore separate into parts if the angular 
velocity is such that 


is negative 
i.e.» if 


i.e., if 


ga{i — cos a)-sm*a 

2 


a cin2/» 


> — sec* -- 


Ct> > 


a sm^a 
a 

a 2 
/ ^sec— 


Problems XI. 

1. The pressure and density of a certain point on the earth's 
surface are p^ and respectively. Assuming that the atmosphere 
obeys Boyle's Law, find the pressure at height h, 

2. Assuming that the temperature in the atmosphere is constant, 
prove that the relation between the pressure p, and the height z 

above sea-level is ^ ^ where p^ is the pressure at sea level. 

Taking log^Q^ == *4343 and the constant * to be 8000 metres, 
calculate the barometric height at the top of the Jungfrau, 4160 
metres high, when the barometer stands at 760 mm. at sea level. 

3. The section of a dam is a right-angled triangle with the water¬ 
side vertical and the hypotenuse inclined to the vertical at an angle 
a. The dam is constructed of masonry of specific gravity 4*5. 
Show that in order that the weight of the dam may be sufi&cient to 
prevent the water from overturning it, tan a must be greater than 
i, and assuming the masonry merely to rest on rough ground and to 
be prevented from sliding backwards by friction (coefficient of 

2 

friction p) show that tan a must also be greater than —. What 

9 /^ 

would be the minimum values of tan a, if the depth of the wateir, 
at its highest level, was three-quarters the height of the dam ? 

4. A trap-door in the side of a water-tank is 2 feet square and 
is kept in place by forces applied at the top and bottom edges. 
Calculate the magnitudes of these forces, when the surface of the 
water is 4 feet above the upper edge of the trap door, assuming that 
36 cubic feet of water weigh a ton. 

5. A layer of liquid of depth 21 inches rests upon a liquid of 
three times its density. A rectangle is immersed in both liquids 
with one pair of sides, of lengA 10 inches, vertical. Find the 
lengths into which the vertical sides are divided by the botmdary 
between the liquids if the thrusts on the two portions are equaL 
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6. Each gate of a lock is 20 feet high, and 6 feet wide, and is 
supported on pivots, situated 2 feet from the top and bottom. The 
angle between the gates when they are closed is 140°. If the depths 
of water on the two sides are 17 feet and 5 feet respectively, find the 
magnitude and position of the resultant water pressure on each gate, 
the magnitude of the reaction between the gates and the magnitude 
and directions of the reactions at the pivots, on the assumption 
that the gate reaction acts in the same horizontal plane as the 
resultant water pressure. 

7. A triangle is totally immersed in water with its base horizontal. 
Show that the depth of its centre of pressure is the same as that of 
the centre of gravity of particles placed at the middle points of its 
sides, whose masses are proportional to the depths of tiiese middle 
points. 

8. Prove that the centre of pressure of a triangular area occupy¬ 
ing any position in a fluid is the centre of gravity of three particles 
placed at the middle points of the sides, their masses being pro¬ 
portional to their depths. 

ABCD is a trapezium whose sides have the lengths : AB = 24, 
BC = 13, CD = 10, DA = 15 ; the parallel sides are AB and CD ; 
the trapezium is placed with A in the surface of water and AB 
vertically down. Prove that the depth of the centre of pressure is 
15*08, and that its distance from the line joining the mid-points 
of AD and BC is o*68. 

9. A vertical rectangular dock gate has a depth of 30 feet and a 
breadth of 40 feet. On one side the depth of the water is 24 feet 
and on the other side it is 6 feet. Find, by integration, the resultant 
thrust on the gate and the point where it acts. Take the sp. gr. 
of the water to be 1*025. 

10. ABCD is a trapezium in which AB is 8, CD 12, and AD and 
BC each 5 feet. It is placed vertically in water with AB in the 
surface. Find how far it must be lowered from this position, still 
being vertical, to make the distance from the centre of gravity and 
the centre of pressure less than i inch. Neglect atmospheric 
pressure. 

11. A square whose sides are of length a is immersed in a liquid 
in a verticd plane with one comer in the surface and with one 
diagonal vertical. Find the depth of the centre of pressure. 

12. A triangle of height 4 feet is immersed in a liquid with its 
base parallel to the surface and at a depth 3 feet, the opposite 
vertex being at a depth of 6 feet. Show that the centre of pressure 
is at a distance of 2 inches from the centre of gravity. 

13. A triangle of base a and altitude h is immersed in a liquid 
with its base horizontal, its vertex uppermost, and at a depth A. 
Find the depth of the centre of pressure. What would the depth of 
the vertex have to be in order that the height of the centre of pressure 

ih 

above the base should be — ? 

24 
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14. Show that the depths of the centre of pressure of a lamina 
totally immersed in water with its plane vertical is greater than the 
depth z of the centre of gravity below the free surface of the water, 
by an amount which varies inversely as z ; atmospheric pressure is 
neglected. 

A circular lamina of radius i foot is totally immersed in water 
with a horizontal diameter fixed at a depth of 3 feet. Show that if 
the lamina be rotated about this diameter, the centre of pressure 
always lies on a fixed vertical circle of diameter i inch. 

15. A rhombus, immersed in water, has a vertex in the surface 
and the diagonal (length Z) through that vertex, vertical. Prove 

that the distance of the centre of pressure from this vertex is 

16. ABCD is a quadrilateral which has its side AB in the surface 
of a liquid and the sides AD and BC vertical and equal to a and b 
respectively. Prove that the depth of the centre of pressure is 

(^2 4. ^ ly 

2 (a* + -f- 


17. A parallelogram has its comers at depths d^, d^ 

below the surface of a liquid and its centre at a depth d. Show that 
the depth of the centre of pressure is 

(^ 1 * + + ^ 8 * + ^ 4 * + Sd^)li2d. 

18. If a, ft, c, d be the depths of the four comers of a quadri¬ 
lateral immersed in water, prove that the depth of the centre of 

pressure is J 27 a — ^ Sab where h is the depth of the centre oi 

gravity. 

19. A square whose side is 2a is immersed with its plane vertical 
in water and its centre C is at depth h. Shew that, if the square 
be rotated about C in a vertical plane, the depth of the centre of 


pressure is constant and equal to 


3^i±A*. 

3 ^ 


20. One face of a rectangular box of depth d is hinged about its 
upper edge which is horizontal. A force F applied at the middle 
point of the lower horizontal edge and at right angles to its plane 
just causes the face to rotate. What is the greatest depth of liquid 
of density p that the box could hold ? 


21. A square whose side is of length a is immersed in a liquid, 
in a vertical plane and with two of its sides horizontal. It moves 
downwards with constant velocity V. Express the velocity of the 
centre of pressure in terms of its depth x below the surface. 


22. A sluice-gate is of width a and depth ft; the water stands 
on one side of it to a depth h above its lowest edge and on the other 
to a depth ft'; if it be supported at both its upper and lower edges, 
find the necessary horizontal forces to be applied at these edges to 
give equilibrium. 
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23. A dosed right circular cylinder, axis vertical, is just filled 
with liquid and the whole rotates about the axis of the cylinder. 
Find the angular velocity in order that the total thrust on the 
bottom shall be twice the weight of the liquid. 

24. An open right conical vessd of radius r and depth d is filled 
with water and the whole rotates about the vertical axis. Find the 
greatest angular velocity la in order that water should be at the 
brim. Find the volume of water that runs out when the angular 
velodty is (i.) \ta, (ii.) 2a». 

25. An open hemispherical bowl of radius r contains liquid and 
the whole rotates about the vertical radius with angular velocity <a, 
the brim being in a horizontal plane. What is the greatest amount 
of water that the bowl could contain ? Also find the angular velocity 
in order that the depth of liquid at the centre should be d. 

26. A circular cylinder, closed at the top, is of height h and 
radius a; it is just filled with liquid and revolves with uniform 
velocity w about its axis. If the thrust on the base be n times that 

on the top, show that at is equal to 


? 

a\ n —I 


27. Prove that, when a liquid rotates with imiform angular 
velocity about a vertical axis, the surfaces of equal pressure are 
paraboloids of revolution. 


The whole circmnference and a diameter of a circle are formed 
by fine uniform tubes, communicating freely with one another. 
The diameter is vertical, and initially the tubes are filled with water 
to the level of the centre of the circle. Prove that all the water 
will be driven into the circumference, if the circle is made to rotate 
about its diameter with an angular velocity greater than 



2g 

a(i — sin 


}• 


where a is the radius, and 6 is the unit of circular measure. 


28. Obtain the answer to Ex. XIII, page 217, by using result 
(4), page 213. 



CHAPTER XII 


HYROSTATICS II 

84. Resultant Pressures on Curved Surfaces. In deter¬ 
mining the resultant fluid pressure on any curved surface, 
the resultant vertical pressiure and the resultant horizontal 
pressures in two directions at right angles are found. 

In general, these three forces cannot be compounded into a 
single force To find the resultant vertical pressure due to 
a heavy liquid, consider the equilibrium of a vertical cylinder 
of the liquid of which the base is the surface considered. 
Resolving verticall5', we see that the component of the 
pressure in the vertical direction must balance the weight of 
the cylinder of hquid. 

Therefore the vertical component of the pressure is the 
weight of the column of hquid contained witMn the vertical 
lines drawn from the boundary of the area to the free surface 
and acts in the vertical fine through the centre of gravity of 
the liquid. 

To find the resultant horizontal pressure in any given 
direction consider the equihbrium of a cyhnder of the hquid 
contained within horizontal hnes drawn from the boundary 
of the surface paraUel to the given direction to meet any 
vertical plane. 

Resolving horizontally, we observe that the horizontal 
pressure on the vertical section must be balanced by the 
resultant horizontal pressure of the given surface on the 
hquid, as all other forces act in vertical planes parallel to 
the vertical section. 

Hence the resultant horizontal pressure on a surface in 
any given direction is equal to that on its projection perpen¬ 
dicular to the given direction and acts through the centre of 
pressure of that plane area. 

For let A and A' be the curved surface and its projection 
respectively. Consider an element 8A of A, and let 8A be 
its corresponding projection. The elementary volume of 
fluid enclosed within the horizontal hnes joining SA and SA 
is in equihbrium under the normal pressures on its surfaces 
and its own weight. Resolving horizontally, we see that the 
horizontal pressures on SA and 8A' must be equal and opposite 
Hence the resultant horizontal pressures on A and A' must 
also be equal in magnitude and opposite in direction, so that 
the resultant horizontal pressure on A acts in the line through 
the centre of pressure of A . 


329 
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Ex, L A right circular cone filled with liquid is held with its 
~ axis horizontal; to find 

the resultant pressure 
on the lower half of 
^ the curved surface. 

Let A be the axial 
length of the cone, and 
a the radius of the 
base. 

The forces keeping 
the lower half of the 
liquid in equilibrium 
137 - are as follows :— 

(1) The horizontal pressure, X, on the base where 

acting at a point in the vertical diameter, the distance of which 
below the centre of the base is given by 

y = 3^ -f l6 \ j 

4 \3^ + 4 / 

(2) The vertical pressure, Y, on the triangular area AOBC 
where 

Y = gpa^h 

acting at a point in the axis OC, at a distance JA from O. 

(3) The weight of the liquid, W, where 

W = ^TTgpa^h 

acting in a vertical plane at a distance JA from the base. 

(4) The pressure of the curved surface on the liquid. 

The resultant horizontal pressure on the curved surface will 
therefore be equal to X and the resultant vertical pressure will 
be Z, where 


Z Y + W 




acting at a distance x from the base, the distance x being found 
by taking moments about the line AB. 


We have 




gpa% • * 


i Trgpa^h . 


V 4. ~ A TT + 8 

so that % = - . ——• 

4 TT + 6 

Now the pressures X and Z act in the vertical plane through the 
axis of the cylinder and their point of intersection is x, y as foimd 
above. 

Combining X and Z we thus find the resultant pressure on the 
lower half of the curved surface. 
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Thus, let R be the resultant pressure, making an angle 0 with 
the axis, and suppose further that h a. 

Then R cos 5 = X . (i) 

R sin 0 = Z . (2) 

so that 

R* = X* + Z* = 1 ^* ( 3 ^ + 4 )|* + 1 ^* {n + 6)|* 

R = 4- 367r + 52) 


and 


tan0=|= 

X 37 r +4 


Ex. n. A vertical semicircle of radius a is immersed in water 
with its diameter in the surface. If the semicircle is the plane 

face of a spherical quadrant find the 
resultant pressure on the curved surface. 

Take the centre as origin, the radius 
bisecting the surface area as the axis 
of X and the vertical radius as the axis ofy. 

The pressure parallel to Ox is equal 
to the pressure on the vertical semicircle 
since this area is the projection on a 
vertical plane of the curved surface. 
This pressure is therefore 

4^ 2 a 



Fig. 138. 

and the co-ordinates of its point of action are 


3 

o, 

16 


(See Ex. XII. Art. 80.) 


The resultant horizontal pressure on the curved surface in the 
direction perpendicular to Ox is evidently zero. 

The resultant vertical pressure = the weight of the fluid. 

= i 

and acts in the direction of the line x = fa. 

These two forces lie in a plane, and meet in the point 

^ y= _ 

and they are therefore equivalent to the single force JV 7 r^+ 4 gpa^. 
If 0 is the angle which the force makes with the x axis 
then tan d = \it. 

But ^ = ^77 and therefore the resultant fluid pressure acts 

through the centre of the sphere, as is otherwise obvious, since all 
the fluid pressures are normal to the surface and therefore pass 
through the centre. 


85 . Equilibrium of Floating Bodies. If a body is floating 
in a heavy fluid at rest, two conditions determine its equili¬ 
brium. 
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1. The weight of the body must be equal to the resultant 
fluid pressure and this pressure is equal to the weight 
of fluid displaced. 

2. The centre of gravity of the bod}" must be in the same 
vertical line as the centre of gravity of the displaced 
fluid. 

In the case of a solid body floating in water, or other liquid, 
and only partially immersed, the weight of the body is equal 
to the weight of liquid displaced, together with the weight of 
air displaced. In the exercises which follow the weight of air 
displaced will be neglected. 

If a body floats in a homogeneous liquid, the plane in 
which the body is intersected b}^ the surface is called the plane 
of flotation, and the centre of gravity of the displaced liquid 
is called the centre of buoyancy. 

Ei. m. A square board is placed in a liquid of 4 times its own 
density. Show that there are three different positions in which it 
<5 will float with one comer only below 

the surface. 

Let ABCD be the board with A 
in the liquid, and LM the line of 
intersection of the surface of the 
liquid with the square. 

Let AL = h, AM = a, and AB = c. 
Then, from the first condition, 
since the liquid is 4 times denser 
than the solid, 

A lam = i sq. ABCD 

2 = c*. (i) 

Fig. 139. The second condition is that GG' 

shall be perpendicular to LM, G being the centroid of the board, 
and G' the centroid of the triangle LAM. 

If A be taken as the origin, and AB, AD as axes, 

0 c 

then the co-ordinates of G, are — , — 

2 2 

and of G' - , - . 

3 3 

and the equation of GG' is 

( c b\ f c a\ cb ca , . 

But the equation of LM is 



and, if the lines GG' and LM are perpendicular. 
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i.e^, fc(3c — 26) — a(3c — 2a) = o, 

i.e., 2 (a* — 6*) — 3c{a — 6) = o. 

Hence, one solution is a = b; 
but 2 ab = c* from (i) 

•*. a^b ^ -^c. and AC is vertical. 

V2 

The other is given by 

2(a + 6)=3(; 
and 2a6 = c* 


from which a = c\ fc = -• 

2 



so that there are three different positions of equilibrium. 

Ex. IV. A solid body in the form of a right circular cone of 
height h is floating with its axis vertical and vertex downwards 
in a lake of water. Find the work done in pushing it down very 
slowly until it is just immersed. 

Let a be the semi-vertical angle of the cone, W its weight, and h 
its height; s the density of the water, S the density of the cone 
and z the depth of the cone in the water. 

Volume of cone = ^TrA^tan* a. 

Volume of water displaced = jTrz^tan^a. 

weight of cone = W = weight of water displaced 

= ^7rz®stan*a. . (i) 

and weight of cone = tan* a . (2) 



Let the cone be depressed a further depth x 
then resultant vertical force == weight of excess liquid displaced 
= J7rs[(z + -- tan* a 

== J^5(32’*x -f + X*) tan* a. 

Then, work done duiing a small vertical displacement hx is 
+ yx* -f- X*). tan*aSx. 
total work done during immersion 

*= Jtts tan^l (32:*x + yx^ -f- x^)dx 
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= tan*o(A— zY\ 6 z^ + 4* (A — z) + (A — ^)*j 
= ^7rstan®a{A — z)^($z^ + zhz + A®) 

= ^iTS tan* a A* ^3 + 2^ + 

But I = = k (say). 

and W = J77A®S tan®o. 

AW/ \*/ \ 

total work done = — *) i 3^* + 2A + 11 

AW/ i\ 

= 7(3^-4 + ^j* 

86. Body Floating Under Constraint. If, for instance, 


a solid is floating in liquid, and is partly supported by a 
string attached to some fixed point, since the weight of the 
body and the fluid pressure act in the vertical direction, it is 
evident that the string must also be vertical, and the tension 
in it will be equal to the difference of the weight of the body 
and that of the liquid displaced. 

If two or more constraining forces act, their resultant 
must act in the vertical direction. 


Ex. V. A uniform rod, capable of turning about one of its ends, 
which is out of the water, rests inclined to the vertical. If its specific 
gravity is 5/9, find the length immersed, the cross section being small. 

Let 2I be the length of the rod, a its cross-sectional area and 
let w be the weight of unit volume of water, then weight of rod 

= 2 law . “ • 

9 

Let 2 x be the length immersed. Then weight of water displaced 

= 2 xaw. 

Taking moments about the supported end for the equilibrium 
of the rod, we have 

2 law , ^ . I — 2xaw{2l — x), ... ... ... (i) 

from which (^x^ — iSlx + 5/^ =0 

i.e., {zx — l){^x—$l)=^o. 

Hence x = \l or x = - 1 . 

3 

The larger value being inadmissible, one third of the rod is immersed. 


Note i. If 6 is the inclination of the rod to the horizontal then both sides 
of (i) contain the term cos 0. Hence one solution of the equation is cos 0 = o 

or 0 = so that a possible position of equilibrium is that for which the 


rod is vertical. If h is the height of the end above the water. 


87 . Podtioii of Egailibriom of a Floating Body. In 

general, a body which will float in a liquid will float in more 
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than one position. In all cases, however, the weight of the 
hquid displaced is equal to the weight of the body, and there¬ 
fore the volume of the liquid displaced will be constant. 

All planes which cut off this constant volume from the 
body are possible planes of flotation, and equilibrium will be 
possible if the line joining the centre of gravity of the body 
and the centre of buoyancy are vertical. The following 
theorem in connection with the equilibrium of a floating body 
is important. 

If a plane cut off a volume V from a body and if the plane 
be turned through a small angle about a straight line in itself, 
then the volume V will remain the same if the straight line 
passes through the centroid of the area of the plane section. 

Let the cutting plane be turned through a small angle 6 
about a line Ox in the plane. 

Then if 8A is an element of the plane of rotation, the whole 
additional volume cut off = where y is the distance 

of that element from Ox. But this is zero over the whole 
area, 

.*• 6 I ydA = 0, 

or JyiA = o 

which is the condition that the centroid of the cutting plane 
should lie on Ox. 

88 . Stability of Equilibrium of a Floating Body. A 

floating body can be given two displacements, a vertical 
and a rotational one. Any particular displacement might 
involve both, but we shall suppose that, if the displacement 
is small, the two changes in position can be treated separately. 

For a small vertical displacement the forces acting will 
tend to make the body return to its original position. If, 
for instance, the body be depressed, an additional upward 
fluid pressure will be exerted equal to the weight of the excess 
fluid displaced. In any case, the forces acting tend to restore 
the body to its original position, therefore the body will 
always be in stable equilibrium, and will oscillate about the 
position of equilibrium if slightly displaced. 

For a rotational displacement we shall assume that the 
volume of fluid displaced remains unchanged and therefore 
that the axis of rotation passes through the centroid of the 
plane of flotation. The centre of gravity of the floating body 
is also supposed to be in the same vertical plane as the centre 
of buoyancy. 
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Fig. 140. 


Imagine a small angular 
displacement 6 to be given 
to the body about a hori¬ 
zontal axis, symmetrical 
b" with regard to the plane of 
flotation and perpendicular 
! to the plane of the paper. 

ACB is the original plane 
of flotation, A 'CB' the new 
one. G is the centre of 
gravity of the floating 
body, W its weight, H is 
the original centre of 
buoyancy and H' the new 


one, which is assumed to be in the same vertical plane as 
H and G. Through H' draw a vertical line cutting the 
original axis of symmetry through HG in M. Then the point 
M is called the Metacentre. If M is above G, the forces 
acting on the body are an upward force through M and a 
downward force through G, both equal to W, (since the 
volume of liquid displaced by the rotation is unaltered), i.e., 
a couple tending to restore equilibrium. Now moment of 
restoring couple 

== W.^sin0 

= W . MG d, since 6 is small. .. (i) 


This moment may be otherwise expressed, for it is the 
same as that due to the weight of the wedge of liquid ACA' 
acting downwards and of BCB' acting upwards together with 
W acting upwards at H and downwards at G. Since the 
volumes of the wedges are equal these forces also reduce 
L to a couple. 



Let LBN A represent the plane of flotation, 
and let LN which passes through its centroid 
be the line about which the surface is rotated. 

Let PR and QS be two lines at right 
angles to LN and take LN as the y axis. 
Then area of PRSQ = x 8 y. 

If the body is turned through an angle 
9 , then the weight of the element of the 
wedge = 6 w 8 y, 

where w = weight of unit volume of the fluid. 
The moment of this force about PQ 
= • iSy . x^dw, 

the moment of the weight of the wedge 




about LN 



Fig. 141. 
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I \x*dy 


*37 

! moment of inertia of the surface LBNC 


AA* A 

about LN ==-, where — is the area of the surface LBNC 

2 2 

and k is the radius of gyration ; 

moment of restoring couple = w 6 . A^* — W. HG 0 . (2) 
Hence, from (i) and (2) 

le; 0 . A * * — W. HG. 0 = W . ^ 0 
wKk^ = W . HM . 

Now W = tc'V, where V is the volume of the displaced 
liquid 

uTi/r A** 

HM = -y-. 

A^* 

If -y' > HG, the equilibrium is stable, since the restoring 

couple diminishes 0 ; 

Ak^ 

if y- = HG the equilibrium is neutral; 

Ak^ 

if -y- < HG the equilibrium is unstable since the restoring 
couple increases 0 . 


Ex. VI. Find the condition for the stability of equilibrium of a 
cylinder floating in water with its axis vertical. 

Let I be the length of the cylinder, a its radius, x the depth 
immersed, and s its specific gravity. 

Since weight of cylinder = weight of water displaced, 
iraHs = Tra^x, 

X = Is, ... ... ... ... (i) 


For stability of equilibrium 

AA* 


>HG; 



ttu^x 



X 

2 


i.e., a* > 2x{l — x), 

i.e., a > lV 2 s(i — s) 

Thus it s is f < |a, so that the length must be less than three- 
quarters of the diameter. 

Ex. Vn. A cube floats in water with two faces horizontal. 
Find the conditions imder which the equilibrium is stable or 
unstable. 

Let a = length of edge of cube, x s length immersed and s ssa 
specific gravity of the solid body. 

Now weight of body = weight of water displaced. 
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ah = 

aH 

X = 

as. 



HM —■ 

Ak^ ' 12 

XX Xu — 

V ~ a^x 

HG = 

J(a — x). 


Again = ^ = = 

Also HG = — x). 

Equilibrium is stable, neutral or unstable 


or < HG. 


according as HM > = or < HG. 

CL^ 

i.e., ^ 

i.e., „ „ a* > = or < f>x{a — x) 

i.e., „ „ a* > = or < 6a*s{i — s) 

i.e., „ „ s* — s + J > = or < o. 

Hence, for stability, s cannot lie between 

i+ifi and -- 4 - 
2 6 26 

Between these values the equilibrium is unstable. 

Ex. Vin. A cone of specific gravity 5, whose height is h and the 
radius of whose base is r, floats in liquid of specific gravity S with 
its axes vertical and vertex upwards. Prove that the equilibrium 

is stable if 


Let be the radius of the base of that 
portion of the cone above the water, and 
Vi its volume. 

Let X be the depth immersed, Vg the 
volume of water displaced. 

Let H be the centre of buoyancy, G the 
centre of gravity of the cone, and A the 
centre of the base. 

Now ~ = —^—. (i) 


^2_|_ 



A. 

Fig. 142. 

Taking moments about A to find the length AH, we have 
(V, + V,)AG = + V, AH ; 


All = - - 5 

4 4 V5, 

HG = 3 ^ x . 


4 / 

since AG 
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Again HM = ^* = 

Vg 4*^2 

For stability of equilibrium 
HG < HM, 

4V*<4V,’ 


since Vj = \Trr^{h — x) 

h^x < p 

h — X 

h<‘ + r* ^ ~T~ . 

Now weight of liquid displaced = weight of cone, 
in^r^h — Ti^h — = ^Trr^hs, 

whence * 

erefore *2^772 < 


therefore 


T. < C- 7 - 1 ' 


, from (2). 


••• (2) 


89. Experimental Method by which the Position of the 
Metacentre is Determined. The position of the metacentre 
of a ship can be found experimentally by moving a weight 
across the deck and measuring the angle through which the 
ship rolls by means of a plumb line. 

Let W be the weight of the ship and W' the weight of the 
movable mass. 

Let 0 be the angle of deflection of the ship. 

If I is the length of a plumb hne, and s the arc through 
which it swings, then 

5 

0 — 6 being measured in radians. 

Let G be the original centre 
of gravity, and H the original 
centre of buoyancy. 

Let GH cut the deck at B. 
Then, if the weight W 'be moved 
a distance c across the deck, the 
centre of gravity will move from 
G to G', H will move to H', 
and H'G' will cut HGB in the 
metacentre M. 
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Taking moments about G' for the equilibrium of the ship, 
we have 

W . GM . sin 0 = W'. (c cos 0 + 6 sin 0). 

W' fc \ 

.% GM + as^is small. 

W'c 

= approximately, since 6 may for all 

0 

practical purposes be neglected in comparison with ^ • 

_ W'cZ 
“ Ws ' 

Thus in H.M.S. Achilles of gooo tons displacement, 20 tons 
moved across the deck a distance of 42 feet caused the bob of 
a pendulum 20 ft. long to move through 10 inches. 

. 20 42 X 20 X 6 , . 

GM =- X - - = 2-24feet. 

9000 5 ^ 

90. Vertical Oscillations of a Floating Body. A body 
floating in liquid is slightly depressed. To find the period 
of oscillation. 


Fig. 144. 

Suppose that the surface AB of the liquid remains at a 
constant height while the body is depressed a small distance 
X below AB. As x is small, the additional liquid displaced 
may be considered to be cylindrical. 

Let V be the volume of the liquid displaced when the body 
is floating freely, and p its density. 

Downward force acting on the body 

= weight of the body — the weight of liquid displaced. 
= — gpKx, 

where A is the area of the plane of flotation 
Hence, the equation of motion is 
dH 

M ^pA^, .. .. ., 

when M is the mass of the body. 

But weight of body = weight of volume V of the fluid 
Mg =-- gp\ 

M = pV. 




or 
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equation (i) becomes 

dH _ gk 


di^ 




which is that of Simple Harmonic Motion and of which the 
solution is = C sin ^ I 

/. the periodic time is 27 r^^^' 


Ex. IX, A conical buoy, 4 feet high with a base 3 ft. in diameter, 
floats with its axis vertical and point downwards in a smooth sea. 
The buoy weighs 300 lb., and the sea water weighs 64 lb. per cubic 
foot. If the buoy is slightly depressed, find the time of a vertical 
oscillation. 

Let r ft. be the radius of the plane of flotation, and h ft. the depth 
immersed; then 


(I) 


- ii - 3. 

““ 4 8 

If V is the volume of the liquid displaced and A the area of 
flotation, 

/xr /_27. /z. 

( 2 ) 


„ /V Int^h ^ Ih 

V Ag V V 3g 


But weight of the body == weight of sea water displaced 
. 300 = V X 64 

= iwr^h X 64 
900 
647r’ 

- 

from which the periodic time is determined by substituting in (2). 


= 


But r = IA 


91. Equilibrium of a Perfect Gas: Work done in Expan¬ 
sion. 

The Fundamental Equation of a Perfect Gas, 

The characteristic equation of a perfect gas is 

pv = RT 

where T is the absolute temperature of the gas, p is the 
intensity of pressure, v is the volume of unit mass (often 
called its specific volume) and R is a constant depending on 
the nature of the gas. 

This equation is derived from the two laws of Boyle and 
Charles. 

The second of these is to the effect that different gases 
expand between any two given temperatures in the same 
proportion^ if the pressures remain constant. The rate of 
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expansion per degree Centigrade is *003665, or about t+t, of 
the volume of the gas at o°C. 

Hence if Vo denote the volume of the gas at 0° C. and v 
its volume at C., we have 


V = V 


0 





Similarly if »' denote its volume at t'°C 



Denoting 273 + ^ by T, where T is the absolute temperature, 
we have 


V' ~ T' 

so that the volume of a gas is proportional to its absolute 
temperature. 

But, by Boyle's Law, v varies inversely as the intensity of 
pressure p, the temperature remaining constant. 


V = k—, where ^ is a constant. 

If w is the volume of unit mass, this is writteft 

pv = RT . 


N OTE 2. The value of R for any gas can be found by substituting any known 
values of p, v and T. Thus for atmospheric air at o* C., where tbe height of 
the mercury barometer is 76 cms., since the density of the air is *00129 grams 
per C.C., under those conditions, 

R „ -T g X ^3-59 _ „ 

•0012g X 273 

approximately, the unit of force being a gramme weight. It is well to note 
that, in the case of an ordinary gas, equation (i) is only approximately true. 


If, during the expansion of a gas, the temperature remain 
constant, the expansion is said to be isothermal ; the operation 
must necessarily be performed so slowly that no heat is 
absorbed during the process. If on the other hand, a given 
mass of gas expand, no heat meanwhile being either allowed 
to escape from it, or enter it from outside, the expansion is 
said to be adiabatic. Such an expansion must evidently 
take place very rapidly. 

When the expansion is adiabatic, the equation connecting 
the pressure and volume of the gas is 

^ 0 , • • • • • • 

where y is a constant, being in fact the ratio of the specific 
heat of the gas at constant volume to the specific heat at 
constant pressure. 

The value of y for air, and several other gases (oxygen, 
hydrogen, etc.) is approximately 1*41. The reader is referred 
to works on Thermodynamics for a proof of equation. (2). 
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By combining equation (2) with the fundamental equation 
pv = RT, we obtain the adiabatic relations between the 
pressure and temperature and between the volume and 
temperature. Thus, if the initial and final states be denoted 
by po, t»o, T», px, Vi, Tj, respectively we have 

PiP^ = 



Work done in the Expansion of a Gas. 

Imagine the gas to be contained within a vessel, capable of 
expansion, the intensity of pressure on the vessel being/>. 

During the small expansion of the gas let each element of 
area, SS, of the containing vessel be forced outwards. 

Let hn be the length of the normal to the surface at any 
point P contained in the element of area 8 S. 

Then the work done by the pressure on SS is phShn, But 
SSSw is an element of volume, and if v is the initial volume 
of the gas, and Sv the expansion 

2*85 . Sn = 8 ?;. 

Again, the intensity of pressure is the same on every element 
of the containing vessel so that the work done in expanding 
from v to V “f Sv 

— UpSSSn = p 2 J 8 S 8 n = p 8 v. 

Hence the total work (W) done by the pressure of the gas 
in expanding from a volume to a volume Vi is given by 



If p is measured in dynes per square centimetre and v 
in cubic centimetres, the work is in ergs. 

Work done during an Isothermal Expansion. 

If the temperature during the expansion is constant, 

pv 

80 that (i) becomes 

W= f^=CIog^ = A^',Iog^^ 

J V, 


9 • 


( 6 ) 



244 


MECHANICS VIA THE CALCULUS 


Similarly the work done on a gas during a compression 
from Vo to V, is 

W = Clog?^ = ^i..logl*. (7) 

Vi Vi 

Note 3 The amount of work done may be represented in a diagram by 
taking the volumes of the gas as abscissae and the corresponding intensities 
of pressure as ordinates, and describing the curve pv The curve so 

drawn, which is called an isothermal line will be a rectangular hyperbola, and 
the work done will be represented by the area enclosed by the curve, the axis 
of volumes and the ordinates corresponding to the valves vq and i ^ 


Ex. X. An air-tight piston, of weight W, slides smoothly in a 
cylinder whose axis is vertical, it is at rest at a height h from the 
base of the cylinder, being supported by the compressed air beneath 
it. An additional weight W is placed on the piston and the new 
position of equilibrium is at a depth k below the former Find the 
ratio of the latter pressure of the air in the cylinder to atmospheric 
pressure 

Let n be the atmosphenc pressure , let A be the area of cross 
section of the cylinder, pQ,Pi the pressures, and v®, the volumes. 

Since piVi = PqVq 

(x +=(?+^y ■ *• 

'^i 2 h — 2 k — h)=n{h — h + k) 

w kn 

A “ A — 2A ■ 


But 


Pi = 


2 W 

A 


+ n 




h — 2k 


2k 

n 



ratio required = 



2K 


Work done during an Adtabahc Expansion. 


Here 
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c r I _ I ” 

y—i v,Y-i 


But 


c = 

■^(PoVo—piVi). 


W = 


( 8 ) 


( 9 ) 


If we consider one gram of the substance, then since 
poVo = RTo and p^v^ = RT^, 
where To, Ti are the initial and final temperatures, we also have 

W = ~{To-T0. (10) 

R, the characteristic of the gas, being found as before 
mentioned. 


Ex. XI. Find the work done by 3 cubic feet of air at a pressure of 
120 lb. per sq. in. expanding to 10 cubic feet assuming that the air 
obeys (i) Boyle*s Law, (2) == constant. 

(i) In the first case 


i%io 


Work done = 


pdv 





10 


= ciog; 

o 

But C == 120 X 3 X I 44 » from the initial conditions, 
wkdone _3i2JLI4±il_5528Z„.n 


•43429 

= 62399 It* lb- 


(2) In the second case. 


Work done 



10 

dv 

i 


or, since C = 120 x 144 x 3^**. 

^ 120 X 144 X 3 

“ -4 

«= 49533 ft lb. 


[i - (•3)-‘]ft. lb. 


Ex. Xn. If atmospheric air at 14X. is suddenly compressed 
adiabatically to one tenth of its original volume what are its final 
temperature and pressure, taking file original barometric height 
as 76 cm. of mercury, and y as 1*41 ? 
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Here -^— = (lo)'-*’-’. 

273 + 14 

from which = 7377®, 

so that the final temperature is 4647® C. 


Also 

from which 


Pi 


= IO'-4X 


13-59 X 76 
Pi = 26548 gm/cm*. 


Problems Xn. 

I. A solid hemisphere, of radius a, is totally immersed in water, 
so that its plane base is vertical and its centre is at a depth h below 
the surface of the water. Find the resultant thrust on its curved 



the vertical. 

2. An octant of a sphere is immersed in heavy homogeneous 

fluid so that one plane face is horizontal ; show that the pressures 
on its three plane faces reduce to a single force, and that the mag¬ 
nitude of this force is ’^gpa^{ 2 y 7 T^h^ -h ^Snha + where h is 

the depth of the centre of the sphere and a its radius. 

3. A right circular cone has an angle 2a at the vertex and its 
specific gravity is s. Prove that it will float vertically in water 

withits vertex downwards, in stable equilibrium, if cos*a < 5^. 

4. A rectangle, of sides a and b and of specific gravity s is floating 
in water with the side h vertical. Prove that the equilibrium is 
stable for a small angular displacement in the plane of the rectangle 

if p > 6s(i — s). 

5. It is found that, when 10 tons of water are transferred from 
one side to the other of a vessel of 8000 tons displacement, the bob 
of a 10 ft. pendulum swings through 6 inches. Show that the height 
of the metacentre above the centre of gravity is 13J inches, given 
that the breadth of the deck is 45 ft. 

6. The stem of a funnel has a radius a and its mouth has a radius 
h ; the height of the stem is c and that of the slanting part is /. 
The mouth is placed on a horizontal plane (being greased so as to 
remain water-tight) and the funnel is filled with water to the top 
of the stem ; prove that the upward pressure on the funnel is equal to 

Trw{b — a)^c(a + 6) + J/(a + 

7. A rectangle is hinged along its upper horizontal edge and is 
partly immersed in water so that when hanging vertically half the 
rectangle is immersed. The density of the material being *4, what 
is the nature of the equilibrium in the vertical position ? If the 
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rectangle is at rest in another position, what is then its inclination 
to the vertical ? 


8. Two thin rods, AB and BC, of the same material and cross- 
section, are of lengths a and h respectively. They are rigidly joined 
at B and the angle ABC is a right angle. The system hangs from a 
fixed point by means of a string attached to B and the two rods are 
partly immersed in water, lengths % and y respectively of the rods 
being out of the water. Prove that the specific gravity of the 
material of the rods is 

X* — y* 

9. A thin cylinder is closed at the top and, being initially full of 
air at atmospheric pressure, is immersed vertically in water till its 
top is at a depth d below the surface. Find the height to which the 
water rises within the cylinder; and show that, if the cylinder be 
then released, it will sink or rise according as d is greater or less 
than (r — i)h — ajr, where r is the ratio of the weight of the water 
which could fill the cylinder to the weight of the cylinder, a the height 
of the cylinder, and h the height of the water barometer. 

10. Prove that if the ratio of the length to the diameter of a 
uniform solid circular cylinder of specific gavity *5 lies between 
\^/2 and I, the cylinder cannot float in stable equilibrium in water 
with its axis either horizontal or vertical. 


11. A uniform rod of length a and specific gravity 8/9 is fastened 
at one end to a point at a distance \a above the surface of a pond, 
and the other end is immersed in the water. Find the inclination 
of the rod to the vertical in the position of equilibrium. 

12. A thin uniform rod of weight w and specific gravity 5 floats 
in a vertical position in stable equilibrium when a particle of weight 

W is attached to its lower end. Prove that W > w( — i 

V\/5 


13. A cylindrical block of wood of length L cm. and sectional 
area A sq. cm floats with its axis vertical in a large expanse of 
water. If it be pushed down slowly till it is just immersed, prove 
that the work done is igAL*(i — s)^ ergs where s is the specific 
gravity of the wood. 

14. A ship with its cargo weighs W, and the centre of gravity 
of the displaced water is h feet below the water line. A weight w 
of the cargo is removed, and it is observed that the draught is 
diminished by d feet. If the centre of gravity of the displaced 
water is now A' feet below the new water line, show that 

w d + h* ~h 
W ~ d * 

A' + i 


the sides of the ship near the water line being assumed vertical. 

15. A solid sphere of radius r, weight W, and specific gravity s 
lies on the bottom of a cylindrical vessel of radius a and height A, 
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which contains water just up to the top. Prove that the work 
required to raise the sphere just clear of the water is 



16. Prove that a cubical block of specific gravity 75 can float 
in water with one edge in the surface. 

17. A sphere of radius a and specific gravity s floats in water. 
When the sphere is given a small vertical displacement it oscillates 
in the vertical plane of displacement. If the period of these small 
oscillations is 2 n y/^aj2og find the depth immersed in the equilibrium 
position, and the value of s. 

18. A cylinder, height A, radius a and specific gravity s floats 
with its axis vertical in water. If it be given a small vertical dis¬ 
placement, find the periodic time of the resulting vibration. 

19. A quantity of gas expands so as to satiety the law pv = C, 
a constant. Find the work done in expansion from v = 2 cub. ft. 
to v = 10 cub. ft., having given that at atmospheric pressure 
(15 lb. wt. per sq. in.) the volume is 20 cub. ft. 

20. A cubic foot of air at 100 lb. per sq. in. pressure expands 
down to atmospheric pressure (14*7 lb. per sq. in.) following Boyle's 
law. Show that the work done is 27600 ft. lb. approximately. 

21. A quantity of steam expands so as to satisfy the law/>i;^’^*==C, 
a constant. Find the work done in expansion from t; = 3 cub. ft. to 
V = 15 cub. ft., have given that when the volume is 12 cub. ft. the 
pressure is 4000 lb. wt. per sq. ft. 

22. If a quantity of air expands in such a manner that no heat 
is lost or gained then p\f remains constant, where c = 1-41. Prove 
that the work done when the initial pressure and volume are pi 
and Vi and the final pressure and volume are p^ and is 

Find p^ and the work done if = 10 c.in., v, = 20 c.in. and 
p^ = 15 lb. per sq. in, 

23. A given mass of gas is compressed adiabatically from 
volume V to volume v'. Find the work done. 

By what fraction of its length should a column of atmospheric 
air be compressed in order that its temperature may increase from 
loX. to 200® C.? [Ratio of spec, heats of air at constant pressure 
and at constant volume may be taken as 1*4.] 

24. Calculate the height to which the water will rise in a cylin¬ 
drical diving bell, 12 ft. high, when its top is lowered to a depth of 
60 feet, being given that the temperature of air at the surface is 
80® F., height of water barometer at surface 33 ft., and temperature 
of water 40® F. 

25. A circular cylinder, of cross section A and height a, is full 
of air at atmospheric pressure 77 ; the air is slowly compressed by 
means of an air-tight piston until it fills a height b of the cylinder; 
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the temperature being supposed to remain constant, show that the 
work done during the compression is 



26. A pump has a stroke of 12 inches and is used to force ait 
into a motor tyre in which the pressure is 60 lbs. per sq. in. by gauge. 
What length of stroke of the pump will be swept through before air 
begins to enter the t3a-e, (i.) if pv remains constant and (ii.) if pv *•* 
remains constant during the compression. The barometric pressure 
is 15 lbs. per sq. in. 

27. A safety device for lifts consists of an extension of the lift 
shaft below ground level; the floor of the lift is made to fit this 
well closely, So that a pneumatic buffer is provided. 

A lift weighing 3000 lbs. falls from a height of 30 ft. above ground 
level into such a safety pit 10 ft. deep, the base of the lift being 
8 ft. by 5 ft. Find approximately how far the lift will descend before 
it is stopped, neglecting air leakage and assuming that the pressure 
of the air varies inversely as its volume. The resulting equation 
may be solved graphically: take atmospheric pressure as 15 lbs. 
per sq. in. 

28. A hollow vessel in the shape of a paraboloid of revolution 
floats in water with its axis vertical, and vertex downwards. If 
the weight of the vessel itself may be neglected, find approximately 
to what height it must be filled with mercury (sp. gr. 13.6) in order 
that its vertex may be 18 inches below the free surface of the water. 

29. A sphere of radius 6 cm. and sp. gr. *5 floats freely in a 
cylindrical jar of water of very slightly larger radius. How much 
must the sphere be raised so that it may just clear the surface of the 
water ? How much work will have to be done to effect this ? 

30. Assuming that the rate at which gas is discharged from a 
cylinder through a nozzle is proportional to the excess of pressure 
above atmospheric pressure and is 20 c.cm. per sec. (measured at 
atmospheric pressure) when the pressure in the cylinder is ii atmos* 
pheres, find the time taken to half empty a cylinder of 8 litres 
capacity, the pressure being originally 20 atmospheres. Find also 
the pressure in the cylinder at the end of 40 minutes from the 
opening of the tap. 
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FURTHER EXAMPLES ON LINEAR MOTION 

92. Fall of a Heavy Particle in a Resisting Medium. 

When a body is moving in a fluid, the friction between the 
body and the fluid causes a retardation, which follows no 
definite law. For very small velocities, the frictional resist¬ 
ance will be approximately proportional to the velocity, 
for greater velocities it will approximate to the square of the 
velocity, and for very high velocities the cube of the velocity. 

It should be noticed that we are not dealing with a con¬ 
servative system of forces. 

(i.) Case of a body falling under gravity, the resistance of 
the air being assumed proportional to the velocity. 

The equation of motion will then be 

. (I) 

k being a constant, and the velocity being measured down¬ 
wards ; 



where C is a constant. 

g — kv = Ce ** .. .. .. (2) 

This gives the velocity at any instant. 

As t increases decreases, and therefore if t increases 
indefinitely g — kv = o. 



This value to which the velocity continually approaches 
is called the terminal velocity. 

♦Equation (i) could have been written 

X = g — kx . (3) 

and, integrating once, we obtain 

X + kx — gt .. .. .. (4) 

if the velocity is zero when x = o and / = o. 

• In this and following chapters the dotted notation for differential co¬ 
efficients with respect to t (Art. 21) will be used for the sake of brevity. 

250 
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Equation ( 4 ) can be integrated if both sides are multiplied 


by for 


+ kg'** X is the differential coeflicient of xe'^. 
Hence equation (4) may be written 

dt' 


Jt*. 


Integrating, 


(xe'‘*^ = 


xe 


= [e*gfi/ + N 


(5) 


Putting X = o, when t = 0, N = ^ , and equation ( 5 ) 
becomes 

/r4 /V t A 

.. .. ( 6 ) 


“ A F* + it» 


which gives the space passed over in time i. 
dx 

By writing t; = ^ in (2), we can obtain the same result 

as in (6), remembering that C = g, since we have assumed 
that the particle started from rest. 

(2) Case of a body falling under gravity, the resistance of the 
air being assumed proportional to the square of the velocity. 
The equation of motion is 

X = g — kx* 


i.e., 


t 1 


(1) 

( 2 ) 


‘Jf — 


Integrating, we have 


log 


_, 

Vf V*-' 

Writing V* = | this becomes 


+ C. 


(3) 


log 


V +» 


2itV(/ + C). 


• • 


(4) 
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If the body start from rest, then C = o 
and log = 2kVt. = ^t, 

< — 2g V _ v * • • • ♦ ( 5 ) 

which gives the time required for the particle to attdn to a 
velocity v. 

Now l±i = ; 

V — V 

V — I 

V = ' •• (6) 

C -f- I 

kYt -kVi 

kVt , -kYt 
C “T* C 

= tanh kVt. 

i.e., r =-• V tanh ^ • .. (7) 

The last equation gives the velocity v after time t. 

From equation (7) 

| = Vtanhf 
V* pt 

* = -- log cosh^ .. .. (8) 

& 

V. 

“ylos -5-. ( 9 ) 

no additive constant being necessary since x ~ o when 
< = o. 

From equation (6) we see that as t increases indefinitely 
V approaches the value V. 

Hence V is the terminal velocity, and is equal to 

The velocity v may be obtained in terms of x by eliminating 
t between equations (5) and (9). 

From (9), 


-L **V/ , ^ 
4 « z= e + e +3 


Squaring, 
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from ( 5 ) 




V —» ^V +v 

4V* 

~ V* — »* • 
i;» == V (I — 


(10) 


Equation (lo) might have been obtained from the original 
equation of motion ; for 

^ ”” ^dx ~ 2 dx * 
and therefore equation (i) becomes 
dM 

+ 2 kv* = 2g .(ii) 

This is of the same form as equation (4) of the last article^ 
the integrating factor in this case being 

f 2kdx 

e 

. 2kX 


Therefore 




e^^’dx + B 


= I + B. 


If the body start from rest, and * is measured from this 
point, then B = — ^ ; 

t»* = I (i — e~~ 

= V*(i —.. (12) 

the same result as in equation (10). 

(3) Case of a body projected upwards with initial velocity u 
against the same resistance as before. 

Measuring x upwards, the equation of motion will be 
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Integrating, 

i.e.. 



When X = o, V — u C = ^ 


( 3 ) 


and, writing 


g 

k 


— V*, we have 


V* + V* 
V* + M* 


_ 2gx 

e V* 


V* = (V» + — V*. 


(4) 

(5) 


The particle will eventually come to rest, the height, A, to 
which it rises being found by putting v = o in equation (4). 

We then have 


V* + w* 

V2 




( 6 ) 


The particle then begins to descend, and taking the height 
reached as the origin, and using the results of the previous 
article, we can completely determine the motion. 

It is still necessary to find the velocity and distance des¬ 
cribed in terms of the time. 


From (i) 


dt ““ 


— g — kv\ 


if dv 
A Jya + V* 


= A —^ 


^ tan * y Y2 


tan * y — Y (A ^)... • • (7) 

When i 0, V u, 



(8) 
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From (7) 


^ — taii|(A —() 
taa^-tanf 

Fa ^ 
1 + tan^Y V 

« X 

V V 


u nt 
I + V-tan|^ 


Vtan^ 


pt ’ 

V + «tan ^ 

which gives the velocity in terms of t. 

Si 


from (7) 


(9) 


From (9) 


, u cos ,, 
X dx _ V 

V di 


V sin^ 


£t 

V cos^ + « sin'y 
V 


(10) 


The numerator of this fraction is - times the differential 

S 

co-efficient of the denominator. 


Integrating, 

i.e., 

Now 


of of 

y V cos ^-f «siny 

= -c- 

gx 

Ce = V cos ^ « sxn 

X = o when / = o 


C = V 


Ye 


V* 


of of 

== V cos^ + « sin “ « 


(II) 


Ex. I. Find the loss in kinetic energy, in the last case, when the 
body has fallen back to the point of projection after being projected 
upwards with velocity u. 

The particle reaches the height h given by 

The velocity at any point during the descent is given by 


Y2\ 


(x-e 
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The velocity of the body when it reaches the point of projection 
is found by substituting h for x, 

and therefore v* = V*|i — —il. 


Loss of kinetic energy 


r v* + 

V* + 

= \mu^ — \mv^ 




Ex. n. In the case of a body falling from rest in a medium, the 
resistance of which is proportional to the square of the velocity, 
prove that when x is very large, the space traversed in the same time 

by a point moving with uniform velocityexceeds x bylog,2 

approximately. 

We have, from equation (12) of case (2) that 


“«/!('-5^.) 

V g 2e***— I 
k 2e»*» 

dx /sj g 2«***— I 


approximately. 


g — I 


r 26 *** 

I 26 *** — I ■ 


= ^ log (^2. 

= il0g26***(l_^) 

==-^ ^log, 2 + 2 k^ approximately 
^j^-i —^ log^ approximately. 


log^ approximately. 


• f is the space described with imiform velocity 


the same time. 
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q>ace traversed differs from that of a point moying with uniform 
velocity | during the same interval of time by ^ log, 2. 

98. Investigation of the Motion of a Body given by an 
Equation of the form x + ax + bz = f(t), where a and b 
are constants. 

I. Free Oscillations.—A particle suspended at the end of an 
elastic string. 

If X is the extension at any time t, then by Hooke's Law 
the tension is kx, where ^ is a constant. 

The equation of motion is 

mx = mg — kx 

where m is the mass of the particle, 

kx 

i.e. x + —=g. .. (i) 

The equation may be written 



and writing 


y z=: X — the equation becomes 

y + = . w 


which is the equation for simple harmonic motion. 

The solution of (2) is 

y-Asm(y^.< 

from which * = ^ + A sin ^ sj^ . f + .. (3) 

where A and a are to be determined from the initial 
conditions. 

Equation (3) shows that the particle executes simple 
harmonic oscillations about the point where the extension of 

the string is ^ , that is, about the point where the tension in 



the string is equal to the weight of the particle. 

II. Forced Oscillations. 

Suppose now that when the particle is displaced x feet 
downwards, the point of .suspension of the string is also y 
feet below its old position. The elastic string is therefore 
only elongated by the amount x — y, and the tension of the 
string is now k{x —y). 

The equation of motion is 

nix ^ mg — k{x — y) .<4) 
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If the force which moves the point of support is a periodic 
one, this force will give rise to what is called a forced vibration 
of the particle. 

Let^ = a sin pt be the motion given to the point of support, 
then (4) becomes 

m'x = tng — k(x — a sin pt) 


i.e., 


, k / mg\ ak . .. 

X H - [x -) = _ sm 

tn\ k J m 


( 5 ) 


Writing z = x - A and , the equation becomes 

K ffl 

‘z + n^z = n^a sin pt. .. .. (6) 

The complete solution of this form of equation consists of 
two parts : 

(i.) the Particular Integral which is any solution of (6) ; 
(ii.) the solution obtained when the right hand side is 
made zero. 

Their sum, which must contain two arbitrary constants, is 
the General Solution. 

For the particular integral assume that 
z = A sin pt, 

since the second differential co-efficient of a sine is also a sine. 

Differentiating twice, substituting in (6) and equating 
co-efficients we obtain 


A == 


n^a 
— p^ 


and the particular integral is therefore 

sin pt. 


z = 


n^a 


n“—p^ —. 

The corresponding equation with the right hand side zero 
is 'i + = 0 

from which z = B sin (nt + a). 

The complete solution is thus found to be 

z = B sin (nt + a) + ' sin^f 

AM (7 

or X = ~ + Bsm {nt + a) + sin/)^. . • (8) 

The last equation shows that the particle has two displacements 
superposed, one due to the free oscillation and the other due to the 
motion of the point of support, the two displacements being inde¬ 
pendent of one another. It is for this reason we say that there is a 
forced vibration of the particle. The period of the free oscillation is 
2tt 

— or 277 


jm 
V k* 


277 


while the period of the forced oscillation is -r 

P 
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If p is nearly equal to ft, that is, if the periods of the two oscilla¬ 
tions are nearly equal, the amplitude of the forced vibration, which is 



will become very great, so that the free oscillation of the particle 
is negligible. 

If p is very great compared with n, the forced vibration will be 
negligible, and the particle will oscillate as if the point of support 
were at rest. 

For the exceptional case when p is equal to n, we cannot assume 
X = A sin as a particular integral, for no value of A can then be 

obtained. It will be fovmd that a solution is z = — cos nt, 

2 

so that the complete integral is 

X = ~ -f- B sin (nt -fa) — ~ cos nt. ... (9) 


III. Damped Oscillations. Consider next the case of a 
particle making small oscillations in a gas or fluid, the resist¬ 
ance of which is assumed to be proportional to the velocity. 
The equation of motion will be 

X = — n^x — kx 
where A is a constant, 

i.e., X + kx nH = 0. .. .. (10) 

Let X = Ae^ ; 

then X kx n*x = Ae^^ (A* -f AA -f ft*) 

If A is chosen so that 

A* + ^A -f ft* = o 

then x = A^* 


will be a solution of the equation. 

XT^... r _ — * ± V** — 4«* 


and three cases arise according as k* is greater than, equal 
to, or less than 4ft*. 

(a) k* > 4ft*. 

The two values of A are now both real and both negative. 
If we denote them by — a and — j8, the solution of (10) is 

X = Atf~“^ -f .. .. (ii) 


two independent constants being necessary. 

As t increases the value of x continually diminishes. There 
are no oscillations, but the particle gradually approaches the 
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position of equilibrium, which it finally reaches in an infinite 
time. 

(b) < 4 «*. 

The two values of A are now 


where 


so that * — Ae 


where 

i.e., 


2 2 
4 M* _ ** == 46*, 


= e + Btf"***) 

= tf * |A(cosW + isinJO + B(cos6f — «sin&f)j 

= ^ ^ (L COS W + M sin bt) 

A + B = L and f (A — B) = M 

x^Qe ^ sin (W + a) .. .. (12) 


We can regard this as simple harmonic motion with a constant 

period i.e. . r-, but decreasing amplitude, since 

0 V4«* — 

decreases as t increases and finally vanishes when t becomes infinitely 
large. 

Oscillations which progressively diminish in amplitude are 
said to be damped. 

2‘3T 

Now the period of the undamped oscillation is — so that friction 

has increased the period. If k is small the alteration in the period is 
small, but the amplitude may diminish at a sensible rate. 

The curves drawn are those whose equations are 
a; = 3 sin 

and X = sin 3/. 

(c) In the special case when = 4^*, the two values of A 
are both real and equal. 

To solve the differential equation (10) in these circumstances 
we return to equation (ii) writing ^ = a — h, where h is 
ultimately to be taken indefinitely small. 

We then have 
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. _a< „ —ttiji + A/ + terms containing! 

«=Ac +u« j higher powers of A J 

= (A + 4 - BAf. e~^, neglecting higher 

powers of A. 



Fig. M5- 

Now A and B are two independent constants, and we can 
choose them so that when A becomes indefinitely small, BA 
remains finite and equal to Bj, while A and B are to be taken 
of opposite sign, so that their difference also remains finite 
and equal to Aj. 

We may therefore write 

_A 

*=(A,+Bi<)tf-“'=(A,+ B, 0 « * .. (13) 

as the required solution. 

Note i . The student will observe that the solution of a differential equation 
of the second order must contain two independent constants. In the case 
where the two roots of X are equal, equation (n) becomes 

— ai 

;r r=r (A + B)e 

— of. 

or X ^ Le 

so that there is only one constant. Equation (13) is therefore an appropriate 

solution, and since te approaches zero as t approaches infinity, the 
equation represents motion in which the particle gradually approaches its 
equilibrium position. If A and B are of opposite sign, the particle may pass 
through its equilibrium position once before coming to rest, but the motion 
is not oscillatory. 

Note 2. In the motion represented by equation (12), where the periodic 
time T is let Xi, x^, x^, etc. denote the successive amplitudes after times 
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T 

T, ~, etc. Then, neglecting the signs of Mi, etc., which are alters 

nately positive and negative, we have 







Similarly 



— A 

so that the amplitudes form a decreasing geometrical progression of ratio # 
Taking logs we have 

T 

•og.*x — 

T 

log.*» —>og.»t ■= ft-. 

log,»^_^ —log,*«=.Al 


T 

4' 


or, on addition. 


log.*. — 


T 

The value k- is called the logarithmic decrement of the damped oscillations 
4 

IV, Forced Oscillations in a medium the resistance of which 
is proportional to the velocity. 

The equation of motion will be of the form 


i + n^x + H= asmpt .. ., .. (14) 

where a sin pt is the periodic force on unit mass, and the 
integral will consist of two parts. 

Assuming as the particular integral 

^ == A sin + B cos pt, 

differentiating, substituting in equation (14) and equating 
corresponding terms, we find 


A = 


(m* — P^)^ 


B = 


pka 


(n* — {n^^py + p^k* 

The integral may also be w^ritten in the form 
X = Lsin {pt + a) 


(15) 


where 


“ V[{n» — py + p»k»\ • 

_ n^ — ft 


A * 

and sin a = — ——7- - —nrrrr * 

V{in*—P^)*+P*k*) 

The second part of the complete integral is to be found by 
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equating the left hand side of equation (14) to zero and has 
already been determined in case 3. 

The value L, found above, is the amplitude of the forced 
oscillations. Owing to the resistance of the medium, a term 
in k occurs in the denominator of L, and the form of this 
denominator shows that the amplitude in these circumstances 
is always finite. 

Note 3. The above investigation of the motion of a body given by an 
equation of the general form 

j! ax bx f{t) 

applies to any small oscillation of a particle about a position of stable equili¬ 
brium. 

Thus if a particle is constrained to move along a given curve, as, for example, 
the centre of mass of the bob of a pendulum, the dependent variable will 
be s, the space described along the curve from the position of equilibrium, 
or the corresponding angular displacement 6. 

Ex. in. A particle is attached to a fixed point in a rough horizon¬ 
tal plane by means of an elastic string; the string is drawn out 
horizontally to its natural length, and the particle is projected along 
the plane away from the fixed point with velocity u. Find where 
the particle first comes to rest and show that it will remain per¬ 
manently at rest or return towards the fixed point according as u is 
less or greater than where /jl is the coefficient of friction, and 

b is the extension which would be produced by applying a statical 
force equal to the weight of the particle at the end of the elastic 
string. 

Measuring x from the point of projection, the equation of motion 
for motion away from the fixed point is 

x = —fig —kx . (l) 

since the tension in the string is proportional to the extension. 
Multiplying (i) all through by 2x and integrating, we have 

= A — 2 figx — kx^ . (2) 

But X = u, when x ^ 0 A = w*. 

Hence, if v is the velocity of the particle, 

^2 — 2figx — kx^ . (3) 

The velocity will be zero when 

kx^ + 2fjLgx — «* = 0 


or when 


fig , Vfi^g* + u^k 

k • 


(4) 


The particle will first come to rest on the positive side of the point 
of projection, where 


k ^ 


k 


••• (5) 


and this is the maximum distance of the particle from the point 
of projection in the direction of projection. 

The tension in the string is then 
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The force of friction opposes the possible subsequent motion of 
the particle and therefore the particle will remain at rest or return 
towards the fixed point _ 


according as 


fjtg> or < k 


(— 1^1 

V 


+ 


i.e. 

i.e. 

i.e. 


k [ _^ 

according as fig > or < — fj^g + V 
4/xV > or < fJg^+ u^k 


u 


. < or > 


( 6 ) 


But when the extension is 6, the particle is in equilibrium under 
its tension and the force equal to its weight 

kmb = mg 

or ^ = f • 

0 

Substituting in (6) the required conditions are that 
M* < or > '^fi^gh 

or « < or > ii('^h)^. 

Ex. IV. O A P are three points in order in a straight line such that 
PA = a = ^AO. A particle at P is attached by a straight elastic 
string of natural length a to the point A, and is attracted towards 
O by a force which varies directly as the distance from O. If the 
particle just reaches O, prove that its velocity is greatest at a distance 
from 0 equal to 


O_Q_A_F 


Fig. 146 


Let Q be the middle point of OA, so that OQ == QA = AP = a. 
From P to Q the particle is under the action of the attraction 
only, and for any part of the motion from P to Q, we have 

X = — nH . (i) 

where x is measured from O. 


Since may be written 2 ^ equation (i) becomes 

S 

Integrating, r* = — + C . (2) 

But V = o, when x = 3a, C = 

and v* =: n^(ga^ — x^) . (3) 

The velocity at Q is found by putting x ^ ain (3). 

If V is this velocity, then 

V* == 8«*a*. (4) 

For the motion from Q to 0 , two forces are acting on the particle, 
the attractive force towards O, and the tension of the string, which 
is proportional to the extension. 

Let the tension per unit mass at a distance x from O be 

A*, (a — x). 
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Then* the equation of motion is 

X « —. nH + A*(a — x) 

X « — (w* -f* X^)x -f- A*<i ••• ••• ••• (5) 

or, as above, ~ (v*) = — 2(n* + A*) « + 2A*a. . (6) 

Integrating, v* == — (n* + X^)x^ + 2X^ax + D. ... (7) 

When x = a, v* == V* = 8a*w* from (4). 

8a*n* = — (n* + A*)a* + 2A*a* + D, 
whence D = a*(9n* — A*). 

But i; = 0 when = o D = 0 

gw* — A* = o . (8) 

Hence 

v* = — (n* + A*) x^ + 2X^ax, . (9) 

The value of x for which the velocity v is a maximum is found by 
putting X = o in (5), or by writing (9) in the form 

_ („. + A')(, 

We thus obtain x = -s—r^-ro- 
n* + A* 

= , a, from (8) 

ion* ' ' 

— 


94. Motion ol a Body when the Mass moving is a Variable 
Quantity. Newton’s Second Law is that the rate of change 
of momentum is proportional to the acting force, and up to 
the present, its mathematical form has been 

P = mf. 

This equation however is only true on the assumption that 
the mass is constant. If the mass is a variable then the law 
will take the form 


d , . dv 


. dm 


Ez, V. A heavy uniform chain of length a and mass M hangs 
vertically above a horizontal table, its lower end just touching the 
table. If it be allowed to fall freely, prove that the thrust on the 
table at any moment during the fall is three times the weight of the 
portion on the table. 

The thrust on the table consists of 

(i) The weight of the coil on the table, 

{2) The thrust which is due to the destruction of momentum. 

Suppose that a length x is coiled up on the table. Since the 
ch ain i s falling freely under gravity, the velocity of the chain is then 
In a sma ll interval of time 8f, the length which reaches the 
table is 8/ \/2gx. 
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momentum destroyed in time 8/ = 8/. 2 gx. 

rate of destruction of momentum = ^ . 2 gx, 


thrust on the table 


M , 

= .2gx -\—2 . * 

a a 




= three times the weight of the coil 
on the table. 

Ez. n. The total mass of a rocket is i lb., including 4 oz. ot 
powder which discharges at the rate of i oz. per second at 800 ft ./sec. 
relative to the rocket. Neglecting air resistance, find the greatest 
height it can attain, starting from rest at ground level. 

Let V ft./sec. = vel. of rocket after t sec. 

Then the momentum vertically upwards after t sec. is 


, lb. sec. units. 
The momentum of this mass after (^+^0 sec. is 


Df this mass afti 

/ t di\/ \ „ 

(i-- - ){ V + Sv ] --{ 800 — V 1 ft. lb. sec. units; 

v 16 i6/\ / i6\ / 

the change of momentum is 

vdt dv.M vdt 

— 506^ H-ft. lb. sec. units. 


(i-i)fc-’ 
i ch 

(■ 


16 16 " ' 16 

the rate of change of momentum is ‘ 
t\dv ^ 

~ I-50 ft. lb. sec. units. 

16/ dt 

The equation of motion is 




i.e. 


dv 

dt 


16 X 50 


-32; 
16 


16 — / 

/. V = 16 X 50 log - 32f. 

Let X ft. = ht. of rocket after t sec. [t :}> 4). 

dx ^ , 16 

Then — = 16 x 50 log ■ _> — - — 32/, 


t 


= 16 |^<(50 — 
(to 

(■ 


t) - 50(16 - 1) log 


—)• 
16 — tj 


When f = 4, a: = 181 (to 3 sig. figs.) and v = 102 (to 3 sig. figs.). 
, 102 X I02\ . 

greatest height = ( 181 H-j ft.= 344 ft. 

2 X 32 / 
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Problems XIIL 


I. In a particular type of motion the relation 


^ _ I I 

s "" v u 


exists, where s == o and v == w at ^ = 0. Obtain a relation connecting 

s, V and ^; and deduce that 
as 


I 

V 



where ^ is a constant. Show also that the retardation is equal 
to kv^. 

2. Two equal weights are fastened to the extremities of a string 
and are then hung over two small smooth pulleys A, B, which are 
in the same horizontal line. If a third equal weight be fastened 
at the middle of the horizontal portion AB of the string, show that 
it will descend a distance equal to two-thirds of AB, and find the 
velocity and acceleration when it has descended a distance x. 

3. A particle of mass m is placed initially at a distance d from 
a centre of force the attraction to which varies inversely as the 
square of the distance ; prove that the time of arriving at the centre 

of force is - /^ where F is the force at distance d. 

2V 2 F 

4. A chain of length a is coiled up on a ledge at the top ot a rough 
inclined plane, and one end is allowed to slide down. Prove that, 
if the inclination of the plane be double the angle of friction (A), 

the chain will be moving freely at the end of time / ~ cot A. 

V g 


5. AB is smooth straight groove of length a. A particle moves 
from rest at A under an attractive force from P which lies on the 
right bisector of AB at a distance d. Assuming the attractive force to 


k 

be—j, where x is the distance of the particle from P, find the velocity 

X 


of the particle at the middle point of AB. Also find the velocity 
in the case where the attractive force is /ax. 

6. A particle moves in a straight line under an attractive force /i*x 
to a centre in that straight line ; if it be initially at a distance c 
from the centre of force and be projected in the straight line with 
velocity V, show that it will arrive at the origin position in a time 
equal to 

- sin * —7==^==- . 

/A V V* + /A«c‘ 

7. A heavy uniform chain is coiled at the edge of a smooth table 
and one end is allowed to slip over; prove that it will descend 
through a space igfi in time / and that its velocity will then be 

iit- 
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8. Prove that, if a body of mass m be moving under no forces 
with velocity v, and the mass of the body be increasing at the rate 
a, the equation of motion of the body is wl; = — va. 

An open railway truck of weight W is running on smooth horizontal 
rails under rain falling vertically which it catches and retains. 
Show that, if V is the initial velocity of the truck, the distance 
travelled in the time i is 

(WV/fl) log (I + aifW), 

where a is the weight of rain falling into the truck in the unit of 
time. 

9. A point moves in a straight line under a retardation kv^. 
If its initial velocity be show that the space described in time t 

is ^ log^ (i + kut). 

10. A particle is projected in a medium, whose resistance is 
proportional to the cube of the velocity, and no other forces act on 
the particle : while the velocity diminishes from Vj to V,, the 
particle traverses a distance d. in time L Show that 

d 2 V,V, 

< “ V, + V,' 

11. A body is falling from rest in a medium the resistance per 
unit mass of which is equal to k times the cube of the velocity. 
Prove that the time taken for the body to acquire one half its 
terminal velocity is approximately i| seconds ii k = g X io“^. 

12. A body falls from rest in a medium the resistance of which 
is proportional to the velocity. If the terminal velocity is 12 feet 
per second, find the distance fallen and the velocity acquired after 
2 seconds. 


13. A body is projected upwards with a velocity of 50 feet per 
second. If the resistance of the air is assumed to vary as the square 
of the velocity and the terminal velocity is 150 feet per second, 
determine the greatest height reached, the time it will take to return 
to its starting point, and its velocity when it reaches its starting 
point. 


14. A body has a terminal velocity of 16 feet per second in a 
medium the resistance of which is proportional to the square of the 
velocity. If it falls from rest, how long will it take to acquire a 
velocity of 15-8 feet per second ? 

15. A particle of mass M is attached to an elastic cord of mass m, 
and length /, and executes small oscillations about its e quilibrium 

M + m/3 




position. Prove that its period of oscillation is 27 t 

where fix is the restoring force per unit mass at distance x. 

16. A particle of mass m hangs vertically at rest at the lower end 
of a light elastic string, which is fastened at its other end and 
stretches to twice its natural length. The particle is then acted 


upon by a vertically downward force, equal to sin ft/, whose 
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period is half that of the free vertical oscillations of the particle. 
Find when and where the particle first comes to rest again. 

17. A iparticle of mass m is attached by means of a string of 

unstretched length / to a fixed point P on a horizontal plane, the 
coefficient of friction of which is fi. The particle is proj^ed 
horizontally from P with velocity and the modulus of 

elasticity of the string is yang. Prove that the particle will first 
come to rest when it has readied a distance 2/ from P and find its 
subsequent motion. 

18. Prove that a simple pendulum of length I can make small 
oscillations in the same period as a simple pendulum of length 
provided the point of suspension be made to execute a horizontal 
simple harmonic motion of the rei^uired period. 

19. A partide of mass 8 lbs. is suspended from a light elastic 
string which stretches one and a half inches under a tension of 
4 lbs. weight. When the particle is at rest it is acted on by a 
vertically downward force of 0*4 sin 40/ pounds weight. Find 
the displacement of the particle from its initial position after time 
/ seconds. 

20. A chain whose density varies as the distance from an end A 
is collected into a heap on a horizontal table; to A is attached a 
fine string which, after passing over a small smooth peg vertically 
above the chain, carries a weight equal to that of a length I of the 
chain measured from A. Prove that a length 5*/ of chain will be 
raised from the table before the weight comes to rest. 

21. A spherical rain-drop of radius a cms. falls from rest through 
a vertical height h, receiving throughout the motion an accumulation 
of condensed vapour at the rate of k gr. per sq. cm. per sec., no 
vertical force but gravity acting; show that when it reaches the 
ground its radius be 

22. A weight susj^nded at the end of a light inelastic string 
6 feet long is oscillating in a medium the resistance of which per 
unit mass is k times the velocity, where A is a constant. If the 
amplitude of the vibration is reduced from six inches to four inches 
in 48 seconds, find the value of k. 



CHAPTER XIV 


MOTIOK IN TWO DIMENSIONS : CENTRAL ORBITS 

95. Motion of a Particle in a Medium the Resistance of which 
is proportional to the Velocity. 

Let V be the velocity of the particle at any time t ; then 
the horizontal and vertical components of the velocity are 


dx dy 

^ds* respectively, 
axis vertical. 

But 


the X axis being horizontal and they 



dx _^ds dx __ dx 
“"ds ~ Jt ‘ Ts ~ Tt 
, dy ds dy dy 

Let the resistance to the motion of the particle be kv per 
unit mass, then the resistances in the horizontal and vertical 
directions are kx, ky respectively, per unit mass. 

The equations of motion are therefore 

X — kx . • .. ♦ • 

and y — — g — ky. .. .. (2) 

If « and V be the initial horizontal and vertical components 
of the velocity, we have, on integrating (i), 

X kx — u, 

dt _ I 

*‘®’' dx~ u — kx’ 

from which t = — ^ log (« — kx) + C. 


If f = o when x = 0, C = | log 
sothat < = 

i.e., x = j(i — e • • • (3) 

This equation shows that the horizontal displacement 
u 

cannot exceed t . 


«70 
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Differentiating (3) we have 

dx —*< 

— = ut 
dt 

which shows that the horizontal velocity rapidly diminishes. 
Integrating (2) we obtain 

y 4- Ay = V — 

Integrating again, after multiplying all through by we 
have 


ki 


yc = 


f 

\e {v — gt)dt 


V 


k 


kt 


e 




kt 


+ C. 


If we put in the initial conditions this becomes 


^ k A 




-kt 


(4) 


Differentiating (4) we find the vertical velocity after time t 
to be 

-kt 

\e .. .. (5) 


y = “1 + (*' + !)' 


Equation (5) shows that the particle reaches the highest 
point of its trajectory after a time t, given by 




kt 

e , 



kv + g 
g 


( 6 ) 


For greater values of t, the velocitj' is downwards ; also 
when the time becomes infinitely great, the velocity will be 

g, 

A 


By substituting the value of t from (6) in (3), we obtain the 
horizontal displacement of the particle at the highest point 
of its path. This is found to be 

uv 

'iv +g’ 

96. Central Orbits. 

A central force is a force acting towards a fixed point and 
whose intensity is some function of the distance from that 
point. Given the nature of this force the problem will be to 
find the path or orbit of a body acted on by the force, and 
given the orbit, to find the central force. 
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To find the differential equation of the path of a body under 
the action of an attractive force to a fixed centre. 

If a particle is moving in a plane curve, its component 
accelerations along and perpendicular to the radius vector 
at any instant are r — rd* and 2rd + r 6 respectively, the 
values found in Art. 21. 

Hence if niP be the attractive force acting on the body, of 
mass m, and if the centre be taken as the origin, the equations 
of motion are 

f — re* = — P .. .. (i) 

and 2re + rS — o. .. .. (2) 

* * ^ I t * 

Now ZfB + ^ ^ ^ 2tnd therefore on integrating 


(2) we have 

where A is a constant. 
Also 


r*e = h. 


dr dr dd hdr , , . 

If ~ la - df. ~ ( 3 )- 


(3) 

(4) 


dt ~ dd • dt ~ r* dd’ 

Writing « = ^, so that ^ equation 

becomes 


Differentiating, 


— — k 

di ^’dd' 
d*r _ j^d*u ^ 
di* ~ ~^dd* dt 

= — from (3). 


Substituting in equation (i). 


h*u* 


or 


d*u 

Id* 

P 


• - . h*u* = — P 
u 

d*u 


h*u* ~ dd* 


(5) 


This is the differential equation of the orbit described. 
Now P is, by definition, a central force, and therefore will be 
given as a function of r, i.e. of u. On substituting in (5) the 
value of P so given and integrating, the resulting equation 
will be the polar equation of the orbit. Again, if the equation 
of the path be given, it will be necessary to find its polar 
equation referred to the centre as pole, and then by eliminat¬ 
ing d, from this equation and equation (5}, we shall obtain 
the force P in terms of u, and therefore of r. 
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Fig. 147. 


/ Let 0 be the centre of force, 
and PQ an element 8 s of the 
orbit. 

Then 8A = Area OPQ = ir *86 

/ dA , ,d9 

*'■ dt dt‘ 

or.ftom(3) = i*; (6) 

yy therefore the rate at which the 

/ / area is being traced out by the 

~T- radius vector is constant. 

/ Integrating (6) we have 

^ A:=\ht .. (7) 

SO that the area swept out is 
Fig. 147- proportional to the time. 

If p be the perpendicular from 0 on the tangent at P, 
then SA = \pls 

dK . ^ds 

"di ~ ^^di . 


But ^ is the velocity v of the particle in its path so that 
from (6) and (8) 

pv = h, . (9) 

which shows that the velocity at any point is inversely 
proportional to the perpendicular from the centre of force on 
to the tangent to the path at that point. 


Again 


p — rsinp 

^ cosec V == 7* (i + cotV). 

taxiP^rj- 


^ - 1 

/>* “ r» r^yde) 
Putting r = - , so that ^ ^ - 


this becomes 


Hence, from (9), 



(10) 

(IX) 


Another expression for the velocity, and from it another 
differential equation of the path can be found by using the 
tangential acceleration. 
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Fig. 148. 

SO that s 


y Let the velocity of the particle 

at A be v. The force wP acting 
on the particle is along AO, and 
is, by hypothesis, a function of 
r only. Resolve the force at A 
along the tangent. 

The tangential acceleration is 
s, where s is the distance from 
some fixed point on the curve, 

= — P cos <l> .. .. (12) 


But 


S = V 


dv 

ds 


and 


JL 

cos 0 = ^ 
^ ds 


dv ^dr 

"ds = - P*- 


(13) 


Integrating with respect to s, we have 


— Vq^ — 2 [ Fdr, .. .. (14} 

J ro 

where the initial velocity is and the initial radius is 
Equation (14) shows that the velocity at any point of the 
orbit is independent of the path described. Moreover, if the 
velocity at any point is given, this equation enables us to 
determine the velocity at any other point. 

Another differential equation for the orbit can be obtained 
from (14), for 


y2 




so that 


^2 


= _a| 


Vdr + C .. 


Differentiating with respect to r. 


(15) 


■ 


or 


T> 

= - 2P 

dr 

dr’ 


(16) 


an expression which is often useful. 

The differential equation (i6) could also have been < btained 
from (5), by means of the relation found in (lo), viz., 


Differentiating with respect to r. 


i = 

p^ 
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Now 


2 dp _ du dd , ^ ^ ^ 

p*dr~ ^^dd Jr^ '^Jedrle^ 
dudd ( , d*u\ 

~ ^de dr de^J 

_ I du _ 1 dr 

**~r de^~7^W 


and 


du dd _ 
dd dr ~~ 


Hence 
or, using {5), 



P 



Fig 149. 


P 

V* 


p^ dr 

Let ACD be the circle of 
curvature at any point A of 
the curve, and let the radius 
vector OA cut the circle again 
ate. 

Let AD = 2p ; AC = q. 

If AT is the tangent at A, 

then ADC = OAT = p 
and 9 = 2 p sin p. {17) 
Now the normal acceler¬ 
ation of the particle moving 

with velocity v at A is —> 

and the force acting along 
the normal is wP sin <f>, 

- P sin ^ 

= Pp sin (f> 


= from (17). 

/. V* = iP? .(18) 

97. Solution of Problems. 

1. If the force is given, equation (5) or (16) can be used 
to obtain the equation of the orbit. 

2. If the orbit is given, equation (5) or (16) can be used 
to obtain the force 
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3. To find the velocity when the path is not required 
equation (14) is siiitable. 

4. To find the velocity when the path is given, equation 
(18) can be conveniently used. 

5. To find the time, the path must be known. 

dd 

Using equation (3), i.e., r*-j7 = h. 


we have that 




98. Motion ol a Particle under the Action of a Force to a 
Fixed Point varying inversely as the Square of the Distance. 

This is the law of gravitational attraction. 

We have 


P = f. = 


so that 


The integral of (i) is (see art. 93 1 .) 

It = + A cos (0 + a) 

= |i + e cos (0 + a) j- .. 


. /I' 

where e =-• 

ft 

The polar equation of a conic section referred to the focus 
as origin is 

/m = I + « cos ( 0 + a), .. .. (4) 

where e is the eccentricity, a is the angle which the initial 
line makes with the major axis, and 2/ is the latus rectum. 

Comparing (3) and (4) we see that the orbit is a conic 
section, the focus being at the centre of force, and that 


/: mP 

e\ 


The nature of the conic section 

\ will depend on the initial con¬ 
ditions. 

'\P _ Suppose initially that 0 = 0 , 
r = c, V = Vg and that the 
particle is projected at an angle 
j 3 to the initial radius vector c. 


Fig. 150 
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Now tan^ = f^ = —.. 
Differentiating (2) 

p = — Asin(0 + 0). 


But when 


^ = p,u = - and 0 = 0 


tan jS = + -T—. - 

^ cA sin a 

To simplify our equations, suppose also that j8 = 90® 
then cot ^ = -f- cA sin a = 0 

a = 0. 

Again, from (2) 

I A . 

- = Acosa + 

- A 4 -i^ 

- A + 

A = - ^2 •' • • • • (^) 

But if the direction of motion is initially at right angles 
to the radius vector 

P = c and as v = -r, 

P 

h — WgC. 

Substituting this value of h in (6), we have 


Then e = —A = -A 

fi n 

= ^ - I.(7) 

H ' 

V 2 IJf 

Hence if -A- > 2, i.e., if V > —. the curve will be a 
fl c 

hyperbola, since « > i. 

2 xx 

Similarly, if = — the curve will be & parabola, since e—i, 
c 

and if v#* < — the curve will be an ellipse, since e <i 



278 


MECHANICS VIA THE CALCULUS 


Notb I. / ■« a(i — ^ which the major axis, 2«, may be 

obtained. 

Note a. For a circular orbit of radius r, the velocity v is given by 




which is also obtained by putting s » o. 


99. The Physical Explanation ol the Previous Conditions. 

Consider an element of the path 
B B' Ss. 

The force at B is towards the 
origin 0. 

The work done against the force 
on unit particle as the particle goes 
from B to B' = P cos . Ss 



hs 

P. 8r. 


If the particle is moved from initial distance c to distance r, 
then the gain in potential energy = |p^ir 



c r 

From equation (14) of Art. 96 
where Vq is the initial velocity. 

If then the particle is moved from distance c to infinity 


(1) 

(2) 


w 




V now being the velocity at infinity, so that 

Jw* = — - = kinetic energy per unit mass at infinity. 


Now ^v* is necessarily positive, which is impossible unless 

^ 2u 
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Hence, if 

, then an infinite distance may be reached, 

i.e., the orbit will be a hyperbola. 

Similarly, if = —, then an infinite distance will just 

be reached, so that the orbit will be a parabola, and if 

»o* < —, then an infinite distance cannot be reached, so 
c 

that the orbit, being closed, mast be an ellipse. 

In the case of the circle = - = one-half the square of 

c 

the velocity due to a fall from infinity. 


100 . 


Now 


The Law ol the Inverse Square using the Expression 
h^ dp 


P = 


p»*dr* 


Integrating, 


w* z= 


r* 

i _ A* ^ 

* ~ p* dr' 

^ -L r 

J.2 ~T ^ 


(I) 


which is the same expression as (2) of the previous article. 
Now the equation of a conic referred to the focus as pole is 
— h I, for the hyperbola 
-I, for the ellipse 


62 

P 


f 


.. (2) 

■ -f o, for the parabola, 
a hyperbola, ellipse or parabola 


Hence (i) represents 
according as C is positive, negative or zero. 
If is the velocity of projection when r = c 

c 


+ C 


an expression which 
negative or zero. 

If 


determines whether C 
A* 2}l 


(3)- 


is positive. 


C = 0, then ()* = — = 
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This expression shows that the kinetic energy of a particle 
describing a parabolic path is inversely proportional to the 
distance of the particle from the focus. 

If C is not equal to o, then, equating co-efficients in (i) and 

(^)' ^_4- r 


A* = 


AV 


Also 


hj_ 

P* 


a 


If 2 l is the latus rectum. 




± I), from (2), 


( 5 ) 


then 


2/ = 


25 * 


_^* 

U jX 

It will be seen from (4) and (5) that in each case the velocity 


in the orbit is independent of the direction of the velocity. 


Ex. 1 . A particle of mass m is projected under the central force 
w/x/r*. If it be projected from the point r = c, 0 = 0 at right 
angles to the radius, with a velocity prove that 

{^dt) = c - ''(2 - «)}• 

The equations of motion are, 

r*d = h. . (1) 

and r —f0* = —. (2) 

When r = c, 6 = o and it be the initial angular velocity 
then c*^o = *• . ( 3 ) 


But the p^icle is projected at right angles to the initial line with 
velocity 


• 

• • 

= 

V c 

c6q. 

• • 


fTJi. 

! 0 ’ 

... from (3) 

II 

1 H 

> 



and ^ — Vnfic. 

Substituting for 6 from (i) in (2) we have 

.. A* /X 

' 7 ^' 


... (4) 

... ( 5 ) 
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Multiplying all through by af and integrating, vre obtain. 


r‘ + 


h* 


= ^ 


+ A. 


( 6 ) 


Now initially the particle is moving at right angles to the radius 
vector 

/. r = 0 whm r = e. 

so that 


A 


c» 


2 H 

c ' 


or from (4), 


c c c * 

hence (6) becomes 


(7) 


/ , (» —2)/xr* 

("Sir) + 

= — 2) + 2cr — «c* 

= — M)|(r — c). 


Using the conditions of art. 98 or art. 99, we see that the path is a 
hyperbola, parabola or ellipse according as n is greater than, equal 
to, or less than 2. In « = i, the path is circular. 


Ex. n. A particle is proiected with velocity ^( 6 ^/ 5 *^) fro™ a 
point at distance c from a centre of force in a direction 
making an angle sin with the radius. Show that its greatest 
and least distances from the centre of force are 2c and Jc. 



Since 

. f* 

“ “ A* 

the equation of the curve is 

« = |i + tfcos ($ + o)|(i) 

The initial conditions will 
enable us to determine the 
unknowns h, e and a. 

Initially w = ^ and O^o. 

Substituting these values 
in (I) 

I = fill + « cos a| ... (2) 


Again 

f^and^. 


Now ^0 


h^vp^ where and are the initial values of 



c sin ^0, where ^ is the initial angle 
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between the tangent to the curve and the radius vector. 

^0 = cVf 


and 


A = /^ . c /? = 2 M 
\ 5 c V 3 V 5 

Substituting in (2) 


1 


i.e.. 


1 = 1 + ^ cos a 
^ cos a = — i, 


TT 

and hence a lies between - and tr. 

2 


Again 


tan 0 = — u-^. 
^ du 


Initially tan ^ == — V2, 


u = 

c 


Differentiating (i) ^ ~ ^ sin (0 -f a). 


Initially therefore 


du 


4c 


5^ sin a 


since d 


4 c 


and equation (6) becomes V2 = ? 

^ ' c 5^ sin a 

from which sin* a 


^6* 


From (5) and (7) ^ = f 

so that the curve (i) is an ellipse. 


(4) 

(5) 

( 6 ) 


( 7 ) 

( 8 ) 


Now V* = uf - — where a is the semi-major axis of the 
Vr aj 

ellipse, 


so that 


from which 




■0-^) 


5 ^ 

a = —• 
4 


( 9 ) 


The pole is one of the foci of the ellipse, and the maximum dis¬ 
tances of the particle from the centre of force are therefore those at 
which the particle is at the ends of the major axis. 


5 


Th«.dU.an»s». .(i + ,) - 4(x + j) - 

and a (i — e) » a — 
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But« = 5 f; 

4 

the required distances are therefore 2c and \c. 


101(a). To determine the Law of Force to the Centre 
under which a Particle describes an Ellipse. 

The tangential-polar equation of the ellipse, referred to its 
centre as pole, is 

^ = a« 6* — r». (I) 

Differentiating with respect to r, we have 
a^6^ dp 
p^ dr 


Now 


A*# 
P^ dr * 


p_ rp^ _ 

and therefore the force varies as the distance. 


(b). To determine the Law of Force to the Focus under 
which a Particle describes an Ellipse. 

The equation of the ellipse is 

lu = X e cos B. 

= — e sin B, 


d^u ^ 
dd^ 



6 . 


u + 


d^u _ I 

~ I 


c c 

-I- ^ cos B — ^ cos B 


_ I 

~'l ' 

Hence P = A*m» 4 - 



so that the force varies inversely as the square of the distance. 


If P = then h = V^d. 


Again, v* 
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+ e cos 6 
I 




,{i + 2ecos6 + e*cos*d . 

= -ji-+ —ii-| 

/ 1 + e cos 0 I — e*\ 

= >‘{^—1 - r-j 

for I = — = a(i — «*). 

Hence the velocity depends on the distance and not on the 
direction. 

If the particle is projected with velocity at distance c, 
in any direction, the semi-major axis is given by 




102. Velocity in an Ellipse when Attraction is towards Centre. 


From § loi (a), P 




= ix{a^ 62 _ 

Now if CP and CD are conju¬ 
gate diameters and CP = r, then 
CD^ = 

Hence, from (2), = CD V/x (3) / 

Moreover, since the tangent / / 

at P is parallel to CD, the velo- 
city at P is parallel to CD. If 
the time for a part of the orbit V 

is required, we may make use of \ 

the fact that the ellipse can be 
considered as the projection of 
a circle. 

The sectoral area ACQ pro¬ 
jects into the area ACP, and therefore 
Area ACP __ b 

Area ACQ a 

Since ^ = \h, A = \ht, 

so that, using (4) and (5) 

‘ = T = 3i' area ACQ = JJ 4.* AtQ 


from § loi, eqn. (i) 
(2) 


Fig. 153- 


(5) 
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= ff£Q=^ .. Irom(i) 

^ * Vft 

"lote that ACQ = <V;m, and therefore CQ moves with constant 
.ngular velocity V/i, as P moves in the ellipse. 


103. Time in an Orbii 

The time is to be found from the equations 
r*$ — h 

” * = 5*. 

For the periodic time T, the integral of (2) gives 

A = \hT. 

But the area of an ellipse is it ab. 

_ _ 2A _ 2iTab 
^~T F- *• 

If the force is to the focus of the eUipse 
h= V]d = 

. .p _ 2 iTab v''* _ ^ I 

" - va* 6 “ v/' •• 

where a is the semi-major axis. 

If the force is to the centre of the ellipse 

• (Art. loi.) 


(1) 

(2) 


P = 


Now fc is the force at unit distance 


Hence 


* ® ' * = aby/i*- 

~ _ 2 A_ 2iTab _ 27r 

~ h ab-\/[i~ 


(3) 


(4) 


(5) 


The periodic time in this case is therefore independent of 
the dimensions of the orbit. 


104. To determine the Time in an Ellipse when the Force 
is to the Focus. 

The equation of the ellipse is 

- = I -f « cos ^ . (i) 

where the major axis of the ellipse is the initial line and the pole is 
at the focus. 
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Now 


^ r* 
dd 


A 


\//x (i -j- e cos 
dO 


from (i). 


-AC 

“V/x c 

J 01 


I + ^ COS 0)* 


0 0 / 6 0 \ 

Now I + ^ cos 0 = sin* - + cos* “ + ^ f cos* - — sin* -J 


:cos»^(i + <) + sin*^ (i — «) 
2 2 

.e 

sec* - 


I + « cos 0 


(i + e) + (I — e) tan* 


6 


11+^ COS 0 I — e\x + e 


(•»-*) 


+ tan* 


tan~ 


6 


Now let 
so that 
Then 


^ = tan-y{L^Sanf| 
a 

tan 


- = A 
2 \] 1 


“h ^ 


tan <f>, ... 




(i — e) tan* - = (i + e) tan*^. 


(! + <;)+ (i —e) tan* - = (i + <?)(i + tan*<^) 


= (i + c) sec*(^. 


Also differentiating (4), 

sec* ~ 

2 


From (3), we have 


= 2 /L+i 
V I — ^ 


sec*<f)d<l>. ... 


i:- 




(l + tfCOS 0 )* 



sec* - 
2 


(i + e) + (i — e) tan* 


r 


(2) 


(3) 


(4) 


(5) 
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i ^t 

(I- 


e) + (i+g)tanV 


^cos*^ +(i + e) sm*<f>}d<f^ 


e cos 2 <f>) d<f>. 


sin 2(f> 


—^—- r2 tan“* I /-■ ~ tan - i — 

(I—Wi + « 2/ 14 

^ ^ 2 /L^San-^ 

— ^ tan 0 __ V I 4 - g 2 _ V 


—g ^sing 
+ ^ cos 0 


I + tan* 4 > 


\ I + e 2 

1 + - tan* ~ 
' I + ^ 2 


~ g* sin 
e cos 6 


Also / = a(i — ^*) 

so that the time from the vertex, where = o is given by 

V/xl 2 J I+^COS0 I 

Ex. m. A particle describes an elliptic orbit under a 
central force to one of the foci. The greatest and least velocities in 
the orbit being no ft. per sec. and 90 ft. per sec. respectively, and 
the periodic time being 20 mins., calculate the eccentricity and 
(approximately) the length of the major axis. 

Now the velocity in the orbit is given by 

'’“'■C'-.) . 

so that V is a maximum when r is a minimum, and v is a minimum 
when r is a maximum. 

Again v = so that v varies inversely as^, and its direction 
P 

is perpendicular to the radius vector at the extremities of the major 
axis. 
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If then 2a is the length of the major axis, and e the eccentricity, 

h 


no = 


and 

Dividing, we obtain 


a(i — e) 
““ ail -f e) 


n I + 

9 


I — e 


so that 

If T is the periodic time 


e — 


T = 


27Tab 


20 X 6o 


2 \» 


a = 


2.7T . a , a{i — e^) 
iioa(i — e) 

20 X 6o X no 

277 

20 X 6o X no 




ft. 


277 


. ft. 

VII 


( 2 ) 

(3) 

(4) 

(5) 


= 3*6 miles approximately. 

the major axis has a length of 7*2 miles (approximately). 


Ex. IV. A particle of mass m moves under a central force 
m/x/(distance)*, and is projected at a distance c from the centre of 
force with the velocity which would be acquired by a fall from rest 
at infinity to the point of projection. Prove that the orbit is an 
equiangular spiral, and that the time elapsed till the particle reaches 
a distance r from the centre is 


— c*; sec alVJi; 

where a is the angle in the spiral between radius vector and tangent. 
Using the expression 




P 

A* 

~P^ 

dp 
dr ' 


we have 









h-- 

~P^ 

dp 
dr ' 

... ... ... ... (l) 

Integrating (i). 

rz 

h* 

-p^ 

+ c. 

. (2) 

But V 

h 

~P 


= V* 

+ c. 

... ... ... ... (3) 

The velocity from 

rest 

at infinity is 

given by the energy equation 
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so that 

Substituting in (3) 
so that 
and 


... 


U) 


&=Sr+c 


C = o 


:= V* 


>. * 


>* 


(5) 


But h and ft are constants. .*. p, varies as r, which is the 
property of the equiangular spiral. 

Writing h = VJt sin a, in equation {5) we have 

^ = r sin a, . (6) 

where a is the angle between the radius vector and the tangent. 
Now from the expression 

where ^ is the angle between the radius vector and the tangent, we 
have 


tana = r 


Again 


dr' 

dt dO tan a dl 

~~ * Te' 


^ ^_ 

dr dd * dr 


(7) 


or 


The time in the orbit is found from 

dt 

M _r* 

de ~ /»■ 


( 8 ) 


Hence using (6), (7) and (8) 
dt tan a 
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105. Apses. —An apse is a point in a central orbit at which 
the radius vector, for which the centre of force is the pole, 
is a maximum or a minimum, the corresponding values of the 
radius vector being called the apsidal distances. 

Thus the planets, as we know, move round the sun as the 
centre of force in elliptical orbits. The point in the orbit 
most distant is called the aphelion, and the least distant the 
perihelion, points which when used of the moon's orbit are 
termed apogee and perigee respectively. 

The analytical condition for a maximum or minimum 

du 

value of the radius vector is that shall vanish, and that 

au 

the first succeeding differential coefficient which does not 
vanish shall be of an even order. 

Now, if <l> is the angle between the radius and the tangent 
to the curve 

. de 

tan i = — w 
^ du 

so that when ^ ^ . 

dd ^2 


Hence, the first condition for an apse ensures that the 
tangent at an apse is perpendicular to the radius vector. 

When the central acceleration is /xw*, the equation of motion 
is 

_ P fi 

^ = f-2 

du 

Multiplying by • and integrating, we have 

I [(sy+“■]='““+•• <') 

. du 

The particle is at an apse when ^ = o. 

Equation (i) then becomes 

A* , 

— M*— —C = o, 

which shows that there are only two apsidal distances. These 
distances are evidently the segments of the major axis of the 
conic. 

It is, however, easy to show that for any central orbit, there 
are only two different apsidal distances. By hypothesis, 
the acceleration of the particle in the orbit is a function of the 
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distance from the centre of attraction. If then, the direction 
of motion at an apse were reversed, the speed being imaltered, 
the particle would necessarily describe a path similar to and 
S3rmmetrical with the path already described, so that the 
apsidal line divides the orbit into two equal and similar parts. 
It immediately follows that there can only be two apsidal 
distances. The angle between two consecutive apsidal 
distances is called the apsidal angle. When the orbit is a 
conic about a focus the apsidal angle is i8o°. 


Ex. V. Find the law of force to the pole when the path is the 
cardioide, r — a{i — cos 6); and prove that, if Q be the force at 
the apse, and V the velocity 

3V‘ = 4«Q. 

Since r = a(i — cos 0) . (i) 

.*. ~ = asin 6 . ( 2 ) 

'drV 


Now 


I _ I I /^»'Y 
—ji + ji\de) 




(3) 


Then, since 
and 


^ ^ ^ mass. 


2 dp __ 
p^ * lir 

p _ ^ 


6a 


3ah^ 


so that the force is proportional to the inverse fourth power of the 
distance. 

-..T 

Now at an apse 50 ~ ^ 

I dr 

or 


from which either sin 0 = o or r is infinitely great, the latter case 
being inadmissible so long as the particle is moving along the 
cardioide. 

Thus 0 = TT or o. 

When 0 = 77, r = a(i + i) = 2a 
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3 ^ 

i6fl* 


10«»’ 


y,. _ rl „ ?i’_ 4,. 

^ 2a 2a 


4 *Q-^- 3 V. 

When 5 = 0, f = 0 and p = o, and the particle is moving 
with infinite velocity along the axis of the cardioide, and thus 
continues to move in a straight line. 

Ex. VI. If, when a particle is at an end of the minor axis of an 
ellipse, the intensity of attraction is increased in the ratio 3 : 2, 

prove that the axes of the new orbit are \/2.6, where 2a, 26are 

2 

the old axes. 

The velocity in the orbit is given by 

— 

r a 

Hence, when the particle is at one extremity of the minor axis 

= ^ =t. . (I) 

a a a 

Let fii be the new intensity of attraction, 2ai and 2 bi the new 
axes. 

Now the velocity when r = a is unaltered. 

= from (I). 

/T n fw ' ' 


2 

r* = 


But Hi = Ih 


3 . 

a 


2a. 


I 

a 


(2) 


2a. = —• . 

* 2 

Now h = vp. 

But V is unaltered in ma^itude and direction, so that the constant 
h is the same for both orbits. 



^=3 V 

a 2 dj 


But 
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i,* 2 a, I , , . 


26, = Vi . 6. 

Bz. Vn. A particle describes an ellipse under a force to the 
focus. When the particle is at one extremity of the minor axis, 
its kinetic energy is doubled without change in the direction of 
motion. Prove that the particle proceeds to describe a parabola 
whose latus rectum is double that of the ellipse. 

Let S be the centre of force, one focus of 
the ellipse, and let S'be the other focus. 

Let B be the extremity of the minor 
axis so that SB = a, where 2a is the 
length of the major axis. 

The velocity at B is given by 

a 


B 




/ Cb/ 

^V) 

\ S 


Fig. 

154- 


a 



a 

The kinetic energy is doubled, but 
the attractive force is unaltered, so 
that the velocity is then given by 

a 

But this is the velocity of a particle 
describing a parabolic path at dis¬ 
tance a from the centre of force. The 
particle therefore proceeds to describe 
a parabola about S as the focus. 
Since the direction of motion is un¬ 
altered, BS' is parallel to the axis of the parabola. 

Let T be a point on the tangent at B such that SB = ST, 
Then ST, which is parallel to BS', is the axis of the parabola. 
From S draw SY perpendicular to BT and from Y draw YA 
perpendicular to ST, meeting ST at A. 

Then YA is the tangent at the vertex A of the parabola. 

The polar equation of the parabola is 

y = I + cos 0, 

where 2/ is the latus rectum and 

where 6 — 'fbJB 

0 = iSo — 2 <f>, _ 

and I = a(i + cos iSo-2<f>) 

= a(i — cos 2^) 

= 2 a sin* 

But, referring to figure 154, 

. , d 
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7 ** 

I = 2a-» 


= 2^, 
a 

i.e., the latus rectum of the parabola is double that of the ellipse. 

106. Tangential and Normal Accelerationg. — If v is the 

velocity of a point P moving in a plane curve, the tangential 

acceleration is ^, and the normal acceleration is — , where 
cLt p 

s is the distance of P from some fixed point on the curve, and 

p the radius of curvature at P. 

If then T and N denote the forces per unit mass acting on 
a particle in the directions of the tangent and normal, the 
equations of motion will be 


K=4:)= 


and 


- = N. 
P 


(1) 

( 2 ) 


Ex. Vin. A small bead is projected with any velocity along a 
smooth circular wire under the action of a 
force varying inversely as the fifth 
power of the distance from a centre 
of force situated on the circumference. 
Prove that the pressure on the wire is 
constant. 

Let a be the radius, O the centre of 
^force, A the initial position, and 
P the position of the particle after 

time t, so that POA = 6 . 

Resolving tangentially, 

— ;^sin0.(I) 

s = a . 20, r = za cos 0 , 

. ( 2 ) 


( 3 ) 



( 5 ) 
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Resolving normally 
a 

But s = 2ad and r 


= R — ^ cos 0 . 


2a cos 0 


R 




+ 


2®<l® COS* df 

= 4m(auj* + 
and is therefore constant throughout the motion. 

107« Motion of a Heavy Particle on a Rough Curve in a 
Vertical Plane. —Let be the angle which the tangent makes 
with the horizontal, and fi the coefficient of friction. 

Suppose also that <f) increases as s increases and that R, 
• the pressure, is measured outwards. 
Resolving tangentially 
dv 

mg sin <f> — fiR. (i) 

Resolving along the normal 

m— = tngcos <l> — R. (2) 
P 

Eliminating R by multiplying (2) 
by /X and subtracting, we have 



Fig- 157- 


dv 

’Ts 


— P‘~ = ^(sin 4 > — A cos <f>). 

P 
ds 


But since p = equation (3) becomes 
(t<P 


d{T^ 

d,j> 


— 2^^v* = 2gp(sin ^ — /i cos 4>): 


( 3 ) 


( 4 ) 


Equation (4) can be integrated when p is known in terms 
of 4,. 

Thus, if the particle is sliding down a portion of a cycloid, 
vertex upwards, 

s = 4a sin <f> 

ds , 

p = ^2= 4a cos <f>, 


d 4 > 

so that (4) becomes 

— 2uv* = 4ag(sin 2^ 

(l<p 


2p, COS*4>) 

p, — /X COS 2<f>). (5) 


= 4ag(sin 2<f> 

To integrate this equation multiply by « “ and we have 



296 MECHANICS VIA THE CALCULUS 
»«(sin 2 <ft — /x — fj. cos 2<f>) + C. (6) 

Now I e sin 2^^ = — (/* sin 2<f> + cos 2^) 

f _ , 

and Jtf cos 24 >d<j> = » -f i) ^ 

,*. *1*^ = 2age 

—__^^^e~*‘^^|2fisin2^—(/X*—i)cos2^j- + C; (7) 
The equation cannot be integrated further. 


Problems XIV. 

1. A particle of unit mass falls from rest under gravity in a 
medium whose resistance is k times the velocity ; if the particle is 
projected initially horizontally with a velocity u, find the horizontal 
and vertical velocities after a time /, and hence prove that the 
hodograph of its path is a straight line. 

2. A particle moves in a semicircle under the action of a force 
perpendicular to the bounding diameter ; show that the force varies 
inversely as the cube of the distance of the particle from the 
diameter. 

3. Find the path of a particle acted on by a repulsive force 
always perpendicular to a given straight line and proportional to 
the distance from it, the velocity at any point being that which 
would be acquired by moving from rest on the given line to that 
point. 

4. If a particle be acted upon by a force always parallel to the 
axis of y and proportional to the square of the radius of curvature 
at the point, prove that it will describe the curve 

y — i 1 X 

- - = log sec 

a ^ a 

the particle moving parallel to the axis of x at the point (o, b). 

5. A particle is projected under gravity, and the horizontal 
component of the velocity in the trajectory is proportional to the 
cotangent of the inclination of the direction of motion to the 
horizontal. Show that the resistance of the air (assumed a function 
of the velocity) is proportional to the velocity. 

6. A particle is projected horizontally with velocity u, and it 
moves under the action of a vertical force proportional to 

(a—y)2 

where a is a constant. Taking the horizontal and vertical directions 
through the point of projection as the axes of x and y respectively, 
find the equation of the path. 
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7. A particle moves in a plane under a constant acceleration 
)xa parallel to Ox, and an acceleration — Zfiy parallel to Oy, where 
Ox, Oy are rectangular axes. If the particle starts from rest at the 

point (0, a) show that, when y is first equal to x is equal to ~a, 

2 30 

8. A particle moves in a plane, under the action of a force to a 
fixed point in the plane, attracting directly as the distance from the 
point. Prove that the path is an ellipse, with centre at the fixed 
point, and that the velocity at any point varies as the diameter 
conjugate to that point. 

9. A particle of mass m describes an ellipse under the action of a 
force ntfi/r^ towards the focus. Prove that the average value of the 
kinetic energy taken with respect to the time over a complete 
revolution is w/i/2a, where 2a is the major axis of the ellipse. 

10. A particle moves in an orbit under a central acceleration 
along the radius vector ; obtain the equations of energy and 

angular momentum. The particle is projected with velocity u 
at right angles to the radius at distance c from the origin ; prove 
that c is its least distance from the origin if w* > ixjc. 

11. A particle describes an equiangular spiral under the action 
of a force to the pole. Prove that the force varies inversely as the 
cube of the distance of the particle from the pole. 

12. A particle is describing a circle under the action of a force 
to a point on its circumference. Prove that the law of force varies 
inversely as the fifth power of the distance. 

13. A body is describing a circle in a central orbit, the force 
varying inversely as the square of the distance. If the attraction 
suddenly decreases by one-half, show that the subsequent path is a 
parabola. 

14. Prove that the law of central force in a conic about the focus 

is where 2 a is the major axis, and 27 r/n is the period. 

Calculate to the nearest minute the sun's greatest angular motion 

in one day, given that the eccentricity of the orbit is 

15. A particle is describing an ellipse under an attraction to 
the focus. When it is at any point of the path the centre of attrac¬ 
tion is transferred to the other focus, and the attraction continues to 
vary as the inverse square of the distance, but the absolute force is 
changed so that the magnitude of the attraction is unaltered; 
show that the particle continues to describe the same ellipse. 

16. A particle is describing a hyperbola about a centre of force 
attracting as the inverse square of the distance, its velocity at 
infinity being V ale ng an as5miptote whose perpendicular distance 
from the centre of force is p. Find the angle between the as5nnptotes 
of the orbit, and show that, when V is large, this is approximately 

2/X 



298 MECHANICS VIA THE CALCULUS 


{' + $) 


17. A particle moves with a central acceleration /n 


being projected from an apse at a distance a with a velocity 2 aV 
show that it describes the curve r\2 + cos v'3^) = 3^*- 

18. Two particles of masses mg attract one another according 

to the law of force : prove that, if the relative orbit is a 

circle, the periodic time is equal to 

2, /ZIZZl 

V r(wi + W2) 

In the case of the earth and moon, taking their distance apart to 
be 60 times the earth's radius, the length of the seconds pendulum 
to be 39 inches, the radius of the earth to be 3,960 miles, and the 
mass of the moon to be of the mass of the earth, express the 
period in days. 

19. In a central orbit the force is /xw®(3 + \ if the particle 

be projected at a distance a with a velocity /5/f’ in a direction 

V 

making tan—^ J with the radius, show that the equation to the 
path \sf=^a tan 6 . 

20. A particle moves under a central force P in a medium whose 

P 

resistance is k times the velocity. Prove that + w == 


where («) is the reciprocal of the radius vector, and (b) a constant. 

Hence or otherwise, show that when the force (attractive) varies 
as the distance, and the resistance is small, the areas swept over by 
the radius vector in successive revolutions of the particle, diminish 
according to the law e 

21. A particle moves in a curve under a central attraction so 
that its velocity at any point is equal to that in a circle at the same 
distance and under the same attraction. Show that the law of 


force is that of the inverse cube, and that the path is an equiangular 
spiral. 

22. A particle is acted on by an attractive force (w< 3) to 
a fixed point and its orbit is nearly circular ; prove that the apsidal 
angle is equal to 77/(3 — 

23. Prove that when the orbit under a central force is a conic 
with the centre of force at the focus, if P is the particle, S the centre 
of force and N the foot of the perpendicular from P on the axis of the 
conic, the velocity of N is greatest when it coincides with S. 

24. A particle P describes a parabola under the action of a force 
tending to the focus ; determine the law of force and prove that, if 
M is the foot of the perpendicular from P on the directrix, the motion 
of M is the same as that of a particle constrained to slide without 
friction along the directrix and attracted to the focus by a force 
proportional to the inverse fifth j^wer of the distance from the focus. 

25. Prove that the time requiied to describe an arc of a parabola 

under the action of the force to the focus, starting from the nearer 
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end of the axis is given by 

V7 {'“I+““•!} 

where a is the apsidal distance, and 0 is measured from the axis. 

26. A heavy bead slides down a rough circular wire in a vertical 
plane. If the coefficient of friction is -25, and if the particle starts 
from rest at the end of a horizontal diameter, show that when it has 


TT 

described an angle of ~ radians about the centre, the velocity v 


is given by v* = 




where a is the radius 


of the wire. 

27. A bead slides down a rough circular wire, coefficient of 
friction^^, whose plane is vertical, starting from rest at the end of a 


horizontal diameter. Prove that the bead will come to rest before 
reaching the lowest point. 

28. Show that the only law for a central attraction, for which 
the velocity in a circle at any distance is equal to the velocity 
acquired in falling from infinity to that distance, is that of the 
inverse cube. 


29. A particle is projected from the lowest point along the inside 
of a smooth elliptic ring, the minor axis of the ellipse being vertical. 
By finding the pressure between the particle and the ring in any 
position, show that the least velocity of projection that will carry the 
particle completely round the ring without losing contact is given 
by = g{a^ + where a, b are the semi-axes. 

30 A particle, attached to a fixed point O by an inelastic string 
of length r, is let fall from a point in the horizontal through O at a 
distance r cos 0 from O. Show that the velocity of the particle, 
when it is vertically below O, is \/^2gr{i — sin* 

31. A rough hemispherical bowl radius a, coefficient of friction 
/X, is fixed with its rim in a horizontal plane. A particle falls from 
rest at a point on the rim. What is its height from the lowest point 
of the bowl when next it comes to rest ? 


32. A particle is describing an ellipse of eccentricity e about a 
centre of force attracting as the inverse square of the distance and 
when at the apse farther from the centre of force its speed is suddenly 
doubled with the direction of motion unchanged. Prove that if 
e <^, the new orbit will be a hyperbola of eccentricity 3—4^. 

33. A particle describes the ellipse in such a 

manner that the eccentric angle of its position on the ellipse increases 
at a uniform time-rate to. Show that its acceleration is directed 
towards the centre of the ellipse and that the magnitude of this 
acceleration is rco*, where r is the distance from the centre ; show 
that the magnitude of this velocity is b'co, where b' is the semi¬ 
diameter of the ellipse parallel to the tangent at the point occupied 
by the particle. 
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SHEARING STRESSES, BENDING MOMENTS AND ELASTICITY 

108. Theory of the Distribution of Shearing Force and 
Bending Moment in a Horizontal Beam subject to Vertical 
Loads. —In what follows we shall assume that the vertical 
loads acting on the beam are in one plane, which will be 
taken as the plane of the paper. 

Let AB be a beam in equilibrium under the action of any 
number of vertical forces. P,, P*, P®, etc. Consider any 
portion CB of the beam, where C is a vertical section at any 

point in the beam, and B 
one end. Since CB is in 
equilibrium, the action of 
the portion AC on CB 

■|l> must balance the forces 

p,. j g acting on CB. But those 

* **■ ' forces are equivalent to a 

vertical force S acting at C and a couple M. Hence the 
action of AC on CB must also be a force S perpendicular 
to the beam and a couple M. 

The force S, which tends to cause adjacent vertical sec¬ 
tions of the beam to slide over one another is called the 
Clearing force or shear, and the moment M, the bending 
moment, or moment of flexure, at C. 

Thus the shear is the algebraical sum of all the vertical 
forces on one side of C, and the bending moment the alge¬ 
braical sum of the moments of the forces on one side of C 
about a horizontal axis in that section. 

Note i . Any beam used in construction must therefore be strong enough 
to resist both the bending moment and the shearing action at any point. 
These actions are independent of one another, and in most cases the material 
necessary to resist the bending moment is much more than sufficient to resist 
the shearing action, so that the latter is left out of account when determining 
the required dimensions of the beam. 
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Since shearing force and bending moment are mutual 
actions, their directions on the two portions of the beam at C 
will be equal and opposite. We shall assume as the positive 
senses of this force and couple those shown in figure 159. 

109. Isolated Loads (weight of beam neglected).—Resolving 
vertically for the external forces 
on CB, we obtain 

S = P,-P, .. (I) 

But this equation will remain 
true, as C approaches Pg, i.e., the 
shear will remain constant over any portion of the beam 
which has no isolated load acting in it. 

Between P, and P,, S = — P4, and therefore at the point 
of application of an isolated load P, there is a sudden decrease 
in the shear by an amount Pg, and then the shear again 
remains constant till the point of application of Pg is reached. 

Let Pg act at distance y and Pg at distance x from C. 

Then, taking moments about C for the equilibrium of CB, 
M = Pg* — Pgy.(2) 

If, again, we imagine C to approach Pg, then * decreases 
continuously as M approaches and finally equals the value 
Pgy. Hence, there is no sudden alteration in the bending 
moment on passing the point of application of an isolated 
load. 

110. Bending Moment and Shearing Force Diagrams.— 

If at every point C along the beam we erect two perpendiculars 
which are proportional to the shearing force and bending 
moment respectively at that point, diagrams are obtained 
which are called the shearing force and bending moment 
diagrams. It is necessary to distinguish in the usual way 
between the positive and negative values of the quantities 
considered. 

From a consideration of the preceding paragraph we see 
that, for any system of isolated forces, the shearing force 
diagram will consist of a series of isolated horizontal lines, 
and the bending moment diagram of a continuous series of 
sloping lines. 


siM M 

Fig. 159. 
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Ex. 1 . AB is a cantilever of length lo feet, with load 2 tons at the 
free end B, and load 4 tons at D, 4 feet from the free end and load 
5 tons at C, 3 feet from A. Construct the shearing force and 
bending moment diagrams. 



The shear between A and C is ii tons 

C and D is 6 tons > all positive^ 

D and B is 2 tons j 

The ordinates (from 00 ') of the broken line LM represent these 
shearing forces. 

The bending moment from B to D increases continuously from o 
to 2 X 4 {= 8) therefore its graph is the straight line PQ. From 
D to C the bending moment increases continuously from 8 to 26 
and we thus get the straight line QR. In similar manner we get 
RS, and thus the bending moment curve is PQRS. 
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111. Continaons Loads.— Let a horizontal line through 
the beam be taken as the axis of x, and let the co-ordinate of any 
point C, measured to the right be x. Let w be the load per 
I unit length, so that the load on an 

element 8 x is wSx. 

Consider the equilibrium of the 
element Bx. 

The equations (i) and (2) of art. 109 
then become 

8S -f wSx = 0 .. .. (3) 

-b SS) Sx -f wSx . eSx = 0 .. (4) 




'wdx 

Fig 

and 

where e is 


M+6M 
S+dS 

161. 

SM + (S 
some proper fraction. 


When Sx becomes indefinitely small, equations (3) and (4) 
become 


dx 


— w 


(5) 


and 


dx 


( 6 ) 


In the case of a uniform load, w is constant and we then 
obtain by integration from equations (5) and (6) 

S = — wx C .(7) 

and M = — | Sdx = + | — C)dx 

= + D. .. .. (8) 

The constants C and D can be determined from the conditions 
of the given problem. Thus at a free end M is zero. 

Equation (7) shows that the graph of the shearing force is 
a straight line, and equation (8) shows that the graph of the 
bending moment is a parabola with its axis vertical. 

From equation (6) we see that the shearing force at any 
section C is a measure of the slope of the bending moment 
graph at the point corresponding to C. 

Again, since 

M, — M, = I Sdx. 

i.e., the difference in the moments at any two sections is 
determined by the area of the shearing force diagram between 
the points corresponding to the two sections. 

Ex. n. A uniform beam of weight W tons and length / is sup* 
ported at its ends A and B in a horizontal position and carries two 
loads P tons at C and Q tons at D at distances x^ and x^ from A 
respectively. Draw the shearing force and bending moment 
diagrams. 
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The reactions R| and R, may be determined by taking moments 
about B and A respectively. 

The shearing force at B is — Rg. 

From B to D there is, in addition, a positive shearing force due to 
the weight of a portion of the rod. At D there is discontinuity in 
the diagram due to the addition of the force Q tons. The complete 
shearing force diagram is shown in the figure. 



The bending moment at any point X will consist of the moments 
of the isolated loads on the right of X together with the moment 
due to the weight of the portion XB. 

Between D and B the bending moment, at a distance x from A 
is given by 

(I _ x)^ W 

T ^T weight of the beam per 


unit length; 
between C and D, it is 

W (/— 

I JZ 


(I) 




... (2) 
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and between A and C, it is , 

7 - R,(/ - *) + Q(*, - *) + P{*i - *) (3) 

W 

or otherwise RiX -J" * 2 considering the forces to the left 

of C. 


Hence, in each case the curves will be portions of parabolas 
with axes vertical. Moreover since the coefficient of x^ in all three 
cases is the same, the magnitude of the latus rectum of each parabola 
will be the same. Each curve will intersect the next on the vertical 
line through the point at which an isolated load acts. Equation (6) 
of the previous paragraph is still true ; so that the slope of the 
bending moment diagram gives the shear. 

Thus in (i) above 


dx 


W 

^(/-^) + R, = -S 


W 

S = y (/ —X) — R, 

and this is seen to be true by examination of the shearing force 
diagram. At the point where S = o, the bending moment is 
numerically a maximum. 


Ez« in. A horizontal beam is supported at one end and at one 
other point by a prop in the same horizontal line. If the beam is 
loaded with a uniformly distributed load, find where the prop must 
be placed so that the maximum bending moment on the beam is as 
small as possible. 

Let ABC be the beam, supported at A and B. 

Let AC = 2I and AB = y and let R^ and Rj be the reactions at 
A and B. 


If w is the load per unit length, then Rj = 2 wl(^ — ^ and 

y 

If X is the distance of a point P, between B and C, from C, then 
the bending moment at P == 


This bending moment is evidently greatest at B, and is then equal 

Next, considering a point between A and B, distant x from A, 
we obtain for the bending moment there 

RjX 

tiding 

maximum bending moment is 


wx* 


For a maximum bending moment x ^ — and therefore the 

w 
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One of these bending moments will in general, be the greater 
but, by moving the prop, we can decrease it. 

Hence> we shall obtain the smallest value of the maximum bending 
moment when the position of the prop is such that the above 
bending moments are equal; i.e. when 

i.e. when 2/^1 —= ± (2/ — y) 

which gives y = zt 

or y = (2 + ^/2)l. 

Since y is necessarily positive, and less than 2/, and from con¬ 
sideration of the equilibrium of the beam, greater than /, the only 
possible solution isy = V2/. 


112. Elasticity. 

In Chapter II, the case of the elastic string, where a 
knowledge of Hooke's Law was required, has already been 
discussed. This law also applies to the compression and 
elongation of elastic rods, and- is the basis of the theory of 
elastic solids. The law only applies within certain limits, 
called the limits of elasticity, and beyond those limits, the 
rod or other solid suffers permanent deformation. 

Consider a rod AB of original length /, in a state of tension 
due to forces W, W acting in opposite directions at its 
ends. The bar has become longer and what is called a tensile 
strain has been produced. 

If X is the increase in length, then the tensile strain = j • 


Corresponding to the external forces and balancing them 
there is a set of equal and opposite internal forces at any 
section C of the bar. This system of internal forces is called 

the tensile stress. 

If a be the area of cross section at C, and / denote the 
intensity of stress at the section, then 


W = a/. .(i) 

Now Hooke’s Law states that the strain produced is directly 
proportional to the load, which is itself proportional to the 

intensity of stress 


stress by (i), i.e. the ratio 
up to the elastic limit. 


strain per unit length 


is constant 
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This ratio is called the modulus or coefficient of elasticity 
and is denoted by E. 

Hence in the case of the rod considered, 

stress 1 _ a 
xfl 

fl 


E = 


whence 


/ = 


For steel, 

„ wrought iron 
„ cast iron 
„ oak 
„ leather 


strain xji x 
E* 

T or — g . 

E is about 30,000,000 lbs. per sq. inch. 

28,000,000 „ „ „ „ 

15,000,000 „ „ „ „ 

^»50o»ooo ,, ,, ,, ,, 

25,000 „ „ „ „ 


(2) 


Note 2 . When a rod is stretched, its breadth and thickness are also 
altered. These changes also follow a law similar to Hooke's Law. 

113. Stress-Strain Diagrams. —If a bar be stretched by an 
increasing load, and the strains and corresponding stresses 
plotted we get a graph which is a straight 
hne from O to X, where X represents 
the elastic limit. Beyond that limit 
the graph is more or less irregular. 

Work done during extension .—If a 
rod be stretched a distance b, and if 
W be the load then acting, the work 
done during the extension is |W6 ; for 
the force acting varies directly as the 
extension and increases uniformly from 
o to W, therefore the average force 
acting is |W and the work done is 

The area OXA in the diagram, if suitable units be chosen, 
will represent the work done. 



Strain 
Fig. 163. 


114. Stress due to a Sudden Load on a Bar. —Let a weight 
W, threaded on a vertical rod which is suspended from its 
upper end, fall from a height A on a head at the lower end of 
the bar. 

Let this blow cause an extension x in the bar. 

Then work done on the bar = energy given up by the falling 
weight, if any loss due to generation of heat be neglected 

= W(A + x). 

Let / be the maximum stress produced, a the area of cross- 
section and I the length of the rod. 

Then W(A + x) = ^ 
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But 



w(* +§) 


aJH 

2E 


Now, suppose h = o, i.e. suppose a load W is suddenly put 
n the rod, then f = 

a 

If, on the other hand, the load is put on gradually, then 


finally Vf = af, or f — —• 

Hence the effect of a suddenly applied load is double that 
produced when the same load is applied gradually. 


115. Kinds o! Stress and Strain.— There are three kinds of 
stress and strain :— 

(1) Tensile strain and tensile stress ; 

(2) Compressive strain and compressive stress ; 

(3) Shearing strain and shearing stress. 

The discussion of the second case is more complex than 
that of the first, for a bar subjected to compression has a 
tendency to bend, and the compressive stress at any trans¬ 
verse section is then not uniform. 


116. Shearing Strain and Shearing Stress.— The modulus 
of elasticity in any case is the ratio of the intensities of stress 
and strain. 

In the case of shearing stress, the strain is measured by the 
distortion produced. 


A AJ B D' 



B C 

Fig. 164. 


then 


Thus, suppose a block ABCD, fixed at 
BC, is acted on by a tangential or 
shearing force P acting along AD and 
producing a distortion of angle 

Then the shearing strain produced is 
measured by tan ^ or AAJAB. If C is 
the modulus of shearing stress and / 
the intensity of shearing stress produced, 

C = 

tan ^ 


or, since <f> is small, / = C<f>, where (f> is measured in radians. 

For steel, C is about 13,000,000 lbs. per sq. inch. 
„ wrought iron „ 10,000,000 „ „ „ „ 

„ cast iron „ 6,000,000 ,, ,, „ 

C is often called the modulus or coefficient of rigidity. 
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117. Jforsion of a Bar of CircuIarSectioiii—Considera bar 

of length /, radius R subjected to torsion by a couple applied 
at one end, the other end being fixed. 



Take a thin rectangular prism of the. material running 
parallel to the axis of the cylinder, one edge of which is AM 
A being fixed. 

The edge AM will be turned into the position AM'. 

Let MAM' = 8^ and let M'OM = h9, where 0 is the 
centre of the end section, and let OM = OM' = r. 

Then the face of the square at MM' will be subjected to a 
shearing stress of intensity/; where / = C8(f>. 

But MM' = lS<f> = rhe 8^ = 

I 

so that .(I) 

Every portion of the area at M is twisted through the same 
angle i.e. 80 is constant, therefore C 80 // is constant and 
therefore the shear stress is proportional to r. Now consider 
an annulus at distance r from 0 . Since the shear stress is 
proportional to r, it is therefore constant roimd the annulus 
and ' 


shear force acting round annulus = . 2 nrhr. 

Ir 

Moment of this force about the CS0r 

axis of the cylinder ~ I ’ ^ 


ZirCSO 
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Hence, total moment of resistance _ 2nQ,h6 
of the shaft to torsion. ~ ^ Jo 

/ 2 

But the moment of inertia of a circle of radius R about an 
axis through its centre and perpendicular to its plane is 

77 

-Hence, denoting this moment of inertia by I, and the 

2 


moment of resistance by M, we have 



cm 

M= ^ 

.. (2) 

But, from equation (i) 

CS0 f 

-f- — so that if F is the 
1 r 

maximum 

stress which is evidently exerted at radius R, 


C8d F 

1 R’ 

.. ( 3 ) 

from which 

. 

.. (4) 

Again 

j ttR^ 

”” 2 


• 

• • 

F ttR^ 

M = --=-F. 

R 2 2 

.. ( 5 ) 


Note 3. In the case of an engine shaft the permissible stress F is known and 
M is calculated from the pressure on the piston and the length of the crank. 
Then equation (5) gives the suitable diameter of the crank shaft. 


118. Moment of Resistance of a Hollow Cylindrical Shalt— 


Let R and r be the inner and outer radii of the shaft. 
The moment of resistance of a solid of radius R is 



where F is the shear force at radius R. 


The moment of resistance of a sohd shaft of radius r, if it 
forms the central portion of the other is 



where / is the shear stress at radius r. 

/ = F . / _ »'F 
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Hence the moment of resistance of the hollow shaft is 

7rR®p. ^ rF 

“2“ T * R 


119. Torsional Pendulum. —Suppose the upper end of a 
wire of length I and radius r be fixed and the lower end 
attached to a rigid body. Then when the body is rotated 
an angle B from its position of equilibrium about the vertical 
line containing the wire, the couple due to the torsion of the 
wire tending to restore equilibrium will, by Art. 117, be 


where C is the coefficient of rigidity of the substance composing 
the wire. Thus if M be the mass of the rigid body and k 
its radius of gyration about the axis of rotation, we have 




dt^ 




e. 


C being measured in theoretical units of force per unit area. 
d'^B _ ^ 


Oscillations therefore take place in accordance with 
Simple Harmonic Motion and the periodic time is 



2/MA2 
CTrr^ * 


Ex. IV. From a steel wire 10 ins. long and radius -025 in. is 
suspended a sphere radius ins. and density 480 lb. per cub. ft. 
If the sphere be given a displacement about its vertical diameter 
and then let go, calculate the periodic time of the oscillations that 
take place. 


Periodic time 


= 27 r X 



5 47r 480 2 I 

I X ^ X X - X 


13 X 10* X 32 X 144 X w X 


2 X 314159 

•6749 sec. 




sec. 


sec. 


480* 


120. Bending of Beams. —A beam originally straight is 
acted on by two equal and opposite couples at its ends. The 
beam will then become curved. As the action at any section 



312 


MECHANICS VIA THE CALCULUS 


of the beam must be such as to balance the couple at the end 
of the beam it is evident that all the separate elements of 
the beam will be similarly deformed and the whole beam must 
take the shape of a circular arc. 

In this deformation there will be no shearing of adjacent 
sections relatively to one another. 

If, however, a horizontal rod or beam be slightly bent by 
vertical forces applied to it, we know that at each section of 
the beam there is not only a bending moment but a shearing 
force, so that the state of strain is no longer of the simple 
character which exists in the case above. We shall assume, 

however, that the additional 
strains introduced are negligible, 
and that the results which follow 
apply to both cases mentioned. 
Suppose that after the bending 
has taken place, two sections, 
^P> Q?* which were originally 
parallel meet in a line through O 
perpendicular to the plane of the 
paper. 

The portion pq is compressed 
and QP stretched. 

Between them there will evi¬ 
dently be a lamina of particles 
meeting the paper in sn, whose 
length is unaltered by the bend¬ 
ing. This lamina is called the 
neutral surface and sn the neutral 
line. 

Let 0 « = R and PO^Q = d 
Then ns = R 0 . 

If rt denote any other surface at a distance y from ns, 
then = (R ± y) 

Now strain oi rt = ——— — ^ 

ns R6 R 

Ev 

Hence stress on rf = / = E X intensity of strain = 



Fig. 166. 


i.e.. 


(I) 


/_E 

y~ R . 

If b is the width of the section at rt, then the force acting 

f.bby = 


on rt is 
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• Then the total force across the section '^p is 

T = .. .. (2) 

But the action at this section is, by hypothesis, a couple, 
and therefore T must be zero ' 

i.e. ^bydy = o.(2) 

But if y is the distance of the centroid of the section from 
ns, and A the area of the section. 



Hence from equation (2) y — o. 

Therefore, ns, the neutral surface, passes through the 
centroid of the section. 


The moment about ms of the tension on rt is 
y • ^ • byhy. 

The sum of the moments of all the tensions across the section 
at Vp is therefore given by 


M = 


E 

R 

E 


“ R 


I hy*dy 

. I . 


(3) 


where I is the moment of inertia of the area of the section 
about the line through the centroid of the section and 
perpendicular to the plane of the paper. 


Hence from (i) and (3) 


M _/ _ E 
I ~ y~ R' 


14) 


121. Deflection of a Beam due to Bending. —The last 
equation enables us to find the form of a rod which is only 
slightly flexible, for it gives us a connection between the 
bending moment and R. 



We know that 
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If we take the neutral line before bending takes place as the 
X axis and measurejy vertically downwards from this line, then, 

if the beam is only slightly flexible, ^ will be small, and 

1 = + 

Hence, from Art. 120 

M=±Elg. .. .. (1) 

Now the bending moment is considered positive when the 
beam is convex upwards, and then ^ increases with x, 


since y is measured downwards ; that is, is positive and 

therefore the positive sign must be taken in equation (i). 
We have in addition to this equation the two others of 


Art. III. 


= — i£; 


dx 


m _ 

dx ~ 


(2) 

(3) 


Differentiating (i) and substituting in (2) and (3) we have 

• • • • (4) 


and 




(5) 


In the case of a uniform beam I will be constant and the 
last two equations will then take the simpler form 


S =_El • — 

^ dx^ 


w 


-El a 


dx* 


( 6 ) 

(7) 


The integral of (5) or (7) will give the equation of the curve 
which the rod assumes. 

There will be four constants in the integral of (5) or (7). 
These constants can be determined from the conditions given 
for the two ends of the beam. Each end will give two 
conditions, and so there will be sufficient conditions to deter¬ 
mine the constants. If, however, there is a load or point of 
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support at any other point of the beam, there will be dis- 
continuity in the value of S and therefore of and then 


the portions of the beam on either side of the point of applica¬ 
tion of such a force would have to be considered separately, 
giving a different set of constants for the two integrals. 

The conditions at the ends of the beam are as follows :— 


(i.) At a free end we have M = o, S = o, ^ = o, ^ = o. 
(ii.) At a supported end we have M = 0 and therefore 
= o ; whilst y is known. 


(iii.) At a clamped end the value of M cannot be directly found 
by consideration of the external forces, y how- 


dy 

ever is known and ^ is generally zero. 


If the value of M can be found as a function of x, and this 
is always possible when the reactions at fixed supports are 
determinable, we can then commence by integrating (i). 
In other cases, notably when the rod is clamped at one or 
more points, we commence by integrating (7). 


Ex. V, A uniform beam of length /, of weight w per unit length 
is supported at its ends. Determine its form and the deflection 
of the beam at the centre. 

Taking the origin at one end, we have 

EI.^ = M =. — '^wx{l — x). 

dx^ 2 

Hence, 

= \ wx^ — - wlx^ + C. 

dx 6 4 

But ^ ^ when = ^ , from the symmetry of the figure 

and therefore C = 

Integrating again, 

Ely = wtP — wlx^ + -iite/Px, 

the constant being zero since y = o when x = o. 

This is the form which the beam assumes. 

I 

To find the sag in the middle, put % == -. The value then 
found is 


5 wP 5W/8 
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Ex. VI. A uniform beam is clamped horizontally at both ends 
and is under a uniform load. Determine the form the beam as¬ 
sumes and find the deflection at the centre. 

Take the origin at one end, and let w be the weight per unit length 
of the beam. 

In this case we cannot begin by forming the expression for the 
bending moment, and we therefore take the differential equation 

El = w, ... ... ... ... ... (i) 

Integrating, we get 
(Pv 

El ^ + A . (2) 


T?T 

dy wx^ 


- + Ax + h 

3 A ^2 

- + —+B^ + C. ... 


Since the beam is fixed horizontally at its ends, 

^ = 0 when ^ = 0 and when x = 
ax 

Substituting in (4) we obtain C = o 
wl^ A/2 

and -|—-f- B/ = 0 

^ A/ wl^ 

B -- 


Hence 

Integrating, 

Ely 

But y = o wh 


^ , Ax^ Alx wlH 

— , 


EI3; = — + A 
24 

o when a; = o .• 


U 4; 


D = o 


and y = 0 

when % = / 


• • 

so that 

A = -?, 

wl* __ 

12 ~ ^ 

and 

Ely = (/_*)» 



This equation gives the form the beam assumes. 

The symmetry of the conditions shows that the maximum 

1 

deflection is at the middle of the beam where x ^ and its value is 

2 

I wl^ 

El'pi’ 
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For a beam fixed at one end and supported at the other, the same 
method will give 

y = + 3P) . (I) 


using the conditions (i)y = o when x = o ; (ii.) == o when x = I; 

(iii.) ~ = o when ^ = 0 ; (iv.) = o when x = L 

To find where the maximum deflection is, we differentiate (i). 


+ . W 

Putting ^ = 0, the value of x required is obtained from the 
ax 

quadratic 

8 x ^ — 15/^ + 6/^ = 0 
from which x = *5785/. 

The maximum deflection is therefore 

(•5785)*{2(-5785)* —5 X -5785 + 3} 

_ *0054 wl^ 

In this case, there is a point of inflexion between the two ends 
found by differentiating (2) and equating to zero. 

The value of x so found is Jf, 

Since M = the bending moment at this point is zero. 

Note 4. For a uniform beam fixed horizontally at one end and free at the 
other, under a uniform load w per unit length the deflection at the free end is 

5 he found that this is three-eighths of the value obtained 

when the same load is concentrated at the free end. 

Ex. Vn. A beam, AB, uniformly loaded, of length 2a, is sup¬ 
ported at its two ends, and also at its middle point C, the supports 
all being at the same level: find the pressures on the supports. 

As in the previous example, the pressures on the supports are not 
determinable from statical principles only, and we therefore use 
the equation 

_ ... /•x 


Taking the origin at the end A and integrating, we have 

EI^ = wx + A . 

dx^ 

M = EI^ + A* + B. 

dx* 2 


(3) 
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Now there is discontinuity in the value of S and therefore of 

(^V 

^ at C, and therefore the two portions of the beam on either side 

of C must be considered separately. In this case, however, on 
account of the S5mimetry of the conditions we need only obtain 
the form of the curve for the portion AC of the beam. 

Now the bending moment is zero at A where x = o, and therefore 
the constant B in (3) is zero. 


Integrating again 


Elf? = + 

ax 6 


Ax^ 

2 


+ c. 


(4) 


At the middle point where jr = a, ^ = o; substituting these 

values in (4) we find for C the value — ^ -and (4) then 

becomes 




(5) 


The final integration gives 

Ely = — 4a^x) + — 3a^x} . 

no constant being necessary, since y = o when x = o. 
But y = o w'hen x = a, from which A = — ^wa. 


Now 


S = 


■ — A, from (2) 


( 6 ) 


= §Wa - 7£’X, 

At A, where x = o, S = ^wa 
At C, where x = a, S = — ^wa. 


Considering the other half of the beam, we see that the pressures on 
the three supports A, C, B are Jg and respectively of the total 
load. Again, substituting the value of the constant A in equation 
(3), we obtain 




Hence there is a point of inflexion at the point x = Ja, where the 
bending moment is zero. 


Equation (6) becomes 
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Ex. Vin. A beam 8 ft. long and weighing 16 lb. has unifonn 
section 3 in. wide and 2 in. deep. It is clamped horizontally at 
one end and the other end whicfi is free is found to be depressed 
8 in. Calculate the modulus of elasticity of the material of which 
the beam is composed. Also find the depression if the beam is 
clamped so that the width is 2 in. and the depth 3 in. and the 
weight which would have to be attached to the free end to make the 
depression 8 in. 

Taking the origin at the fixed end, we have, using the notation of 
Art. 121, 

. W 

+ A . (2) 


EI,y ==^a-x)^ + Ax + B. 
24 


Now when x = o,-r —o and y = o 
dx 

, from equations (2) and (3), A = 


and B = — 


w r 


{l — x)^ + 4Px 


— p . 


Hence when x I the depression is 

Substituting the numerical values, we have 
2 _ 2x8* _ 

^ 8 X — X — 

144 12 X 6* 

. E = 15,925,248 lbs. wt. per sq. ft. 

In the second case, I, = — X — - —i- 
* 144 12 X 4® 

Therefore if ft. be the depression, we have 
I 

i Ti I 4* 

i “ 1 ii 6» 

I 

= irV ft’ 

In the third case, let W lb. be the weight to be attached, then 

= + . ( 4 ) 

+ C ... (5) 

EI^ = ^ (/_*)« + ^(l - x)» + CX + D. ( 6 ) 


• • 
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Now when % = o, ^ = o and y = o 

wP WP 

. from equations (5) and (6) C = H- 

o 2 


and 


D = 


wl* 


6 


TTT “* /» \i 1 W,, ... /*, , , WP WP 

Ell .y = —+ ^ (^ —*) + + 3W)ar —— g- 

P 

Hence when x = the depression is — (^wl + 8W). 

24I1. Ij 

Substituting the numerical values we have 

|=5|f_(48 + 8W) 

8 64 - 

— = -W X 48 
27 3EI, 

2 _ 48 4- 8W 

• • 3 ~ 27 X 6 

W = 7jlbs. 

Note 5. The value of E obtained is a number of lb. wt. per sq. ft, for w 
is measured in lb. per ft. 


but 


Problems XV. 


1. A uniform horizontal beam is fixed at one end and is acted 
on by a vertical force at the other end; state the nature of the 
stresses at any vertical section of the beam. 

A uniformly heavy beam is supported at one end ; find at what 
other point in its length it should be supported so that it is least likely 
to break at any point. 

2. A heavy uniform rod, weight W and length 2a, rests horizont¬ 
ally on two pegs one at each end. A heavy particle whose weight is 
n times that of the rod is placed at N. If C be the middle point of 
the rod, show that the bending moment will be greatest either at 
some point between N and C or at N according as the distance of 
N from C is > or < « times its distance from the nearer end of the 
rod. 


A. 

Hi. 




,^ov3tons 

IP iS 


B 

|R2 


3. The diagram shows a 
beam AB hinged at A and 
supported at B. Find the 
reactions Rj and due to the 
given system of loads, and the 
direction of Rj. Show the 
bending moment diagram 
and state the value of the bending moment at F. AC = CD = DE 
= EB = 5 ft., DF = FE. 
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4. A uniform rod is supported horizontally by two props at equal 
distances from the ends. Taking suitable numerifcaJ values, plot 
(i) the bending moment at a prop, (ii.) the bending moment at the 
centre, in each case against the distance between the props. Find 
from the graphs how the rod should be supported so that it is least 
likely to break. 

5. Explain the terms bending mordent, shearing stress, at any 
point of a rod. 

A heavy uniform rod rests horizontally on two pegs, one of which 
is at one end. Find the point under which the other must be placed 
that the bending moment at the middle point may be zero. 

6. Draw diagrams to represent the shearing stress and bending 
moment for a horizontal beam, supported at its middle point, with 
one end fixed and loaded with 30 tons at the other, the weight of the 
beam being neglected. 

7. A simply supported beam has a span of 24 ft. A uniformly 
distributed load of i’5 tons per foot of length, 8 ft. long, travels along 
the beam. Find the maximum bending moment at a section 10 ft. 
from one of the supports. Prove the method you employ. 

8. A beam ABCD, supported at A and D, carries a uniform load 
from B to C; sketch the diagrams of shearing force and bending 
moment. 

Explain the relations between the discontinuities (if any) in the 
two diagrams. 

9. A heavy uniform beam 16 ft. long is supported at points 
distant one foot from each end. Draw curves showing the bending 
moment and shearing stress at all points oi the beam. 

10. A bar whose section is a square, one cm. in the side rests 
oh two knife-edges a metre apart. A load of i Kg. at the centre 
produces a deflection there of i-i5 cms. Find the value of the 
modulus of elasticity for the materisJ of the bar. 

11. A shaft whose section has a radius a is transmitting energy 
at the rate P, revolving steadily with angular velocity a>. Prove 
that the greatest shearing stress developed in the shaft is 

zP/TTCoa*. 

Also show that the least diameter of the shaft in order that the stress 
may not exceed 4 tons per sq. in., when the shaft is working at 1600 
horse-power, and making 25 revolutions per minute is 13*2 in. 

12. A disc, radius 2 ins. and weighing i lb. is suspended S5m- 
metrically by a wire, radius *04 in., and length i ft. If the periodic 
time of rotational oscillation be 20 sec., calculate the coefiicient of 
rigidity of the metal of which the wire is composed. 

13. Referring to the previous question, if the coefficient of 
ripdity be 10,000,000 lbs. per sq. in., calculate the length of the 
wire for the periodic time to be i sec. 
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14. When the length of the wire of a torsional pendulum is 
2 ft. long and a sphere is suspended the periodic time is 10 secs. 
If now the length be reduced to 1*5 ft. and the sphere be replaced 
by a cube, the wire being attached to the middle point of one of its 
faces, find the periodic time given that the length of the edges of the 
cube equals the diameter of the sphere and that the mass of the cube 
is 1*156 times that of the sphere. 


15. A beam of length I and weight W is fixed horizontally at one 
end and supported at the other so that the two ends are in the same 
horizontal line. Show that, at the supported end, the beam makes 


an angle tan“^ 


W/2 

48EI 


with the horizontal. 


16. A imiform beam 10 ft. long is clamped horizontally at both 
its ends and it is found that the depression at the centre is inch. 
If now a weight equal to twice the weight of the beam be suspended 
at the middle point, find the depression there. 

[N.B. Shear on one half the beam at its middle point = weight 
of beam.] 


17. Referring to the previous question find the depression if 
the beam were clamped at one end and supported horizontally 
at the other, no weight being suspended. 

18. A uniform beam is 6 ft. long and its cross section is a square 
whose sides are 2 in. long. It is clamped horizontally at one end 
and the other end is found to be depressed 4 in. If a pole of the 
same material, 4 ft. long and cross section a circle of 2 in. diameter, 
be clamped horizontally at one end, calculate the depression of the 
other end. 


19. A uniform beam 12 ft. long is clamped horizontally at a point 
4 ft. from one end. If the depression of this end be 6 in. find the 
depression of the other end. 

20. A uniform girder 14 ft. long has cross section as given in 
Ex. I., Chapter VII., and its weight is i ton. It is supported at its 
ends in a horizontal position. Given that the modulus of elasticity 
of the material is 25 X 10® lb. wt. sq. in., calculate the depression at 
the centre. 

21. An iron bar, 2 inches in diameter, is bent into the form of 
an arc of a circle of 400 feet diameter. If the modulus of elasticity 
is 29 X 10® lb. per sq. in., show that the maximum stress at any point 
of a transverse section is 12080 lbs. per sq. in. 

22. Up is the density of the material of a beam of rectangular 
section with length /, breadth 6, depth d simply supported at its 
ends prove that the maximum bending moment due to its own weight 
is Ipbdl^. If p = I lb. per cub. in., = 15 in., find the maximum 
span for a maximum safe stress of 2500 lb. per sq. in. 



CHAPTER XVI 


AN INTRODUCTION TO VECTOR ANALYSIS 

128 . Vectors. A scalar is a quantity which has magnitude, 
but has no direction in space. Thus density, mass, tempera¬ 
ture and energy are examples of scalar quantities. 

A vector, or vector quantity, has both magnitude and direc¬ 
tion. Displacement, velocity, acceleration, momentum and 
force are examples of vectors. A line, having both magnitude 
and direction, can represent a vector quantity. Any vector 
can therefore be represented by a straight line with an arrow¬ 
head to indicate the direction of the vector. If O and P are 
the ends of the line and the direction of tjje vector is from O 
to P, then the vector can be denoted by OP or by OP, where 
OP (without a line) denotes the magnitude of the vector. In 
text-books, vectors are usually printed in Clarendon type, e.g. 
r, but as this is impossible in written work, it is best to draw 
a line underneath the quantity and write the vector as r. Then 
the ordinary letter r, or italics in printed work, will denote the 
magnitude of r. 

Two vectors are said to be equal if they have the same 
direction and are of equal magnitude. This equality will be 
written a = b. 

A force is a vector quantity, but as the effect of a force will 
depend on its point of application, a force is said to be a 
localised vector. A single vector cannot completely represent 
the effect of a force acting on a rigid body, since the effect of 
the force depends on its position. 

A zero vector is one whose magnitude is zero. It is denoted 
by O. A unit vector is a vector of unit magnitude. 

Two vectors are added in the same way as two displace¬ 
ments, and vectors therefore obey the parallelogram law. Thus, 
in Fig. i68 OC is the sum of a and b. 

If OC = c, then 

c = a -h b. 

Moreover, c = b-|-a- 

a -h b = b a. 

Fig. l68. 
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so that vector quantities obey the commutative law of algebra. 
It is readily seen that they also obey the associative law 
a + (b 4- c) = (a + b) + c = a + b + c. 

The vector denoted by — a has the same magnitude as a, but 
is in the opposite direction. 

The subtraction of b from a can be understood as the sum of 
— b and a ; i.e. 

a — b == a + (—b). 

Thus in Fig. 168 

AB = —a+b = b — a 

and BA = a — b. 

Finally, it can easily be shown geometrically that 
n(a + b) = «a + «b, 

where «a means a vector in the same direction as a and of n 
times its magnitude. 

123. Ciomponents of a Vector. A vector is completely de¬ 
termined by giving its components on three co-ordinate axes. 
These axes may or may not be mutually perpendicular. If 
mutually perpendicular, the components may be called resolutes 
or resolved parts. 

Let OX,OY,OZbe 
mutually perpendi¬ 
cular axes (Fig. 169), 
and let i, j, k be unit 
vectors, coinciding 
with the X, y and z 
axes respectively. Let 
X, y and z be the pro¬ 
jections of a vector r 
on these axes. 

Then, by the defin¬ 
ition of addition, 

Fig. 169. 

T — xi +yj + zk . (i) 

Equation (i) may also be written 

r = M -f ryj +rjs., .. .. (2) 

where rx = r cos a, a being the inclination of r to Ox, etc. 
Note i. If g — s^ri + f .s^k and r = s, then 
Sx= rx, Sy=ry and 5*= Tz. 

As an example, equal forces must have equal components in any three 
mutually perpendicular directions. 

Note 2. Vectors may be compounded by adding their like components. 
Thus r + 8 = (^, -t- + (Vi + y,)} + (^i + 

where r = ;irii ! j-f z,k and H = x,i + y^ + zJl. 
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124. Vector Equations of a 
Straight Line and of a Plane. 

(a) Suppose the line passes through 
a given point A parallel to a given 
unit vector b whose direction 
cosines are A, ju, v. Let a be the 
position vector of A; and let the posi¬ 
tion vector of P, any point on the line 
through A, be r (Fig. 170). Now AP 
is parallel to the vector b 
AP = th. 
where t is some number. 

Then the equation of the line is 
r = a 4 - <b. 



Note. If O is taken as the origin of co-ordinate axes, A being ( Xq, y^, Zq), 
I*{x, y, z), then since (3) is equivalent to the three scalar equations, 

X — tX, y = y^ tfji, z Zq tv \ 


it follows that 


y —y o 


z — ^0 


= t. 


( 4 ) 



(b) It is given that the line passes through the points A and 

B, whose position vectors are a and b. 

As before, let P be any point on 
the line (Fig. 171). 

Now AB = b — a, 

AP is parallel to the vector b — a. 
Hence, as in (3) above, 

r = a -1- ^(b — a), .. (5) 

where k is some number. Equation 
(5) may be written in the form 
r Aa + juh, where X + jn = i, 

(c) A plane passes through the point A, whose position vector 
is To, the plane being parallel to the two vectors a and b. 

Let P be any point in the plane, the position vector of P 
being r, then the equation of the plane is 

r = To “1“ -f- /b. .. • • (6) 

The corresponding scalar equations will be 
X = Xo + kux + Ibx, y = y© + kuy + Iby, z ^ Zq -\r kuz + Ibz, 
On elimination of k and I from these three equations we 


Fig. 171. 


obtain 


X — Xq 

ax 

bx 


y - yo z - zq 

Cty Ctz 

bv b. 


— o 


(7) 


as the Cartesian equation of the plane. 


125. To find fhe Point whitdi divides the Line joining two 
Points in a given Ratio. Let a, b be position vectors drawn 
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from O to A and B respectively, and let the point R divide the 
line AB in the ratio m : n (Fig. 172). 


B 



Now AB = b — a, 
m 


.. AR = 

then 

OR = a “h 


m n 

m 

m n 
«a + mb 


(b-a) 


(b-a) 


( 8 ) 


m + n 

or {m + n)OR = na + wb. 


Note. From (8) we can deduce the usual values of the Cartesian co¬ 
ordinates of R. 

If A is {Xi, y^, Zj), B(;r„ y^, z^) and R(i^, y, z) with respect to co-ordinates 
axes through O, 


m -f- n 


y 


nyi -f- my 
m n 


-• etc. 


( 9 ) 


Ex. If two concurrent forces are represented by nOA and 
mOR respectively, their resultant is given by (m + w)OR, where 
R divides AB so that AR : RB = m: n. 

From Fig. 172 above 

OA = OR + RA, 

= OR "j- RB. 

the resultant of nOA and mOB 

= (w + »)OR + «RA + mRB 

= {m + n)OB, . (10) 

since »RA = — nAR = — mRB. 

Application to centre of mass. If G is the centre of mass of 
particles m^ at P^, Pj, then G divides P1P2 in the ratio 

Wj; m^. 

Hence if Pi, Pj, OG are the position vectors of mi, m^ and G, 
we obtain from (8) 

_ WtiPi + 

Wi 4 - mt 

or (wti + W2)0Q = WiPi 4- WjPj. 

Similarly, if G is the centre of mass of particles mi, Wg, Wj,... 
at Pi, Pg, Pg, . . . and M = Zm 

M.OG=r»fp. .. .. (ii) 

If OG = 3 Ei 4- yi 4- 2k, p = *i 4- 51 + 2k, 

then MiC = Emx, My = Zmy, Mf = Zmz. (iia) 
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The centroid is independent of the origin 0 
Let O' be a point whose position vector relative to O is a, 
then for this origin (Fig. 173) 

p'l = Pi - a ; p'a = P 2 - a, etc. 

So that the centroid G' is given by 

O'O' - ^'"P' _ - a) 

Im Em' 

_ Em{Si _ - 
Em * 

= OG - a = O'G. 

G and G' coincide. 

Fig-173- 

Application to concurrent forces 

Let a number of concurrent forces act at a point O, through 
Pi, Pj, P3, etc., where the force in OPj is m^OPi, etc. Then, if 
B is the resultant of the forces, 

B = Em.OP — Emp 

= OQ.Em, .(12) 

where G is the centroid of masses Wi, etc., at Pj, P*, etc., 
respectively and Em = M. 

If the forces are in equilibrium G will coincide with O. 



126 . Derivative of a Vector. Definition. If a vector r is a 
function of a scalar variable t, and r becomes r + dr when t 
becomes t + ^t, then 

dx _ £t 61 _ 
dt ~ 6t-*-o dt 
dx 

Note that -5: is a vector. 
at 


Suppose that a particle is at a point P, whose position vector 
is r at time t, and that at time t + 6t the particle is at P', whose 
position vector is r + ^ (Fig- 174 )- 


Then PP' = 5 r 
dr 

and ^ = velocity of P rela¬ 

tive to O and is in the direction 
of the tangent to the path of P. 
This can be written t. 


Similarly, 


-7— = acceleration 
aP 



of P relative to O, and may be 

written ?, a vector representing ^ 74 - 

the acceleration both in magnitude and direction. 
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127. Rules for Difierentiation. 

(I) Ife = .+b,then§ = § + f. .. (,3) 


( 2 ) 


If C = ;»:a, where a; is a scalar, 
then dc — S(xa) = (x + Sx)(a + 5 a) — xa. 
— aJbx + xda + dxda. 


da 

dt 


„dx da 


( 14 ) 


(3) If r is a continuous function of a scalar variable s, 
and s is a continuous function of t, then identically 
dt 5 t ds 


dt bs dt 
. dv _dT ds 
'' dt ds dt 


128. Differentiation 
of a Unit Vector. Let 

OR = R be the position 
of a unit vector at time 
t (Fig. 175). Ox is a fixed 
direction and KQx = 0 . 
Let OR become OR' at 
time t + dt. Then the 
limiting direction of RR' 
is tangential to the circle 
at R. 


Now 


m ^ Ct RR^ 

dt dt-^o dt 


r' 



(15) 


But the numerical value of this limit is ^ since OR = unity, 

hence R = 0 S, .. . . (i6) 

where s is a unit vector perpendicular to R, in the plane of 
motion and in the direction of 0 increasing. 

Note. If R is fixed in direction, R = o. 


Since s is perpendicular to R, the angle it makes with Oa; is 
- -f 0 ; also s is perpendicular to s, i.e. parallel to — R, 

s = — 0R.( 17 ) 

129. Radial and Transversal Components of Velocity and 
Acceleration. Let the path of a moving particle P be a plane 
curve. Let OP be a vector of magnitude r in the direction of 
the unit vector R ; then 

. OP = r.R. 

(a) Velocity of P = OP = rR + rR .. from (14) 

= rR + f{^). .. from (16) 



AN INTRODUCTION TO VECTOR ANALYSIS 329 

Now R and s are perpendicular unit vectors, hence the radial 
and transversal components of the velocity of P are 

i and rO. 

(6) Acceleration of P = OP = ^ (OP) = (rR + r^) 

= rR + + S (rd) — rOR, from (17) 

== (r - r0*)R + {2fd + r 6 )s. ... .. .. (18) 

Hence the radial acceleration = f — 
and the transverse acceleration := 2 fQ -f- 


130. Tangential and Normal Components of Velocity and 
Acceleration. Let (s, xp) be the intrinsic co-ordinates of P. 
Let S and N be unit vectors in the directions of the tangent 
and inward drawn normal respectively. 

It has been proved that the instantaneous velocity of P is 

ds 

tangential to the path of P. Its magnitude is, by definition, 

velocity of P = sS .. .. (19) 

and there is no normal component. 

d 

Also, acceleration of P = ^ (sS) = sS + sS 

= sS -f syN, since 6 = ^N. . . (20) 

Hence (i) the tangential component of the acceleration = s, 
(ii) the normal component — sxp = s*/g. 


131. Scalar Products. 

and b is written 


The scalar product of two vectors a 

a. b 


(and therefore often called the dot product'' 

It is defined by the equation 

a . b = cos = b . a, .. .. (21) 

where 6 is the angle between the directions of the two vectors. 
Note that b cos 0 is the measure of the length of the projection 
of b in the direction of a. Hence a. b is the product of two 
numbers and is a scalar number. 

If two vectors a and b are perpendicular, since cos 6 = 0, 

a . b = o. 

Thus i.j=j.k = k.i = o.(22) 

If b == a , cos « = I. 

a . a = «* (a being the magnitude of a). 

i.i = j.i = k.k = i. 


Thus 


(23) 
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If a, b, C are three vectors, then a . (b+c) 

for a. (b + C) = a X projection of (b + c) on a 

= a X projection of b + a X projection of c 

= a.b+a.c .(24) 

Hence also (a + b). c = a. c + b. c = c. (a + b). 

Suppose further that a, b are expressed in terms of the unit 
vectors i, j, k. Then, with the usual notation, 

a. b = (fl,i + ayi + «Ji). (W + + &tk) 

= dxbx -1- Uyby Uzbt .. .. (25) 

from (22) and (23). 

Hence cos 6 = («*&* - 4 - ^yby + ajb^jab, 
and, as the direction cosines I, »t, n of a are aja, ay/a, azja, and 
the direction cosines I', m', «' of b are bjb, byjb, bzlb, 
cos 6 — U' + mm' -j- 

Note. Using (25), putting b — a, and defining a‘ as a . a, 
a* = a* = (a,)« + (a,)* + (a/), 
i.e. OP* = ;r* -f 4- 2*, where P is (Xy y, 2), 

132 . Use of Scalar Prodocts. 

I. To prove that the altitudes of a triangle are concurrent. 

Let the triangle be 

ABC, and let the altitudes B 

from A and B meet in O. 

Let OA = a, OB = b, 

OC = c, then BC = c - b, 

CA = a - c, BA = a - b. 

Sfnce OA is perpendicular 
to BC, a . (c — b) = o, 

1. e. a. c = a. b. 

Since OB is perpendicular a 
to CA, b . (a — c) =0. 

.'. a. b = b. c. Fig-176- 

Hence, a . C = b . C or c . (a — b) = o, and it therefore follows 
that OC is perpendicular to AB, which proves the proposition. 

Note. If OABC is a tetrahedron, the above argument proves that if two 
pairs of opposite edges of the tetrahedron are perpendicular so also is the 
third pair. 

2. To prove that the angle between two lines with direction 
cosines (/i, m^, n,) and (/„ »«„ n,) is cos {li + WiWt, + »in,). 

Consider unit vectors u^, u, at angle 0 to one another, where 
Ui = lii + m^ + njt 

and u, = + «*k. 

Then Ui. Uj = i. i. cos 6 — Ify + mxm, + n^n,, from (25) 
i.e. cos 8 = Ift + + n^ny. 

If the lines are perpendicular, Ify + m^my + n^n^ = o. 
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3. To find the resultant of two concurrent forces. 

Let OP and OQ be the forces at angle a, and OR their re¬ 
sultant (Fig. 177). 

Then (i) OR = OP + OQ ; 

(ii) OR . OR = (OP + OQ). (OP + OQ) 

= OP . OP -1- OQ . OQ + 2 . OP . OQ. 

.-. OR* = OP* + OQ* -f- 2OP . OQ cos a. 


Note. Let OPj, OP„ OPj_OP, I 

and OR their resultant; then 

OR == OPi + OP, + ... OP„ 

.-. OR* = ^ 

= f op,*+2i:op,.oPs 

r*« I 

= OPr* + 2 2’OPfOPsCOSfOs 

»’*» I 

{r = 1, 2 ... n : t < s ; s ~ 2, 3 ... n), 
where ^0, is the angle between OP^ 
and OP,. 

4. Work done by a force. 

The work done is the product 
moved in the direction of the fon 


any number of concurrent forces, 



of the force, and the distance 
:e, so work = Frf cos 6 = P. d. 


if F is constant and 6 is the angle between F and the displace¬ 
ment d. 


Ex, Three forces /OA, wOB, nOC act at a point O. If A, 
B, C are the vertices of a triangle and /, m, n are any three 
numbers such that / + w + w — “o, prove 

(i) that their resultant R is given by = — mnBC^ — 
nlCA^ — ImAB ^; 

(ii) that the direction of the resultant is that of the 
straight line joining A to the point dividing BC in the ratio 
n : m. 

Part (i) of this problem may 
be solved directly by using the 
note in (3) above. Both parts 
can, however, be dealt with as 
follows (Fig. 178) : 

R= /OA + wOB + nOC 
== /OA -|- w(OA •-[- AB) -f" 
w(OA + AC) 

= (/ + m + w)OA + mAB 
-|- nAC 

— mAB + nAC, since / + w + w = 0, - 
and, using §125, this proves that the resultant divides BC in 
the ratio n : m. 
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Then R» = R* = w*AB* + n*AC* + 2mn AB . AC cos BAC 
= w*AB* + »®AC* + w»(AB* + AC*-BC*) 
= m{m + m)AB* + n(n + w)AC*—wtnBC* 

= — w/AB* — «/AC* — w«BC*. 

133 . Derivative of a Scalar Product. 

Now 6 (a. b) = (a + 5 a). (b + ( 5 b) — a. b 

= b . 5 a + a . 5 b . . . (a scalar quantity), 
d dVi d\i 

^ (a . b) = b. + a . ^ . (a scalar quantity). (26) 

b-a, |(a.a)=2a.* 

a.a = a*, and 3, («*) = 

d da /V 

A (a ■ a) = 3, (^ 7 ) 

d2i 

and, if a is a vector constant in length, a . ^7 = 0. This shows 

Q/Z 

^a 

that a and ^ are perpendicular to one another. 

Note. (a . b) can easily be obtained by differentiating the scalar result 
given in (25). 


If 

But 


134. Work and Energy. 

From the definition of work in §132, it follows that for an 
infinitesimal displacement di of a particle, the work done by a 
force F acting on it is F . (5r. If this displacement takes place 
in time dt, we see that the instantaneous rate of working is 

^•2 =*'''. 


Now the kinetic energy (T) of the particle, of mass m, when 
moving with velocity v is 

T = ~ ^mv^. . . .. . . (29) 

The rate of increase of kinetic energy is 

dT d d\ X / X 

But ^ is the acceleration of the particle and — Y, where 


F is the resultant of the forces acting on the particle. 


dT 

dt 


= F . V, 


(30) 


i.e. the rate of increase of the kinetic energy of the particle is 
equal to the rate at which F is doing work on the particle. 
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135. Vector Products. Let a, b be two vectors inclined at 
an angle B and let a be a unit vector perpendicular to both 
a and b, measured in such a sense 
that if a is rotated towards b through 
an angle 0 , then a right-handed screw 
would move forward (Fig. 179.) The 
vector product of a and b is then de¬ 
fined as equal to ab sin 6 n, a vector 
quantity. 

The vector product may be de¬ 
noted by 



a X b (and so called the cross product) 
or Vab or a Ab or [ab]. 

Hence a a b = sin 0 n. .. .. .. (31) 

We may say that a a b is a multiplied by the component of b 
in the plane perpendicular to a turned through a right angle 
about a in the right-handed sense. Note that ab sin B = 
2 triangle AOB, and this is the numerical value of the vector 
product. 

From the definition, b a a must be drawn in the opposite 
direction to a /N b 

b A a = — a A b, .. .. (32) 

i.e. the order is not commutative as with a scalar product. If 
i, j, k give three mutually perpendicular directions constituting 
a right-handed frame, then, from the definition 
iAj=k, jAk==i, kAi = i, iAk= — j, etc. (33) 
If a and b are parallel, sin 6 = 0, a a b = o, from which 
we see that a a a = 0, 

and iAi = jAi=kAk = o. .. (34) 

As with the scalar product, it can be shown that 
aA(b-t-c) = aAb-faAC. 

The proof follows readily from the interpretation following (31). 
Let b', c' be the projections of b, C on the plane perpendicular 
to a, then a is perpendicular to both b' and c'. Also b' c' 
is the projection of b -+- C on that plane. 

Now a A b' is of length ab' and is perpendicular to b', and 
a A c' is of length ac' and is perpendicular to c'. Both lie in 
the plane perpendicular to a and hence also a a V -j- a a c'. 
But the length of this last vector is a (6' -{- c') and the vector is 
perpendicular to b' -|- c'. 

Since a a b' = a a b and a a c' = a a c, we have 
a A b' -h a A c' = a A (b' -i- c'). 

a A b -f a A c = a A (b -1- c). 


(35) 
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We deduce from this proposition that 

(a+b) A(cH-d) = a /\C+a />>d+b AC+b Ad. (36) 

136. To express a Vector Product a a b in Terms of its i, j, 
k Components. 

a ^ b = (a,i + ayj + a^k) a (W + by\ + J^k). 

Using the distributive law above and remembering (33) and (34) 

a A b — {ayhz — ajby)i + (aA — + [axby — aybx)k 


CLx 

bx by bz 

i J k 


(37) 


137, Moment of a Force. Let F be a localised vector 
acting at P(r). The magnitude of its moment about a point O 
is F multiplied by ON, where ON is the perpendicular from O 
on the line of action of F (Fig. i8o). 

From the definition of a vector product this moment is the 
numerical value of r a F, where OP = r. 

This may be written 

I r A FI = moment of F. 

The vector product can, as usual, be 
represented by a vector perpendicular 
to the plane of r and F. 

If several forces Fi, Fg, F3 . . . are 
acting at P, their resultant will be 
R = ZF, and the moment of this re¬ 
sultant about O is Fig. 180. 


r /^F = ^ /N (Fi + F 2 H-F 3 H- . . .) 

— rAFj+r^F2 + .... •• (38) 

Hence the vector moment of the resultant is equal to the vector 
sum of the moments of the component forces. 

138. Angular Velocity as a Vector. Let P be a point fixed 
in a rigid body which is rotating about an axis ON, with 
angular velocity co (Fig. 181). 

This angular velocity can be 
specified by a vector w of mag¬ 
nitude CO, parallel to ON, whose 
positive direction is that rela¬ 
tive to the rotation. 

Let OP = r and let v be the 
linear velocity of P. 

Now the magnitude of v is 
coPT, where PT is the perpen- 


N 



Fig. 181. 
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dicular on the axis ON. Its direction is pei;pendicular to the 
plane NOP. But PT = OP sin d, where 0 is the angle between 
OP and ON. It therefore satisfies the condition for the vector 
product w y\ I 

:.v = w .(39) 

Note that the direction of this vector is parallel to the 
velocity of P. 


139. Derivatiye of a Vector Product. 

Let r /\ s be the vector product. 

^(r A s) = (r + ^r) A (s + ^s) — r A s 
= rA5s + 6rAS + 6rA<5s. 

d , . ds , dr , . 

= + .(40) 

It is simpler, however, when differentiating the cross product, 
to find r A s first, as in (37). 

^ It ~ 


It can then easily be verified by using 

r = r;,i + ry\ + r^k, S = s,i + s^j + s^k, 
that the right-hand sides of (40) and (41) are equal. 


If 


dv 


^ dt’ 

then 

d 

( dx\ 

- 1 

[ r A ^) = r A 


dt 

V dt; 



dt dt 

since 


dt"'Jt~ 


It^’ 


(42) 


Note. Both the scalar and vector products are differentiated as in algebraic 
products, paying no attention to the dot or ^ sign. Care, however, must be 
taken to preserve the order in the vector product. 


140. An gular Momentum. Let a moving particle of mass 
m, be at P, where OP = r, and let its velocity be v. The mo¬ 
mentum of the particle is mv, and the moment of this momen¬ 
tum, or angular momentum about O, is r a wv. Denoting 
angular momentum by H, we have 


Also 


H = r A mv. 


dv 


= TA.tm+T^tnj^ 

at at 


(43) 


= V A mv 4- r A mv, 

where v is the acceleration of the particle. But v a mv = 

dEL _ 

dt 


F, 


(44) 


where P is the resultant force acting on the particle. Hence, 
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from (38), the rate of increase of the angular momentum of the 
particle about 0 is equal to the sum of the moments of the forces 
acting on the particle about 0. 

Note. If, as in a central orbit, the particle is acted on by a force towards O, 
dH. 

= 0 and therefore H is constant in magnitude and direction ; i.e. the 
particle must move in a plane curve. 

141. Products of three Vectors. 

Since b a C is a vector, both a scalar and a vector product 
can be formed with it and another vector a. 

The product a . (b a c) is called the triple scalar product, and 
a A (b A c) the triple vector product, the former being a number 
and the latter a vector. 

The triple scalar product represents the volume of a paral¬ 
lelepiped with edges a, b and c, since b a c = 6 c sin 6 n, where 
n is a unit vector perpendicular to a and b. 

If p is the angle between n and a, then 

a . (b A c) = abc sin 6 cos p. 

If A is (xi, yi, Zy). B (x„ y^, z,), C {x^, y^, z^) then 

a.(b^c)= Xi yi z, .. .. ( 45 ) 

X, y, z, 

X3 ya ^3 


Since the -volume remains the same, no matter which face is 
considered as base, 

a. (b ^ c) = c . (a ^ b) = b . (c /N a) = (a ^ b). c, etc. (4^) 
Thus the signs of multiplication may be interchanged, so long 
as the cyclic order remains the same. 

If OA, OB, OC are three vectors, then 


OA. (OB A OC) 

for OB A OC = 2 A 0 BCn 
(see §135) (Fig. 182) and 
OA . (OB A OC) 

= 2AOBC . OA cos <!>, 
where <f> is the angle be¬ 
tween OA and n, 

.. OA . (OB A OC) 

= 2/iAOBC, 
where h is the altitude. 



= ± 6 tetrahedron OABC. 

The product is positive if 

OA, OB, OC is a right-handed triad and negative if otherwise. 


Note i. If a, b, C are coplanax, a . (b c) == o. 

Note 2. If any two of the three vectors are equal a . (b a c) = o. 
Note 3. The above product may be denoted by [a, b^ c]. 
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Consider now the triple vector product a ^ (b a c). This will 
be a vector perpendicular both to a and (b a c), therefore this 
vector must be in the plane of b and c. The product may be 
evaluated by the use successively of (37), (33) and (34), and (25). 

b C 

a A (b A c) = (a*i + ay\ + a^k) a i^( Vz — i'zCy)! 

= Z{ay{b:fiy 6j>Cjc) ^z(bzCx — 

= {axCx + ayCy + azPz) (t*i + by] + b^) 

(O-xbx Uyby -f- Oz^z) (Cjcl ”1~ Cy] -)“ Cj;k) 

i.e. a A (b A c)= (a. c)b - (a. b)c 

= b(c. a) - c(a. b), .. .. (48) 

Note that a a (b a c) is not equal to (a a b) a c. 

142 . Moment of a Force about an Axis. 

Let the given axis pass through a point O, and let unit vector 
in that direction be n. Let the force pass through P, where 

OP=r. 

Then, the moment of F about the axis is 
n. (taF). 

This expression is independent 
of the choice of O and P, so 
long as they are respectively on 
the axis and the line of action 
of the force ; for 
n. (OT' A F) 

= n.( 0 ' 0 AF) +n.(OP^F) 

+ n. (P P' aF) 

= n. (OP A F), 

since O'O is parallel to n, and 

pp, 

is parallel to F. 

Using this result, 

n. (r A F) - n. (MN A F), 

where MN is the common perpendicular to n and F (Fig. 183). 
Now MN A F is a vector perpendicular to MN and F of magni¬ 
tude MN . F. But F and n are also perpendicular to MN. 

F, n and MN a F are coplanar 
(Fig. 184). If, therefore, 6 is the angle 
between F and n 

n . (r A F) = n . (MN A F) 

= MN . F sin 0 . .. (49) 

143 . Motion of a System of Particles. 

Consider a system of particles Wg, 
etc., at ti, Fg, etc., relative to a nxed 
point O. 

If M = ZVn and f is the mass centre, then 
Mf = £mt, Mi = Znii. 




Fig. 183. 


Fig. 184. 
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But Wjti = Fi, where Fi is the resultant force acting on Wj, 

IF. .(50) 

where internal reactions do not appear in IF. 

Hence the motion of the centre of gravity is the same as if the 
whole mass were concentrated there with the external forces acting 
on that whole mass parallel to their original directions. 

It follows from (50) that 

m = IX, Mj? = lY, Ml = IZ, 
where IX, lY, IZ are the components of the external forces. 

144 . The Rate of Change of Ai^ular Momentom about a 
fixed Axis is equal to the Sum of the Moments of the Forces 
about that Axis. 

Let the direction of the axis be that of n, through O, and 
let one of the forces, say Fj, act through Pj, where OPi = li. 
The velocity of Pi is Ti- Then : 

Angular momentum of system = Imn . (r r) = H, say, 

^ = Imn . {t at) + Iwn . (r a r) 

= Tn. (r A mi). 

But mil = Fi, 

^®=rn.(rAF) .(51) 

which proves the proposition. 

Again Imn (r a r) = Imn. (OP a 6P) = H 
= Imn. (OG A OG) + Imn . (OG a 6P) 

+ Imn. (GP aO'G) + Imn. (GP a GP) 

= Imn . (OG A OG) + Imn. (GP a GP) 

= Mn. (OG A OG) + Imn. (GP a GP), 
where M = Im, since ImQlF — 0 and therefore ImQlF = 0. 
But In. (OP A F) = rn . (OG a F) + Zn . (GP a F) 

- n . (OG A IF) + In. (GP aF). 

Also. ^ = Mn . (OG A OG) + Imn . (GP aGP) 

and Mn . (OG a OG) = n. (OG a iT) 

Imn . (GP A GP) = In. (GP a F). .. (52) 
This equation gives the angular acceleration of the system 
about a parallel axis through its centre of mass and is indepen¬ 
dent of the motion of that centre of mass. 

Equations (50) and (52) completely determine the motion of 
the system of particles. 
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ProblemB ZVL 

) 

1. The magnitudes and directions of two adjacent sides of a 
regular hexagon are given by a, b. Find the vectors representing 
the other sides taken in order. 

2 . Prove (i) that the diagonals of a parallelogram bisect one 
other; (ii) that the diagonals of a parallelepiped meet and bisect 
one another. 

3. Prove that the internal bisectors of the angles of a triangle 
are concurrent. 

4 . The position vectors of three points A, B, C are a, b, C. If 

a = aji + flj + b = + Jjk, c = Cji + Cjj + Cjk, 

determine the lengths of AB, BC and CA. 

5. The position vectors of three points A, B, C are a, b, C. 
Prove that if ^ + /<b + WS = 0, where A+/*+v=o, the points are 
collinear. 

6. Five forces act from one vertex A of a regular hexagon in the 
directions of the other vertices and proportional to the distances of 
those vertices from A. Prove that the resultant of the forces is 
6AG, where G is the centroid of the hexagon. 

7 . If a = 3 i - 4 j + 5 k, b = 2 i + 3 ] - k, c = - i + aj 4- 3 k, 

find the numerical values of a. b and a. c and verify that 
a.(b + c) = a.b + a.c. 

Calculate also the value of axb. 

8. If I, m, n and 1 ', m', n' are the direction cosines of a and b 
respectively, prove that 

sin* 0 = {mn' - m'n)^ + ini' - n'l)^ + (/«' - /'»»)*, 
where a, b are inclined at an angle 0. 

q. In the expression r a P for the moment of a force P about the 
origin 0, put r = xi + yj + zk, F = Xi + Yj + Zk, and deduce 
that the moment of the force about any straight line through O is 
the resolved part along this line of the vector moment of F about 0. 
(N.B. Take the x-axis as any straight line.) 

10. A force P represented by the vector i + 3] — k acts through 
the point 2 i — j + k. Find the torque of the force about the 
point - 3i + 2j + 5k- 
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PRODUCTS OF INERTIA AND PRINCIPAL AXES 

If m is the mass of an element of a plane lamina and (x, y) the 
co-ordinates of m with respect to co-ordinate axes, then £mxy is 
called the product of inertia of the lamina with respect to these axes. 
If the axes are chosen so that Zmxy = o, and it will subsequently 
be proved that this can be done, then these axes are called the 
principal axes of the lamina, and the moments of inertia about these 
axes are called the principal moments of inertia. 

To find the product of inertia of a rectilinear lamina about any 
two given perpendicular axes, a suitable method would be to split 
the lamina up into triangles, and make use of the fact that a mass 
M 

—, where M is the mass of a triangle, placed at each of the three 

middle points of the sides will be equimomental with the triangle, 
and will have the same product of inertia about those axes. Con¬ 
sider the right-angled triangular lamina, ABC, of mass M, where 
AB == c, AC = ft (Fig. 185). 

Using the equivalent system O 

above, the product of inertia 
for the axes AB, AC is 
M ft c , he 
322 12 

For the axes AB and a 
perpendicular through B, the 
product is 

M ft . M ft c . _ ftc 

-c 

3 2 



322 


i.e. M 


Fig. 185. 


To find the product of inertia of the quadrant of the ellipse 

x2 y2 

^ = I about the axes, take the element PN (Fig. 186). If 

m is the mass per unit area, the mass of PN is mydx, and the distance 
of its centre of mass from 

OA is hence the re- 
2 

quired product of inertia 

= w . r [ xy dy dx 
J oj o 


m p ft2 
^ 2 
ma^h^ 


(a* 


xdx 


M 


8 

ab 

27t’ 



Fig. 186. 


where M is the mass of the quadrant. 

340 
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If a lamina is symmetrical about an axis, say the A:-axis, then for 
every element m on one side of the axis, whose co-ordinates are 
(x, y) there is another element of equal mass whose co-ordinates 
are (x, —y). Hence for such a lamina Zmxy = 0, so that the 
jt:-axis and any line perpendicular to it are principal axes. Thus, 
if ABCD is a rectangle, and M, N are the middle points of AD, BC 
respectively, then MN and any line in the plane perpendicular to it 
are principal axes. 

The product of inertia about any two axes is equal to the product of 
inertia about any two parallel axes through the centre of mass plus the 
product of inertia of the whole mass collected at the centre of gravity 
about the original axes. 

Let G be the centre of mass, and GX, GY axes through G parallel 
to Ox, Oy respectively (Fig. 187). 



Fig. 187. 

Let G have co-ordinates x, y, and Jet m be an element of the 
lamina at P, where (xj, yi) are the co-ordinates of P with respect 
to GX, GY. 

The product of inertia with respect to Ox, Oy 
i:m(x+x^) (y+Vi) 

— Zmxy + Znix^yi -j- Zmx^y + Hmy^^x 
— Mxy + Zmx^yi + y £mx^+x 2Jmy^, 
where M is the mass of the lamina. 

But I^mxi ~ Emy^—o, 

so that the product of inertia = M 3 cy+ Emx^y^, 
which proves the proposition : 

If GX, GY are principal axes, then also Emx^y^^^ o and the 
product of inertia about Ox, Oy is M^xy. 

As an example, the product of inertia of the rectangular lamina 

ABCD of mass M about AB, AD is M 
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It will now be shown that at any point of a lamina there can always 
he found a pair of principal axes. 

Let O be any point in the lamina and m the mass of an element at 
P, the co-ordinates of which are {x, y) referred to axes through O 
(Fig. 188). PN is drawn perpendicular to ON, a line through 0 at 



Fig. 188. 

angle 6 to Ox. Let A = Umy^, B = Lmx^, F = 2mxy. The product 
of inertia of the lamina with regard to ON and a perpendicular to 
it through O 

= i;w(ON . PN) = Umix cos ^ + y sin 8) (y cosO — x sin 8) 

— 2Jmxy{cos^ 0 — sin^ 0) + Zm{y’^ — x'^) sin 8 cos 8 
— F cos 28 + |(A — B) sin 28. 

If the new axes are to be principal axes, Z’m(ON . PN) = 0 ; hence 


and a value of 8 can always be found, whatever values F, B and A 
may have. 


Example. Find the principal axes at a corner of a rectangular 
lamina of sides a, h. 



Fig. 189. 
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Let OX = a, OY = b {Fig. 189) and let M be the mass of the 
lamma. Then 


A = 



B = M 


3 ’ 



■. tan 2fl = 



- b^) 


3 

2 (a* - 


the inclinations of the principal axes to AB are 6 and - + 0 , 

2 

where e = itan-i^-^^^ 

If the principal moments of inertia at any point of a lamina are 
known, the moment of inertia about any other line through the point 
can be determined, and hence the moment of inertia about any line 
parallel to it in the plane 

Referring to Fig i88, where O is any point in the lamma 
rwPN2= I^m{y cos 6 —xsm 6 )^ 

= cos^ 6 Emy^ + sin^ d Emx^ — 2 sin 6 cos B Emxy 
— A cos^ 0 + B sin^ 0 — 2F sin 0 cos 0 
But if the axes are principal axes, F = o hence 

= A cos^ 0 + B sin^ 0, 

and this expression is, therefore, equal to the moment of inertia of 
the lamina about the axis ON. [Corollary If 0 is the centre of 
gravity, we can obtain the moment of inertia about any Ime not 
passing through O by using the parallel axis theorem ] 

Example Find the moment of inertia of a rectangular lamina 
ABCD of mass M where AB = a, AD = b about a line in its plane 
through D parallel to the diagonal AC 

Let G be the centre of mass , GX, GY being principal axes 
(Fig. 190) Let /.CGX = 0, where 


cos 0 


sin 0 


^/a^ + 02’ 
b 


\/a2 + 02 

The moment of inertia about AC 
= A cos 2 0 + B sin 2 0 

a2 




+ M 
= iM 


12 a* + 

a« 6* 


12 a* + 6* 
a*+ 6*’ 



Fig. 190. 






344 MECHANICS VIA THE CALCULUS 


Let h be the length of the perpendicular from D on AC, then 

h — bcos6 = — - • 

Va* + 6* 

Then, by the parallel axis theorem, the moment of inertia about a 
line through D parallel to AC is 


M 


I 

6 a® + 


, a*6* 1 7 m ' 




The Momental Ellipse 

Let 0 be any point in a lamina and Q any other point, such 
that OQ^ is inversely proportional to the moment of inertia of the 
lamina about OQ. It will be proved that the locus of Q is an 
ellipse, called the momental ellipse of the lamina for the point 0. 
We have 


rwPN2 


0Q2^ 


where e is a constant. 


A cos2 0 + B sin2 0 — 2F sin 0 cos 0 = 


Me^ 

OQ^' 


or, if (x, y) are the co-ordinates of Q*, 

gy2 _ 2 ¥xy = Me**. 

This is the equation of a central conic, and since is always 

positive, OQ is always real and the conic must be an ellipse. 

Now we can choose for our arbitrary axes through 0 (the centre 
of the conic), the major and minor axes of the ellipse, in which case 
the term in xy vanishes. Hence for these axes F = o, and therefore 
the axes of the ellipse through the arbitrary point 0 must be prin¬ 
cipal axes of inertia. 

Thus through any point in a lamina a pair of principal axes can 
be found, as has been otherwise proved. 


Note. When for a body three mutually perpendicular axes are chosen at a 
point such that Emyz, Zmzx and Emxy are all zero, these axes are called the 
Principal Axes of Inertia at the point. 

In the case of a lamina the third axis of z will be perpendicular to the plane, 
so that for a point in the plane Emyz = Emzx = o. In the case of a body 
a similar argument to that above leads to the proposition that at every point 
of a material body three mutually perpendicular principal axes of inertia can 
be found, these axes being the axes of symmetry of the momental ellipsoid. 


Problems on Products of Inertia and Principal Axes 

1. OABC is a lamina in the shape of a trapezium with OA, CB 
parallel and OC perpendicular to OA ; OA = 2a, OC = 2a, CB = 4a. 
Find the moments of inertia of the lamina about OA and OC. Find 
also the product of inertia for OA, OC and the angle between OA 
and one of the principal axes at O. 

2. The centre of mass of a plane lamina of mass M is G, and GX, 
GY are principal axes of inertia at G. Ox, Oy are axes in the plane 
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of the lamina parallel to GX, GY respectively. If the principal 
moments of inertia of the lamina are Mna^ about GX and 
about GY, and one of the principal axes of inertia at O is inclined 
at an angle of 45° to Ox, prove that 

n — i __ 
m — I cT^ * 

3. ABCD is a uniform rectangular lamina whose centre is O and 

M 

whose mass is M. Four equal particles, each of mass are placed 


at the mid-points of the sides and a particle of mass is placed at O. 


Show that the moments and product of inertia of the lamina about 
the axes AB and AD are respectively equal to those of the system of 
particles about the same axes. 

If AB = 2AD show that one of the principal axes of the lamina at 
A makes an angle of 22with AB. 

4. ABCD is a plane rectangular lamina, of mass M, in which AB 
and CD are 2a, and AD and BC are 26 each. Prove that the 
moment of inertia about the straight line joining A to the mid-point 


of CD is 


SMa^b^ 

3(a2 + 462)- 
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INSTANTANEOUS CENTRE OF ROTATION 

Any displacement of a rigid body in a plane is equivalent to rotation 
about a point in the plane 

Consider any two 
points A and B of a 
rigid body (Fig. 191). 

After displacement, let 
the line AB be in the 
position A^Bj. Join 
AAi, BBj and let their 
perpendicular bisec¬ 
tors meet at I. Then 
AI = AJ, BI = BJ 
and, since the body is 
rigid, AB = A^Bj, from 
which it follows that the 
triangles lAB, lAjBj 
are congruent. Hence the 
the position lA^B^. This point I is called the centre of rotation for 
the displacement. 

As a plane body continually changes its position, so does the 
point I and, at any moment, I is called the Instantaneous Centre of 
Rotation, 



Fig. 191. 

triangle lAB can be rotated about I into 
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If the displacement of the body is infinitely small, then AAj, BBi 
above become infinitely small and tangential to the curves traced 
out by A and B respectively as the body is continually displaced. 
Therefore the perpendicular bisectors of AAj, BB^ become the 
normals to these two loci, and I, the instantaneous centre of rotation, 
is the point of intersection of these two normals. I will itself 
describe a curve in the plane, and this curve is called the space 
centrode of I. I will also describe a curve relative to the moving 
body, and this curve is called the body centrode of I. 

Consider a rod AB slipping down a wall OB and along a horizontal 
floor OA (Fig. 192). 

The locus of A is the 
line OA, and the locus of 
B is the line OB, and 
therefore the instantan¬ 
eous centre I is where the 
perpendiculars to these 
lines meet. 

Hence BOAI is a rec¬ 
tangle and 01 = AB, a 
constant. I therefore 
describes a quadrant of a circle, centre O and radius AB. This 
quadrant is the space centrode of I. Since angle AIB is a right 
angle, I describes a semicircle with respect to AB, and this locus is 
the body centrode of I. 

Since at any moment a lamina is moving round I, every point P 
in the body is instantaneously describing a circle round I and is 
therefore moving perpendicular to PI. 

To determine the Co-ordinates of the Instantaneous Centre of Rotation 
Let the centre of gravity, G, of the body have velocities w, v, 
parallel to any fixed axes Ox, Oy, and let co be the angular velocity 
about an axis perpendicular to the plane 
xOy (Fig. 193). Consider any other point 
P of the body, whose co-ordinates, referred 
to G as pole are (r, 0 ) or (x^, yi). 

Velocity of P parallel to Ox 

— u — ro) sin 0 = u—coyi. 

Velocity of P parallel to Oy 

= V + rcocos 6 = V -f- (oxj^. 

If P is the instantaneous centre, these 
velocities are separately zero, therefore 



yi 




from which the required co-ordinates of P can be obtained. 

Use of the Instantaneous Centre of Rotation 

If w, V are the velocities of the centre of gravity, G, parallel to 
fixed axes Ox, Oy, and m the angular velocity of the body of mass M, 
the equations determining the motion of the body are Mw ^ 


X, 
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Mv = Y and MA*a> = L, where X and Y are the components of the 
external forces parallel to the fixed axes, L the torque of the external 
forces about G, and k the radius of gyration of the body about the 
perpendicular axis through G. The effective forces acting at G are 
Mu, Mv and is the effective couple about G, these three 

quantities being equivalent to the original forces. 

Hence, if denotes the sum of the moments of the external forces 
about the instantaneous centre P (Fig. 194), 

Li = Muyi —• Mvxi + 


u V 

But Vi = - and x. = -, 

Ct> ^ CO 

L, = Mu- + Mv- + 

0 ) 0 ) 

M 

= - - (uu + vv + k^ com) 

CD 

= — i {«* + i'® + **«>*)• 

2(0 at 



Since P is the instantaneous centre, GP must be turning round P 
with angular velocity co, and therefore the velocity of G is tco 
perpendicular to GP, 

^2 _ ^2^2 


L 


M d 

[(^2 + ^ 2 ) ^ 2 ]. 

2(0 at 


(I) 


If K denotes the radius of gyration about P, 

K* = r* + kK 


L = 


^ ^ /X^2 2\ 

— -T. (K^a)2). 

2 m dt ' 


K, however, being in general a variable, 


L = MK% + MKeo 


dK 

dt 


( 2 ) 


If, therefore, there is either a fixed axis through G, or GP remains 
constant in length, i.e. if the instantaneous centre is fixed in the body, 

L = MK^o,, . (3) 

an equation similar to that for an axis through G. If the body 
starts from rest co = o, therefore equation (3) still holds and gives 
the value of the initial angular acceleration. 

In the case of a small oscillation of the body, the term MK 


may be neglected, since (o and ^ are so small that their squares 


and product may be neglected. Hence, as before, 

L = MK*d). 
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Fig. 195 - 


In all other cases, equation (2) must be used when taking moments 
about the instantaneous centre. 

Consider the case of a sphere, of mass M and radius a, rolling 
without slipping down an inclined plane of inclination a. 

Let A be the point of contact of the sphere with the plane (Fig. 195). 
Now A is the instantaneous centre and it is at a fixed distance a 
from the centre of gravity, hence we can use L^MK^co and take 
moments about A. 


We therefore have 


M ga sin a = M 



o) = — sin a, 

7a 

which gives the angular acceleration of the sphere. 


Problems on the Instantaneous Centre of Rotation 

1. A bar AB moves in the plane of rectangular axes Ox, Oy so 
that it always touches the parabola y2= 4ax, and the end A of the 
bar moves along the A;-axis. Find the co-ordinates of the instan¬ 
taneous centre in terms of 6 , the angle between AB and Oy, and 
prove that the equation of the space centrode is 

ay 2-(-— jr) 2= 0. 

Prove also that, referred to A as pole and AB as initial line, the 
equation of the body centrode is 

r— 2 a sin 6 sec^ 6 . 

2. Two rods AB and BC are fastened at B so that ABC is a right 
angle. The rods are constructed to move in a plane so that AB 
touches a fixed circle and BC passes through a fixed point. Show 
that the space locus of the instantaneous centre is a circle and that 
the body locus is a circle with twice the radius of the space locus. 

3. The end A of a given rod is compelled to move on the Oy 
axis, whilst the rod itself always passes through a fixed point B on 
Ox, where OB = a. Show that the locus in space of the instan¬ 
taneous centre is the parabolay2=a(A:—a). 

4. A plane lamina moves in any manner in its own plane. The 
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velocity of a jwint P fixed in the lamina relative to rectangular axes 
Ox, Oy fixed in the plane is (m, v ), and the angular velocity of the 
lamina about an axis perpendicular to its plane is w. PX, PY are 
co-ordinate axes parallel to Ox, Oy, respectively. If the co-ordinates 
of the instantaneous centre of acceleration J are (X, Y) relative to 
PX, PY, prove that 

u—m*X—mY—o, V— ■xi)'*Y-fd>X=0. 

If the lamina is a circular disc of radius r, which rolls without 
slipping along Ox and whose centre has a constant acceleration 2 /, 
prove that J traces out the circle 

X*-fY*-rY=o. 
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Misoellaneoiis Problems. 


1. Part of the surface of a sphere is cut off by a plane, and from 
the centre O of the sphere a straight line ODC is drawn cutting the 
plane at right angles in D and the surface in C. Prove that the 
centre of gravity of the part of the surface cut off will divide CO 
in the ratio 2 : i, if the density at any point P of the surface varies 

as I — cos COP. 

2. If a circular disc of radius a, whose thickness varies as 




where r denotes distance from the centre, be bisected 


by a diameter, prove that the centre of gravity of either half 
is fa from the centre. 

3. The middle points of opposite sides of a jointed quadrilateral 
are connected by light rods of length /, If T, T' be the tensions 
T T' 

in these rods, prove that + -yr = o. 


4. A uniform rod of length a and specific gravity s can turn 
about one end which is fixed at a height h above the surface of water 
into which the other end of the rod dips. Prove that if s < i 
and a is less than a certain value, the vertical position is the only 
position of equilibrium ; but if a exceeds a certain value, the vertical 
position is one of unstable equilibrium and the rod will be in a 
position of stable equilibrium when it is inclined to the vertical. 

5. Water is poured into a vessel of any shape. Prove that at the 
instant when the centre of gravity of the vessel and the contained 
water is lowest it is at the level of the water surface. 

6. A uniform india-rubber cord has a length of 26 inches under a 
tension of 2 J pounds weight, and a length of 20 inches under a tension 
of one pound weight; calculate the amount of work done in stretch¬ 
ing it from its natural length to a length of 30 inches, and draw a 

work diagram. 

7. A light elastic string of natural 
length I has one extremity fixed at a point 
A and the other attached to a stone, the 
weight of which in equilibrium would 
extend the string to a length Prove 
that, if the stone is dropped from rest at 
A, it will come to instantaneous rest at a 
depth \/(/'* — /*) below the equilibrium 
position. 

8. Two flanged hemispheres fit closely 
together and are airtight. They are ex¬ 
hausted to ^ atmosphere through a hole 
in one handle. The tap is closed and a 
handle screwed on. Find the pull in 
direction PQ which will separate the hemi¬ 
spheres. Radius = 8 cm. (neglect thick¬ 
ness), Barometer =76 cm.. Specific Gravity 

Fig. 196^ of mercury =» 13*6. 
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9. A mass hangs vertically by a light elastic cord, whose length 
was increased by the weight of the mass from 15 ins. to 17 ins. 
The mass then receives an impulse vertically downwards, giving it 
the velocity it would gain by falling 6 ins. freely imder gravity. 
How far will it descend before coming to momentary rest, and 
how far will it then ascend above the position of equilibrium ? 

10. A uniform chain 6 feet long, having a mass of 2 lbs. per 
foot is laid in a straight line along a rough horizontal table for whidi 
the coefficient of friction is a portion hanging over the edge of the 
table so that slipping is just about to occur. If a slight disturbance 
sets the chain slipping, find the tension at the edge of the table when 
X feet have slipped off and the velocity then taken. 

11. Two beads connected by a string are held at rest on a vertical 
circular wire with the string horizontal, and above the centre. Their 
masses are w, m', and the string subtends an angle 2a at the centre. 
If the beads are released, show that the tension of the string when it 
makes an angle 6 with the horizontal is 

2 mm'g tan a cos 6 
tn m' 

12. A mass is suspended by a light elastic string from a point A 
and produces an extension c, the natural length being a. Show that 
if the mass be raised through a vertical distance less than c and be 
then let go from rest, it makes oscillations of the same period as a 
simple pendulum of length c. 

If the mass is raised up to A and let fall, show that the maximum 
extension of the string is equal to c(i + sec a), where a is the acute 
angle given by tan*a = 2afc ; and ttxat this maximum extension 
is attained at a time (tt — a)V(c/g) after the string first becomes 
taut. 

13. A rod of length 2/ with one end on a horizontal plane leans 
against a circular cylinder of radius a whose axis lies in the plane, 
A and A' being the angles of friction at the two contacts. If 0 
be the greatest angle the rod can make with the horizontal in such 
a position, show that 

/sin Osin (9 + X — A') = a sin A cos A^ 

provided this value of 0 is greater than tan*“* 

14. A weightless rod of length 3 feet, with equal heavy rings at 
the ends, one of which can slide on a smooth horizontal wire, is 
describing small oscillations in the vertical plane containing the 
wire. Show that the period of oscillation is about 1*36 seconds. 

15. A regular octahedron formed of twelve equal rods of weight 
w freely jointed is suspended from one comer. Prove that the thmst 
in each horizontal rod is ysolVz. 

16. A particle of mass m moving with velocity u impinges on a 
particle of mass M. If after the impact the component velocities 
of the mass m are u' and v* in directions along and perpendicular to 



352 


MECHANICS VIA THE CALCULUS 


the original direction of motion, find the component velocities of the 
mass M in these directions. 

If there is no loss of energy in the impact prove that the greatest 

M 

value that v* can have is r— «, and that this occurs when the 

M + w 


line of the impulse makes an angle of ~ with the original direction 

4 

of motion. 

17. A bullet of mass m is fired into a block of wood of mass M, 
which is free to move on a smooth horizontal table and penetrates 
it to a depth a. Show that, at the instant when the bullet comes to 
rest relative to the block, the block has moved through a distance 
fnal{M + m), the stress between the bullet and the block being 
assumed constant, so long as there is any relative motion. 

18. A train consists of an engine of mass M tons, and two wagons, 
each of mass m tons. At the start the buffers are in contact, and 
when the coupling chains are tight the buffers are a feet apart. 
The train starts with the engine exerting a constant tractive force 
of F tons weight. Neglecting friction, prove that the second wagon 
starts with velocity v feet per second, where 

^ 2F^a(2M + w) 

^ “ (M + 2m) 2 • 


19. A heavy string of variable density is hung up from two 
points. Prove that if Tj, T2, T3 are the tensions at A, B, C where 
the inclinations of the tangents to the horizon at a — p, a, a + j8, 
and Wi,W2 the weights of the parts of the string AB, BC respectively, 


12 cos jS 
“r V 


and 


20. Three particles are projected simultaneously and in the same 
vertical plane from a point with velocities v^, Vg, in directions 
making angles Uj, Ua, with the horizontal. Show that the area 
of the triangle formed by the particles at any time is proportional 
to the square of the time elapsed from the instant of projection, and 
that the three particles will always lie on a straight line if 
27 ^ 2^3 sin (ttg — ttg) =0. 


21. A heavy particle is fastened to a point of a uniform elastic 
thread which is stretched between two fixed points A, B in the same 
vertical line. The particle is let go from rest in such a position 
that the tensions in the two parts of the thread are initially equal; 
show that, if the tension is sufficiently great, the oscillation will 
have the same period as a simple pendulum of length c, where 2c 
is the vertical distance through which the particle falls before next 
coming to rest. Express the necessary limit of the initial tension in 
terms of the weight of the particle and the imstretched lengths 
a, 6, of the two parts of the thread. 


22. Two particles each of mass m are connected by a light 
inextensible string which passes through a hole in. a horizontal 
table. One particle hangs freely while the other can slide in a smooth 
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elliptic groove cut on the table, the hole being at one focus. The 
latter particle is initially at the end of the major axis remote from 
the hole and is slightly displaced. Prove that, as it passes through 
the other extremity of the major axis, in the subsequent motion, the 
horizontal pressure on the groove is fng{i — 3^)/(i + e) where e 
is the eccentricity of the ellipse. 

23. An inelastic particle of mass tn is moving on a smooth 
horizontal plane with velocity V and strikes the middle point of the 
base of a smooth wedge of mass M perpendicularly. Prove that the 
wedge begins to move with velocity mVsin*a/(M + wsin ^a) where 
a is the angle of the wedge. 

24. Two particles of mass m and M respectively are connected 
by a weightless inextensible string of length 2Z, which passes through 
a small smooth hole in a smooth horizontal table on which M moves, 
while m hangs vertically. Initially M is at a distance / from the 
hole and it is projected with velocity V at right angles to the string. 
Show that, if 3MV2 > 8/wg, m will be raised up to the hole. 

25. A chain is formed of n equal particles attached at regular 
intervals to a light string. If the chain is heaped on a table and 
lifted off the table by a vertical force equal to its weight, show that 
the energy that has been dissipated when the chain is clear of the 

j/ j \ 

table is I-^ ) times the work done by the force. 

3 \ W 

26. A fine smooth thread is passed round two pegs Sj and S, 
on a smooth horizontal plane and a small bead (mass m) slides on 
the thread. The bead is placed at P (S^P = SjP) and struck a blew 
parallel to S1S2 which gives it initial speed u. Find the initial 
tension of the thread and determine the motion which ensues. 
SjSg = 2/, length of thread = 2a + 2I, Also find the tension of the 
string when the mass is in the same straight line as SjSj. 

27. One elliptic cylinder rests on another equal one, the lengths 
being horizontal, and the minor axes of the cross sections in the 
same vertical plane. Prove that for stability the eccentricity of the 
cross sections must exceed i/Vi". 

28. Three particles, of mass m, w', w*' are attached to the points 
A, B, C of an inextensible string. They are laid on a smooth hori¬ 
zontal table with the portions of string between the particles taut, 
and the angle ABC obtuse, and equal to (tt — a). A blow P is 
applied to C parallel to and in the direction of AB. Prove that w 
begins to move with velocity 

m'P cos®a/[w'(w + + m*") -f mm"' sin^x)]. 

29. A uniform rod of length 2a is moving in a vertical plane with 
horizontal velocity U, and makes an angle a with the vertical in the 
direction opposite to that of its horizontal velocity. Prove that if 
it strikes the ground, supposed rough, with a vertical velocity V 
it will not attain a vertical position unless 

U > V tan a + 4(iag)* sin Ja/cos o. 
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30. A heavy uniform plank of length 2I rests symmetrically 
across a rough beam whose section is a semicircle of radius a, and 
has a weight W at each end ; it is then carefully tilted without 
slipping through an angle 0 . Show that it will rest in this position 
if a force P be applied at the lower end perpendicular to the plank, 
provided that (/ — ad) sin 0 is not greater than /it/ cos 0 , where jx 
is the coefficient of friction. 

31. A bullet of mass m is fired from a rifle of mass M which is 
suspended in a horizontal position so that it can turn freely round 
a horizontal axis of suspension. The rifle, after being fired, rotates 
through an angle a under the action of gravity. Show that the 

velocity of the bullet on leaving the rifle is 2^ sin where h 

is the distance of the centre of gravity of the rifle (supposed to lie 
in the axial line of the barrel) from the axis of suspension and K is 
the radius of gyration of the rifle about the axis of suspension. 

32. A uniform lamina, whose shape is a square, is rotating in its 
plane about one angular point; a second adjacent angular point 
is then seized and the first released. Prove that the angular 
velocity is reduced to one-fourth of its former value. 

33. A uniform rod AB is free to turn about its end A ; find the 
points of its length at which a blow given to it perpendicular to its 

length will cause impulsive actions at A equal in each case to -th 

w 

of that of the blow. 

Deduce the position of the Centre of Percussion of the rod. 

34. A smooth wedge of mass (M) and angle (a) rests on a smooth 
horizontal table on which it is free to slide. Another wedge of the 
same mass and angle is placed on the face of the first so that the 
upper face of the second is horizontal. A smooth particle of mass 
(w) is placed on the upper face of the second, and the whole system 
is allowed to move freely under gravity. Prove that if the two 
wedges can only move in directions perpendicular to their edges, 
(m) descends vertically with acceleration 

2(m + M) sin* a 
M -f (2W + M) sin* 

35. A cube oscillates about one edge which is fixed and in a 
horizontal position. Prove that the length of the simple equivalent 
pendulum is f V2*. a where a is the length of the edges of the cube. 
Also prove that when the cube oscillates about a diagonal of a face, 
the diagonal being horizontal, the length of the simple equivalent 

pendulum is 

36. Two particles of mass M and w (M > m) are placed on the 
smooth faces of a light wedge which rests on a smooth horizontal 
plane. The faces of the wedge are inclined to the horizontal at 
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angles a and /3 respectively. If the system starts from rest, show 
that the smaller particle will move up the face on which it is placed if 

, o ^ M sin a cos a 

tan p < —r-5-;-• 

M Sin* a + m 


37. A uniform rod of length 2/ and mass m is hinged at one end 
and lies on a horizontal table. It is struck a blow P at the other 
end at right angles to its length. Find the initial impulse at the 
hinge and the initial angular velocity." If the coeflftcient of friction 
of the table be p, through what angle will the rod rotate before it 
comes to rest ? 

38. One end of a string is attached to a fixed point O, and particles 
of masses m, w' are attached to the string at intervals at the points 
A, A' respectively. The system is held at rest with the points 
O, A, A' in a vertical plane and the strings OA, AA' taut. It is now 
released from rest. Prove that the tension in the string OA is 
initially 


m(m + cos g 


m + w'sin*j8 

where a is the angle OA makes with the vertical and P is the angle 
between OA and AA'. 

39. Two equal particles connected by an elastic string which is 
just taut lie on a smooth table, the string being such that 5 ie weight 
of either particle would produce in it an extension a. Prove that, 
if one particle is projected with velocity u directly away from the 
other, each will have travelled a distance wtt\/( a/8g) when the string 
first returns to its natural length. 

40. A particle of mass tn is placf d on the smooth slant surface 
of a wedge of mass M and angle a. The wedge moves (edge foremost) 
along a smooth horizontal plane under the action of a constant 
horizontal force P perpendicular to its edge, all the motion being 
parallel to the same vertical plane. Prove that the acceleration of 
the wedge is 

P — mg sin a cos a 


M + w sin*a 

41. A hollow cylinder (of radii a, b) has one end pressed against 
a rough plane with a pressure P. Assuming P to be uniformly 
distributed over the area of contact, prove that the couple necessary 
to rotate the cylinder about its axis is equal to 

|/xP(a* + aft + 6*)/ (a + b). 

42. The mean distance of Mars from the Sun being 1*524 times 
that of th^ Earth, find the time of revolution of Mars about the Sun. 


43. An equilateral triangular lamina is rotating about its own 
plane about its centroid, and one comer is suddenly fixed. Prove 
that the angular velocity is immediately reduced to one-fifth of its 
original amoimt, and find the loss of kinetic energy. 

44. A man throws a stone with velocity u at elevation a,^and t 
seconds later he throws another stone with velocity v at elevation 
jS, so as to hit the first stone. Prove that 

2UV sin (a — j8) = {u cos a + v cos 
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45. A cone of semi-vertical angle a is composed of material the 
density of which at any point is proportional to the perpendicular 
distance of that point from the base of the cone. If the cone is 
placed with its base upon an inclined plane, and is on the point of 
sliding and toppling over at the same time, prove that the coefficient 
of friction between the cone and the plane is f tan a. 

46, A mass m rests on a rough horizontal plane, coefficient of 
friction /x. Find the least force that applied to the mass will just 
cause it to move and prove that the angle of its line of action makes 
with the plane an angle tan““*^. Find the least force when the 
mass rests on a rough plane inclined at angle a with the horizontal 


(a < tan * /i). 

47. A conical plug is pressed with pressure P into a conical 
socket, the radii of the ends of the plug being a, h. Assuming only 
the curved surfaces are in contact and the pressure uniformly dis¬ 
tributed, prove that the necessary couple to produce rotation is 
equal to |/xP cosec a{a^ -f + h^)l{a -f- h) where 2a is the 
angle of the cones. 

48. Prove that the directions of motion of all points on a given 
straight line are tangents to a parabola. 

49. Assuming that the effective horse-power of a motor-car of 
weight W lb. is K(oo— jSo)*), where a> is the angular velocity of the 
crank shaft, and that the speed of the car is koj, where ^ is a constant 
characteristic of the gear in use, show that in ascending a hill of 
gradient a against a resistance r lb. wt., the speed of the car is given 

Wmii a -|- i 


by^v = k(^ 


550 




is that for which k is nearest to 


and hence that the best gear to use 

275K/(W sin a -f r), 

50. A fly-wheel weighing W lbs. is carried on an axis of a feet 
radius. A light string is wrapped round the axis, and to the other 
end of the string is attached a weight of W' lb. The friction is such 
that if W' were equal to W'', the fly-wheel would just be on the point 
of motion. Starting from rest, the weight W', making the fly-wheel 
rotate, falls h feet in t seconds. Assuming that the mass of the 
flywheel is concentrated at the circumference, show that its radius is 


J 


(W'~ 


2W6 




51. A smooth elliptical wire of axes a, b rotates with constant 
angular velocity oj about the axis a, which is vertical. Show that a 
bead free to slide on the wire will remain in equilibrium relative to 
the wire at a depth a^gjh^o}^ below the centre. 

52. A uniform rod of length c slides between two fixed guides 
inclined at an angle of 45®, the motion being in one plane. When the 
angular velocity is a>, show that the Kinetic Energy is 

i Mco* {4c* — 3^c}, 

where M is the mass of the rod, p its distance from the intersection 
of the guides. 
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53. A telegraph wire is stretched between two poles at a distance 
(a) apart. Prove that the sag of the wire half way between the 
poles is approximately 

I m( ^ W\ 

8 T V 48 TV 

where W is the weight of the wire and T the tension at the posts. 

54. Two equal uniform rods AB, BC are rigidly connected at 
right angles at B, and are rotating in their own plane with angular 
vdocity (o about A. The end C impinges on a fixed smooth inelastic 
rod at right angles to BC, A being set free; show that after the 
impact the angular velocity of the body is ct)/i3, and that the 
velocity of C along the rod is 4/i3ths of its previous velocity in that 
direction. 


55, A shop sign consists of a rectangle ABCD which can turn 
freely about its side AB which is horizontal. The wind blows 
horizontally with a steady velocity v and the sign is at rest inclined 
at an angle a to the vertical; assuming the wind-thrust on each 
element of the sign to be k times the relative normal velocity, find 
the value of a, and show that the time of a small oscillation about 
the position of equilibrium is 


where BC =« 2 a. 



4t;^cos 

3t;^ cos a — ga sin* a 


56. A uniform solid, of specific gravity 075, is in the shape of a 
right circular cylinder surmounted by a hemisphere, the plane base 
of which coincides with an end of the cylinder. The body floats in 
water with the hemisphere only above the surface of the water. 
Find the position of the metacentre and determine whether the 
equilibrium is stable or unstable. 

57. A completely enclosed long box, made of uniform material 
so that its centre of gravity is at its geometrical centre, has a square 
cross-section whose side is of length 2a. The box is placed in water 
so that it floats in water with four of the edges of length 2a vertical 
and immersed to a depth 2d. Show that if (3—<( 3 +V 3 )^ 
then the equilibrium is unstable for angular displacements about the 
long axis. 

Show that the box will float in stable equilibrium with the edges 
of length 2 a inclined to the horizontal at an angle of 45® if half the 
volume is immersed. 

58. The co-ordinates of the vertices A, B, C, D of a plane quadri- 
latoal ar^ respectively^(o, o), (2, i), (3, 2) and (—1, 4), Forces 
AAB, 2ABC, 3ACD, 4AD\ act along AB, BC, CD, DA in the senses 
indicated by the arrows. Find the magnitude of their resultant and 
the equation of its line of action. 
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Problems I 

1 . 27 ft./sec.; 46 ft. 

2. » = 20 log, 0 : < = 5 ^ ^ 

8. 3 ft./sec.; 12 ft./sec.* : 3-509 ft.; — 28-509 ft. 

H TT 6. (i) lohr. 

®* (2) 10-494 ml.; 1-952 ml. per hr. 

7 . 1019-3 ft. 8. 5^ ml. per hr. 

9 . ft./sec.; loooj^^ — ^ ^ ml./hr. 

11 . 44-7 ft./sec. 12. 6 ft.; 7 ft./sec.; 8 ft./sec.* 

18 . 10-38 ft./sec.; -322 ft./sec.* 14 . 11-8 min. 


15 . 6-697 ft.; -9 ft./sec. 16 . 


2^35 


ft./sec. 


^1 \/JlX -[- V^IXAf* “1“ V* V . _ /— I , - 

- ' ^smhV;i<; ;^cosh-*2 

18 . ^j^tan~^ ~ + wrrj where » is an integer. 

19 . in./sec. 28 . 

* P 


2. 54-14. 

6 . 4 in. 

11. 35-1 ft./sec. 


Problems II 
8. 3 in. more. 

7 . z\ in.; 4-557 ft./sec. 

1 *.^. 

i6g 


*• log, (lo + 3-v^). 20. 105 sec.; 73J ft./sec.; h.p. 


24 . log, p_MV ^ 

^ o 

given in the latter part of the question : infinite time. 

358. 


sec. where the units are those as 
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25 . 48'05 ml./hr.; log, 2 sec. 

s 

26 . li ft./sec.*; 648-6 h.p. ; i303i\ h.p. 

80 . 1-68 ft./sec.*; 45fft./sec. 

81 . -log^ 2 sec.; 40 ft./sec. 


J. 2613-8 H.p. 


84 . 2 n 


fZ. 

V km 


Problems III 


I28y = (x — : jf (I3** + 32<* + 64)*‘W. 

-sinf .^V VS,Vco8.. 

V sin a \V cos a/ 


^ -sinf -^V VixVccsa. 

V sin a \V cos a/ 

33 min. 53 sec. past lo.o a.m.; i ml. 721 yd.; 17*51 ml./hr. 

.. /n® I® - X_1 _^-fitKA • ^ lY\rr ^ ^ 


, a>V2a* — 6*; tan-^ ~ ^ 


2a(a + 6) wt TT . 2 a + b ^ 


a (a + fc) 


TT + tan” 


Constant 


a sin yot + (a + i) sin —<«>/. 

a cos ^ a>/ + (<* + i*) cos —<«>< 
«V*< 2 mV 


f TT / 

7J ft./sec.; 1} ft./sec.*: angles - with initial direction. 

42 4 

+ y* = 2ay. 

(i.) g rad. per sec.; (ii.) n in./sec.; (iii.) 2ir sin in./sec.; 


ai^ 4 , i 5 V ^4 ^ 

+ tan-%. 

4 
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13 . — a<a sin 


. aP . a cos 9 “1 

r /. . a( 6 *cos 20 + a*sin* 0 n 

|^cos0+ (&i_a*sin»0)f J' 


(5-«)(i + »5mD+5 


COS j = 0; 4 hr. 30 min. 


16 . — cm./sec.; cm./sec.* 

. rtP cos 9 ~] 

1 ’-""=‘"Y- 55 TW 5 )iJ’ 

1 _ (15 4 - COS* 0 }I J 

21 . (i.) Line through A perpendicular to AX. 

(ii.) '\/bt(4a — bf) cm. 

(iii) (2 a bi) \^ cm./sec., — — ^a^Vb — cm./sec.*; 

V<(4fl — bt) (4a/ — W®) J 

‘ ^ rad./sec., — (2g 6<)-s/6 rad./sec.* where 

V^( 4 « — bt) (4«< — W*)i 

OA = a cm. 


22 . 


24 . 11*46 degrees per min. 


249660 


261,261 

2069 —1900 cos d 


0=^rad. 

249660 


ij rad. 


per day, where 


28 . 9 . 


81 . - log (4 + V 15); tan-i ^ ^ 

CO 15 


Problems IV 

3 . 13.519 ft-; 175-5 ft./sec. 

4 . R* tan* a — 4A'R tan a + R* — 4AA' = o. 

«• 4356og*cos»a + ^) sin «. 

12 . fng( 2 -'^. 

(25 + 4^*J» 
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( 55 +^^ 5 )lcm./sec.« 

(i.) 34 . '^5g dynes; (ii.) 150 ^ ergs; 


(iii.) 


zVsg 

5 


cm./sec.2 (x measured in cm.) 


k 

34 . — j: -r-5 where A is a constant. 

{hx — 

85 . — 7 o~T" - o T b where A is a constant. 


42 . 2 




g sin 9 
l(i+cos 0) 


Problems V 
2. i = §a. 

3 (b + c){ 2 a^ — — c^) . 4. x u 

..^ from centre of sphere. 

4(3^2- ^2- - ^2) 


\.x = la,y= f<2. 

3 . 

4 . 


5 . 

10 . 

12 . 

18 . 

19 . 

23 . 

25 . 

28 . 


Af = C [l 0 g^(l + V2) — (V2 — 1)], 

y =-^[^log, (I + Vi) — (2 — V 2 lJ- (vertex as origin.) 

X = ,y — X = \a. 7. in. from centre of sphere. 

11. -7 ——^ a from centre. 

2 (» + 4 ) 


|A from base. 




^2 + ^2^ • 17 . iraH ; |a from tangent. 


X = hy =i'> X = i.y = 2 iV- 

Mid-way between the planes. 

2« ,n _ 26 3«(i + cos o) 

•, y — '7-, - -7^ . ^O. 5-- * 


X = 


— 2) 


4 a 


--- 

3 ( 7 r — 2) 8 

from centre of sphere where 2a is the angle 


41 , 


between the planes cutting off the lune. 

Centre of inscribed circle. 82 . 2 km\V 2 — i). 
Skmpx 

(p^ + x^)Vp^ + 2X^' 

I hr. 25 min. to nearest min, 


89 . 

L klma J 
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1 . 




Vi + 
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Problems VI 

r(sin aft cos a) at tan~’^ with the incline. 


2 . l/iW. 

6 . At extremities of axes or at * = ± 


ab 


y^± 


ab 




ities of the axes only. 


When w = I, at the extrem- 


86 . Constant + »Mg’a[2 sin 6 + cos(20 ± a)]. 


Problems VII 

2. I23f| in.« 


1 n ^*ih + 3 h) 

6 (li + h) * 

8 . 48 i in * 13. 

2 (mi + Wg) + M 

15 . 420 lb. ft.* 16 . 1296 rev. per min. 

17 . (i.) 2655 ; (ii.) io6,266f lb. ft.* 

18 . 4819*2 ft.-lb.; 51*13 rev. 

10 3 V ^7 


*1- Ji 

22. 2 mga. 

24 . /—(77 sin a — cos a); CJIIL? j 

V 3« ’’ 2a ’ 

e> 2 it _ 

I ^ I /_ 2 — cos 6 

V 6’J V ztfsina—cos a + o 


cos (8 + a) 


de. 


28 . 


2/(M + 3 »t) 
3(M + 2w) 


oa 2{l^ — 3^x + 6x*) 
3 {/- 4 *) 


80 . (i.) ; (ii.) . 81 . 2nJ (303_±^)a 


12 


88. 2« A(cos*a + isin«Q) 

V geos a 


12(5 + 2«)g ‘ 
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Problems VIII 


(W- 




W + 




w 

4 . log, ^ lies between ± 

7 . -1496; 78 lb. 

9 . 24 tons wt. 

11. 3*27 lb. wt.; 383 rev. per min. 
13 . Greater than 2-18 in. 

16 . 50*05 yd.; 58*6 lb. wt. 

20 . II ft. 8 in. 

81 . 75 V5 tons wt. 


0* — ^1) cos—»- 

8. 4*886. 

10. 305*9 lb. wt. 

12. 75 lb. wt. 

14 . 25-13 ft. 

19 . 1431 lb. wt. 

27 . e times the span 




1 . Slower. 


Problems IX 


2 . 


rad. per sec. 


4 . (i) 29^1? ft./sec.* (2) ft./sec.* 

m{n^^ — na») 


7 . ft./sec.*; 20V7T sec.; Yes, if he accelerated his rate of 
climbing. 

8 . IVtt rad. per sec. 

10 . i of wt. of reel: Linear accel. ~ radius of reel; Vf of radius of 

reel. 

11. ga{m — tn'); y[g(m' — m") — {m + w')/]. 

12. 120 rev. per min. 18 . cos~^^. 

16 . 27 r,/-^. 

V 20g' 

18 , (i.) 3. 7 { 22 —3-\/3? at an angle of tan —^ ‘^^^ with hor. 

o 'V 39 

W /- 

(ii.) —{10 — 3 V 2) vertically. 

4 

17 . ^ht\h — a) 

3wg(sin j8 — sin 6 ) 


21 . Half the radius. 

sin2 a + 3M cos*(a — S)]* ^ 

cos(a-0) / 3mgl{sinp — sine) 

' ^V m sin*a + 3 M cos*(a — 0 ) 
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31 . 




sec 


83 * On the line through the C.G. at right angles to the line of action 

^ r_ ^1. i-'r' . J[ 3J 

ma 


of J and at a distance of - from the C.G. : 

3 w 


ga[m { (i + sin g - |x} — t^M] 

(l + fi^)(ma^ + I) sin a — 

41 . At a distance f of the side of the square from C. 

42 . ^mu. 

43. J77W/2 ft. from the centre of the rod where I ft. is the length of 

the rod and n is the number of revolutions made by the rod. 


Problems X 


1. ^ where a is the length of the side of the square. 

I 

2 . —from the centre where I is the length of the bar. 

2V3 

3. ^[ 2^2 — Vs — 1) cm. 


4 . Taking the initial position of the string as the axis of x and 
the centre of the string as origin, u the initial velocity of 
the particle struck and 2a the length of the string, the paths 

of the particles are given hy x = a cos-—, y = ^ + «sin ; 


8 . 


21 . 


ut ut . ut . 

X == — a cos —, y =- a sin — where t is any time 

2 a 2 2a ^ 

measured from the instant the particle is struck. 

9 - 20 Mwg _ 3Mg cos a 

4 ’ ' w + 3M cos*a ’ l{tn + 3M cos*a) * 

M g cos a 
1+3 cos'^ a * 


Problems XI 


_ 

1. Po 2 . 451-8 m.m. 

3 . 4 . 58oS^lb.wt., 663jflb. wt. 

5 . 6 in., 4 in. 


6. yg2w lb. wt., 63^ ft. from bottom ; 396W sec. 70* lb. wt.; 

8oii«' sec 70® ^ j 23C7iei sec 70®. 

-g—lb. wt. and ^ lb. wt. each acting 


8 


horizontally and making with the plane of the gate an angle 
of 20® (w lb. is the wt. of I cub. ft. of water and atmospheric 
pressure is neglected). 
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9 . 309 tons wt. (nearly); 8*4 ft. from the bottom. 


10 . Greater than 18-276 ft. 
18 . 

20 . 


U. 


12 


6A» + 8kh 4- 3^* . 
2 (3* + 2h) ’ 




.6Fd 


A root of equation — ^dx* H -p = o where I is the length of 

pi 

the face. 


21 . 


2V, 


[*V 3(3^* — «*) — ( 3 ^* — a*)]- 


- A'»); - A'*) - (A® - *'»)]. 


zVgh 
a 

\^g 

r 16 256 


where h is the height and a the radius of the cylinder. 
TTfH ^ 85 


25 . 


V2g(r — d) 


Problems XII 

1 . wira^Vh^ + 7 . Unstable; sec~* 3/2-4. 

9 . ![{* + d + 2a) — V{h + d)* + 4aA)] 

81 


256 

19 . 69,528 ft. lb. 

22. 5-645 lb. per sq. in., 7-542 ft. lb. 
24 . 8-23 ft. 


11. 60°. 17 . Ja ; 

18 . 

21. 83,471 ft. lb. 

23 . -723 of its length. 

26 . 9 in.; 7-542 in. 

27 . X ft. below ground level where x is determined by the equation 

, 10 30 + x 

10 — X ' 288 

28 . 4-9 in. 29 . 2 cm.; 252 vg ergs. 

30 . 49 min. 49 sec.; ii‘43 atmospheres. 



366 MECHANICS VIA THE CALCULUS 
Probleus XIII 

, dv v(v —«) 

1 . Sy = -s* 

as u 




2 g{a* + x*){x + 2a — 2Va* + **) 

«* + 3 ** ’ 

Va* + x*(Va* + X* — 2 x) 4a*x(x + 2a — 2'\/a* + 


a* + 3 ** 
where AB = 2a. 


(a* + 3 x*)* 




V4d^ + a*) ’ *‘*'^'*' 

12. 11*94 ft./sec.; 19*52 sec. 

13 . 37*04 ft.; 3*043 sec.; 47*43 ft./sec. 

14 . 1*267 sec. 


4 ! ; SvSs. 
3 M A* 

22. -oihg. 


19 . sin 8V2 .t - 4 sin 40^]. 


Problems XIV 


1 . ue 


— H 


■i--) 


8. ^ = a cosh where a is the distance from the line (axis of x) 
when the velocity perpendicular to it is zero. 

«• * = + Vy{a-y)J 

14 . I® i'. 16 . 2 tan-i 

p\* 

18 . 27'i2days. 

81 . a(i — sin o) where a is a root between o and n of 
2(10 r -] 

e 3/i cos 0 + (i — 2/x*) sin ^ = 3 ft. 


Problems XV 

1. ^ of the length of the beam from the supported end. 

- V'soe —aoVa, , 17 + ^ 3 , , . . .19 + 18V3. 

3, -.2Z——:?tonswt,; g—tonswt.; tan*“*- * 


-g-?tonswt,; -—g- 

+ V3) tons wt. ft. 

16 


52 
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4. ^ of the length. 6. J of the length from the free end. 

2 

7. 58J tons wt. ft. 10. 2-17 X 10® gm. wt. per sq. cm. 

12 . 3-18 X 10’ lb. wt. per sq. in. 

18 . i 6-3 ft. 14 . 12-02 sec. 

18 . 6 in. 17 . -207 in. 

18 . 1 -^ in 19 . 9-6 in. 

20. -0060 in 22. 30-43 ft. 

Problems XVI 

1. b — a, ^ a, — b, a — b. 

4 . V[(«1 - hY + («2 - + («3 - 63)*], etc. 

7 . — II; 4 : — iii + 13] + 17k. 

10. i5i + j + i8k. 

Appendix I 

1. Ma2, ^ tan-^ (-|Y 

939 \8/ 


6. 

«. 

10 . 

16 . 

21 . 


2 ^-i ft. lb. 

2\/6 in,, 7 in. 

1(8 2X — x^) lb, wt. 
m{u — u)' 


Miscellaneous Problems 

8 . 187-036 Kg. wt. 


?Vgft./sec. 


M 


mv 


not le» things?,- 

X{a + h) a + b 


mu 


mau^ 


; Moves in an ellipse with constant velocity u : , „ 

2a ^ ^ 2(a^ — /*) 




from A ; — from A. 
3 


87 . 

42 . 

46 . 

56 . 

58 . 


2I 
3 

P ^P “^P^ 

“ in the direction of P ; ; ■ . - 

2 2lm 2fAglm^ 

687-2 days. 43 . | of K.E. lost. 

fxmg mg{fi'COS a — sin a ] 

Vi + /i® ’ Vi + /i® 
the plane. 

HM = unstable. 

aV 63 , 4y = 7a; + 44. 


making angle of tan~^ with 





